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Preface

In his Harmonices Mundi, published in 1619, Johannes Kepler exclaims,
“Finally I have brought to light and verified beyond all my hopes and
expectations that the whole Nature of Harmonies permeates to the fullest
extent, and in all its details, the motion of heavenly bodies; not, it is true,
in the manner in which I had earlier thought, but in a totally different,
altogether complete way.”

This book deals with concepts of symmetry which, nearly four cen-
turies after Kepler, continue to provide ever deepening, and often surpris-
ing, understandings of interrelations between phenomena associated with
moving bodies.

Kepler’s religious convictions and his intuition led him to believe that
geometric symmetries and musical harmonies are expressed in natural phe-
nomena. The development of the calculus and Newtonian physics in the lat-
ter half of the seventeenth century made it possible to deduce and extend
Kepler’s three laws of planetary motion, but they were seldom seen as
expressions of symmetries and harmonies in the natural world. Then, two
and a half centuries after we were given Harmonices Mundi, our concepts of
symmetry were profoundly deepened by Sophus Lie. Lie saw that any sys-
tem governed by differential equations exhibits symmetries in a heretofore
unrecognized sense. Because so many laws of nature can be formulated as
differential equations, Lie’s concept of symmetry makes it possible to estab-
lish a host of relationships between natural phenomena. By mid twentieth
century, physicists had come to realize that relationships expressing Lie
symmetries, though easily overlooked, are surprisingly useful. Now, much
modern physics has become a search, first for symmetries, then, secondly,
for the dynamics that produces them.

Readers of Lie’s works cannot help but realize that much of his
mathematics was guided by geometric intuitions. The extraordinary fertility

vii



viii Dynamical Symmetry

of his thought processes, beyond a shadow of doubt, arose in part from
the extraordinary visual capabilities of the human mind. Just as a picture
can be “worth a thousand words”, so also can a geometric illustration,
even a non-Euclidean one, suggest a host of mathematical and physical
relationships. For this reason, the first three chapters of this book use
interconnected geometrical, analytic, and physical concepts of symmetry
to stimulate questions as well as insights in the mind of the reader.

A more formal treatment of the subject begins in Chapter 4. Among
other things, Chapters 4 and 6 establish the manner in which Lie sym-
metries are defined by differential equations. Chapter 5 explains how one
determines the invariance transformations of functions, functionals, and
equations. Readers may wish to shift back and forth between the first three
chapters, and these chapters.

The remaining chapters of the book deal with physical and chemical con-
sequences of the symmetries implied in the dynamical equations of mechan-
ics, quantum mechanics, and electromagnetism. Invariance transformations
of partial differential equations are discussed in Chapter 9, the first chapter
dealing with Schrédinger equations.

A number of monographs currently in print deal with the invariance
properties of differential equations, and several recent and very fine ones
deal with the utilization of these properties in applied mathematics and
engineering. A list of these will be found in the Bibliography at the end of
this Preface. Helpful, but out of print, monographs are also listed.

The approach taken in this book contrasts with those to be found in
the books of the Bibliography: here, geometric concepts play a greater role.
It is hoped that the reader’s natural geometric understanding of ordinary
symmetry, will, like Lie’s, be extended into a partly intuitive, geometric
as well as analytic, understanding of symmetries not seen in the space of
our common experience. A good deal of emphasis is placed upon dynami-
cal symmetries of classical and quantum mechanical systems of interest to
both chemists and physicists. Readers interested in engineering or applied
mathematics may also find that the book provides viewpoints and analyses
which can enrich their studies.
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CHAPTER 1

Introduction

Methinks that all of nature and the graceful sky

are set into symbols in geometrium.'

1.1 On Geometric Symmetry and Invariance
in the Sciences

The concept of symmetry that is commonly used in the physical and natural
sciences is that of geometric symmetry as usually conceived. A benzene
molecule is said to have the symmetry of a regular hexagon, a salt crystal
has a lattice with cubic symmetry, mammals have approximate bilateral
symmetry, and an ellipsoid has lower symmetry than a sphere.

The geometric symmetry of an object expresses an invariance of the
relation between an observer and the object — a relation that persists
after some particular alteration of the coordinates which determine this
relationship. The symmetry of a sphere provides an extreme example, since
the relationship between a sphere and an observer is unchanged by any
rotation of the sphere, or the observer, about the center of the sphere. The
symmetries of isolated atoms and molecules as well as of crystal lattices are
all defined by the particular rotations, translations, reflections, and inver-
sions that leave invariant the relationship between these physical objects
and the coordinate system of an observer. Associated with each geometric
object is the set of symmetry operations that leave invariant the relation
between the object and a coordinate system.

These conceptions of symmetry and operations of symmetry have their
basis in Euclidean geometry. Euclid defined two triangles as congruent if
they can be superposed by rotations and translations. All two- or three-
dimensional figures, polyhedra, surfaces, or solids that can be interconverted
by rotations and translations are congruent. In Euclidean geometry, objects
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that can be superposed with the aid of translations, rotations, or uniform
dilatations, have the same symmetry.

At the beginning of the Renaissance, Euclid’s FElements appeared to
correctly and elegantly describe geometric relations here on earth. It was
natural to hope that geometric simplicity would find further expression in
the celestial works of God. Visualizing the sun at the center of the solar
system, Copernicus believed he had uncovered a wonderful role played by
the symmetry and simplicity of regular circular motion. Kepler thought
to extend this “Divine Harmony” by embedding the circular orbits of the
planets between concentric polyhedra. But intellectual honesty and a care-
ful analysis of the accuracy of Tyco Brahe’s observations forced Kepler to
recognize that the orbit of Mars is not circular. Thereafter, years of strug-
gle led him to the happy realization that nature expresses harmonies more
profound than those he, a mortal, at first anticipated. Kepler’s three laws,
and much of the intellectual journey that led to them, are all to be found
in his Harmonices Mundi.?

“Standing on the shoulders of giants,” Newton concluded that material
objects move in the space of Euclidean geometry, and that in the absence of
material objects, no point in the space is physically distinguished from any
other point. To maintain this translational invariance, he assumed that real
mass points are subject to a universal law of gravitation. He also assumed
that no point in time is fundamentally distinguished from any other point in
time: a time-line in his mechanics has a translational invariance analogous
to that of the infinite straight line. Newton’s laws of motion consequently
remain the same when the motion is viewed from coordinate systems with
different origins and timed by clocks with different initial settings. They are
also the same when objects are viewed by observers moving with constant
relative velocity, V. If Newton’s equations of motion are obeyed by an object
in an isolated system, the Euclidean symmetry of the object is the same for
all observers moving at constant velocities with respect to the object.

The development of Lie’s theory of groups in the latter half of the nine-
teenth century was followed by Noether’s realization that the conservation
laws of physics were consequences of the invariance properties of space
and time presupposed by Newton.? The translational invariance of New-
ton’s laws of motion implies the law of conservation of momentum, their
rotational invariance implies the law of conservation of angular momen-
tum, and their invariance as time evolves implies the law of conservation
of mechanical energy. (A simple proof of these statements can be found in
Chapter 7.)
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The invariance properties of Newton’s equations have many further
consequences. An outstanding early example of the exploitation of the
rotational and translational invariance inherent in Newtonian mechan-
ics is provided by Maxwell’'s 1859 derivation of the Maxwell-Boltzmann
distribution law of statistical mechanics.*

In his early studies of electromagnetism, Maxwell visualized Faraday’s
lines of force as tubes of flow associated with the motion of incompress-
ible inviscid fluids.® Such motions can conserve energy, momentum, and
angular momentum. To preserve these conservation laws of Newtonian
mechanics, Maxwell imagined that a displacement current flowed between
the plates of charging or discharging capacitors. This allowed him to consis-
tently suppose that Faraday’s electric and magnetic fields carry, but neither
create nor destroy, energy, momentum, and angular momentum. Preserv-
ing these conservation laws, Maxwell derived his equations governing elec-
tromagnetic fields.® Maxwell’s discovery that light is a self-propagating
electromagnetic field, and the continual experimental verifications of his
theory, naturally led to the expectation that the theory was essentially
correct. In applying Maxwell’s theory, it was expected that electromag-
netic waves moved relative to the medium, aether, supposed to carry them.
When the experiments of Michelson and Morley showed that motion with
respect to such a medium is unobservable, it appeared that, as in New-
tonian mechanics, only relative motions of physical objects were physi-
cally significant. Galilean invariance survived, but only briefly, until the
Fitzgerald contraction of meter sticks and time dilation of clocks dealt it a
mortal blow.

Then, in 1905, Albert Einstein published his profound analysis of how
light signals are used in comparing time, distance, and mass measurements
made by observers in relative motion.® Einstein concluded that physical
space is not the Euclidean space assumed by Newton. Realizing that the
invariance properties of physical measurements require the merging of space
and time into spacetime, Einstein replaced the separate concept of distance
between two points in space, and the concept of time interval between two
instants, by a single concept: the spacetime interval between two events.
As the spacetime interval is not a four-dimensional generalization of the
Euclidean distance in ordinary space, geometric relations between events in
spacetime are non-FEuclidean.

These discoveries have, of course, required major modifications in the
laws and equations of physics — modifications that continue to occupy
physicists to this day. Here we wish only to call attention to a conceptual
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(a) Unit Cube, Vz=0 (b) Unit Cube, Vz = 21_0

Fig. 1.1 A unit cube viewed by an observer in its rest frame and by an oberserver
moving with two thirds the velocity of light in its rest frame.

problem raised by the experimentally established validity of the theory of
special relativity. (We reach ahead into Sec. 2.10 to do so.) Figure 1.1a
depicts a cubic crystal in the spatial coordinate system of an observer at
rest with respect to the crystal. Figure 1.1b depicts the same crystal as
seen by a second observer moving relative to the first with a velocity 87% of
that of light. If both observers are to agree on the symmetry of the crystal,
their concepts of physical symmetry must be altered: standard concepts of
physical symmetry are incompatible with the standard interpretations of
relativistic effects.

But that is not all.

Fulenbeck and Goudsmit’s discovery of electron spin in 1925 provided
a hint that, even with the modifications required by relativity, accepted
concepts of symmetry might be inadequate for an understanding of phys-
ical phenomena.” From a physical standpoint, the conceptual problems
were dealt with by allowing the magnetic moment vector of individual
electrons to express a symmetry not previously recognized in nature. As
explained in Sec. 2.5 this symmetry cannot exist everywhere in ordinary
three-dimensional Euclidean space.

In the decade following the invention of quantum mechanics in
1926, there appeared a further hint that accepted concepts of physical
symmetry might require further modification. Shortly after the inception of
quantum theory it was realized that quantum numbers could have a dual
interpretation: they were found to fix both the eigenvalues of observable



Introduction 5

quantities and the symmetry properties of wavefunctions. The quantum
number m, of atomic spectroscopy, fixes both the component of an atom’s
angular momentum, m(h/27), on some chosen axis, and the rotational sym-
metry of its wavefunction about that axis. Knowing the azimuthal quantum
number [, one knows both the square of the total angular momentum of the
atom, [ (I+1)(h/2m)?, and the allowed values of m. Symmetry-based argu-
ments require that m can only take on the values —I, -l + 1,...,1 — 1,1.
For a given value of [ there are thus 2] + 1 wavefunctions with different
rotational symmetries about the chosen axis, and different angular momen-
tum components, m, along this axis. The connection between symmetries
and observables in quantum mechanics is so unique and so direct that the
connection is a major theme in Herman Weyl’s 1931 monograph, Group
Theory and Quantum Mechanics.®

By 1931, physicists had begun to thoroughly develop the consequences
of the fact that the potential energy of interaction of two charged particles
depends only upon the distance between them. In a one-electron atom the
electrostatic potential energy is the same as that of an electron in the field of
a nucleus, so it depends only on the radial distance between the electron and
nucleus. In a frame of reference centered on the nucleus, the electrostatic
environment in which the electron moves is invariant under rotations. As
the kinetic energy of the electron is also invariant under rotations, all states
having the same radial distribution for the electron must have the same
energy, provided one neglects the small energies associated with spin—orbit
coupling. Observable states with the same energy and radial distribution
need not have definite angular momentum, but they must be interconverted
by rotations. As noted above, arguments of symmetry require that the
number of these states is 21 4+ 1, where the azimuthal quantum number
[ can have values 0,1,2.... Spherical symmetry requires that the energy
levels of hydrogen, and other one-electron atoms, be (2{+1)-fold degenerate.

They are not.

As Pauli, Schrédinger, and Heisenberg found, Bohr’s expression E,, =

(Ze/n)®
T 2a0

to all n? eigenstates of principal quantum number n. The levels with energy

for the energy of one-electron atoms with nuclear charge Z, applies

E, are n?-fold degenerate, and n is always greater than .

By the early 1930’s it was realized that the spatial symmetry of a sys-
tem often completely accounted for any degeneracy of its energy levels. In
cases where spatial symmetry did not account for the degeneracy, it became
customary to speak of accidental degeneracy. The equality of the energy of
a 2s state with the energies of the 2p states of the hydrogen atom was an
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accident as was the degeneracy of the 3s, 3p and 3d states (and so on). It is
natural to suspect that all these accidents afflicting every hydrogen atom
in the universe might have a cause.

1.2 Fock’s Discovery

In 1935 Vladimir Fock uncovered the cause: the electron in a one-electron
atom moves as though it were in an environment with the symmetry of a
hypersphere in four-space.® Fock found a set of transformations which con-
vert wave functions of all bound states of the hydrogen atom into (hyper)-
spherical harmonics Y, in a four-dimensional Euclidean space. States of
the same n, but differing [, can be interconverted by rotations in this four-
dimensional space. The effective symmetry of the atom is that of an object,
a hypersphere, described by an equation such as

y: +y5+y5+yi=R% (1.2.1)

in which R is a real constant, and the y’s are Cartesian coordinates of a
point. It is this hyperspherical symmetry which causes all states of the same
principal quantum number n to be degenerate and requires them to be n?
in number.

In Sec. 1.4 below we will identify the space in which Fock’s hypersphere
exists. Fock’s work will be dealt with in detail in subsequent chapters. Here
we wish only to call attention to one of its key features. In his analysis,
Fock used a stereographic projection that connects points on a hypersphere
in a four-dimensional Euclidean space to points in a three-dimensional
Fuclidean space. Figures 1.2 illustrate the analogous projection connect-
ing points on a sphere in three-dimensional space to points in its equatorial
plane. They illustrate the mapping of points from the northern and south-
ern hemispheres onto the equitorial plane. The other figures depict the
stereographic projection of spherical harmonics with [ = 1. The projections
of the Py function and the P, function onto the plane yield functions that
correspond to degenerate p and s type wave functions of the planar analog
of a hydrogen atom.!® The relationship between the projected functions
and the spherical harmonics is directly analogous to the relationship Fock
established for real hydrogen atoms.

Note that rotating the Py spherical harmonic through 90° around the z
axis converts it into a Py harmonic, and carries out the same rotation of its
projection in the plane. In contrast, the P, harmonic, and its projection,
are invariant under rotations about the z axis. No rotation in the plane can
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(© (d

Fig. 1.2 (a) Stereographic projection of point on upper hemisphere. (b) Stereo-
graphic projection of point on lower hemisphere. (¢) Stereographic projection of
circles of constant latitude onto an equatorial plane. (d) Stereographic projection
obtained when sphere in Fig. 1.2(c) is rotated 90° about the y axis.

interconvert the p and s type functions. However, they are indirectly inter-
converted by rotations in the three-space that carry a Py or Py function into
a P, function. Such a rotation carries a p type function in the plane into an
sp type hybrid function, and then into a pure s type function. This illus-
trates a key feature underlying Fock’s analysis: stereographic projections
can interconvert functions not related by rotations in three-dimensional
Euclidean space, to functions related by rotations in a higher dimensional
Euclidean space.

Fock’s use of a stereographic projection to explain the degeneracy of
the hydrogen atom is subject to an evident objection: the projection could
be said to produce, rather than uncover, a symmetry. However, Bargmann
quickly gave a Lie-algebraic treatment which established the hyperspherical
symmetry without the use of any coordinate transformations.'! The work of
Fock and Bargmann provides an impressive demonstration that degenera-
cies can be due to symmetries that are definitely not symmetries in ordinary
space. For natural scientists it was an early hint that natural phenomena can
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be governed by symmetries that are not at all self-evident. It is now realized
that such symmetries can govern a wide range of natural phenomena.

1.3 Keplerian Symmetry

Hyperspherical symmetry is a property of the dynamics of all Keplerian
motion — motion of a particle under an inverse square law force when
the speed of the motion is a negligible fraction of the speed of light. In
the absence of relativistic effects and tidal effects a single spherical planet
moving about a star also moves as though it were in an environment with
hyperspherical symmetry. As a consequence, planetary orbits of different
ellipticity can have the same energy.

Because the Bohr-Sommerfeld model of the atom inherits this hyper-
spherical symmetry from classical mechanics, it can correctly determine
the degeneracy and n-dependence of the spectrum of the hydrogen atom,
despite the fact that Bohr’s atom is flatter than a bicycle wheel.

The physical and chemical properties summarized in periodic charts
are determined by the reduction of the hyperspherical symmetry to ordi-
nary symmetry to ordinary spherical symmetry not by ordinary spherical
symmetry itself. The hyperspherical symmetry has a persistent effect in
organizing the energy levels of many electron atoms. It also affects the
organization of energy levels in molecules. In independent-electron mod-
els of polyatomics it produces level crossings that would not otherwise be
present. In real molecules, these level crossings causes inflections in poten-
tial energy curves, and as noted below, are instrumental in determining the
shapes of molecules. In short, the hyperspherical symmetry, by influencing
the organization of energy levels in atoms and molecules, affects much of
physics, chemistry, geology and biology.

The hyperspherical symmetry governing the motion of a single planet
has similar consequences; it does much to govern the response of the planet
to the perturbing influences of other planets and satellites.

How do these symmetries of objects in higher dimensional spaces get
into our three-dimensional world? How is that they govern motions in ordi-
nary three-dimensional Euclidean space? We begin now to address these
questions.

1.4 Dynamical Symmetry

The Hamiltonian expression whose value is the energy, E, of a particle
subject to gravitational or electrostatic force is

H = p?/2m — K/|r|. (1.4.1)
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The potential energy term, K/|r|, with K a constant, has ordinary rota-
tional symmetry; and the kinetic energy term, p?/2m, with the mass, m,
constant, has ordinary rotational symmetry. This statement remains true in
Schrédinger quantum mechanics, where p is converted to —iAV. The hyper-
spherical symmetry is not a symmetry of the potential energy term in the
Hamiltonian nor is it a symmetry of its kinetic energy term, it is a symmetry
of the entire Hamiltonian. Operations of a group of transformations inter-
convert the kinetic and potential energy terms of the Hamiltonian H while
leaving E, the value of H, unchanged. These operations transform the posi-
tion vector r to v’ = f(r, p), and the momentum vector p to p’ = g(r, p), so
as to leave only the entire expression p?/2m—K/|r|, and hence E, invariant.
For a two-dimensional atom, the operation that interconverts the kinetic
energy and potential energy can be put in one-to-one correspondence with
the Py < P, rotations on the sphere of Fig. 1.2, i.e. the rotations that
interconvert the s type and p type projections in the plane.

The hyperspherical symmetry of Kepler Hamiltonians is a truly dynam-
ical symmetry — a symmetry present when there is motion. It is a symme-
try that exists only when motion is allowed. It is extensively investigated
in Chapter 8.

An analogous situation occurs with the harmonic oscillator Hamiltonian

H = p%/2m + kr?/2. (1.4.2)

Harmonic oscillators have energy degeneracies larger than expected. Their
energy is also unchanged by transformations of the form r — r' = f(r, p),
and p — p’ = g(r,p). The shell model of nuclear structure based on
the Hamiltonian (1.4.2) develops extensive physical consequences of these
degeneracies and their removal by internuclear forces.!'?

These dynamical symmetries are symmetries of systems allowing
motions. The dynamical symmetry of a system may, or may not, be greater
than its evident geometrical symmetry. The phrase hidden symmetry is
sometimes used to signify the presence of dynamical symmetry greater than
ordinary geometrical symmetry. In general, no analysis of forces or poten-
tials alone will find dynamical symmetries. Methods for uncovering them
are discussed in Chapters 7 and 9.

In recent years it has been realized that in classical mechanics dynam-
ical symmetries are, in the simplest cases, geometrical symmetries in the
combined space of positions, q, and momenta, p, i.e. symmetries in the
phase space of the physicist. The observation, that the classical analog of
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the hyperspherical symmetry of the hydrogen atom is a hyperspherical geo-
metric symmetry in phase space, was not at all evident in Fock’s paper, nor
in that of Bargmann.'! Such a connection was difficult to interpret at the
time, because the uncertainty principle states that one cannot know both
the position and the momentum of a particle with arbitrary accuracy. In
Chapter 9 a Lie-algebraic extension of Dirac’s correspondence principal is
stated and used to establish the relation between the dynamical symmetry
of quantum mechanical systems and that of the corresponding classical sys-
tems, which are geometrical symmetries in phase space. It enables one to
correctly exploit classical analogies when interpreting the dynamical sym-
metries in quantum mechanics.

1.5 Dynamical Symmetries Responsible for Degeneracies
and Their Physical Consequences

If no analysis of forces or potentials alone can expose the symmetry and
consequent degeneracy of the hydrogen atom, one would expect surprises to
continually emerge in attempts to uncover other organizing features in the
natural sciences, unless, of course, only atoms, nuclei, elementary particles,
or other comparatively simple systems are directly affected by dynamical
symmetries. Because most physical systems are much more complex, and
furthermore, exact or approximate spatial symmetries are rather rare in
nature, it has long been supposed that hidden symmetry is rarer still. How-
ever, direct physical evidence establishes that large systems can have large
degeneracy groups. In statistical mechanics, the entropy of a macroscopic
system is a measure of its degeneracy, for it is equal to Boltzmann’s con-
stant times the logarithm of the number of equally likely microscopic states
of the same energy. A great host of operations can redistribute the energy
among the constituents of the system, and the corresponding symmetry
groups are enormous. Dynamical symmetry is ubiquitous, but often well
hidden.

Whenever a quantum mechanical system is degenerate, an infinitesi-
mal perturbation can make a finite alteration in its wave function. This
has the physical consequence that minute forces and minute displacements
that involve a minute, even infinitesimal, amount of work can make finite,
even large, changes in the physical properties of initially degenerate sys-
tems. The connection between symmetries of a Hamiltonian and energy
degeneracies imparts additional importance to symmetries in the quantum
mechanics of bound states, for which the energy levels that differ in E are
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separated by energy gaps. As a consequence, among the bound states only
the degenerate ones are exquisitely sensitive to perturbations. Degeneracies
not directly due to hyperspherical symmetry, and the subtleties and con-
sequences of their removal, also have many consequences in chemistry and
physics:
Forces between nucleons produce an average binding potential which
may be approximated by that in radially symmetric harmonic oscil-
lators. Removal of the accidental oscillator degeneracies organizes
much nuclear physics.'3

In producing the resonance stabilization so ubiquitous in chemi-
cal compounds, at least two degenerate, or nearly degenerate, elec-
tronic wave functions represented by different valence-bond pictures
interact to produce wave functions, molecular orbitals, of lower
energy than either.'

In the superconductive materials dealt with in the theory of
Bardeen, Cooper, and Schrieffer, electrons with initially degener-
ate one-electron translational and spin wave functions have this
degeneracy removed, and a new degeneracy is produced by minute
velocity-dependent forces stemming from interactions between the
electrons and vibrating atomic nuclei.!®

Minute forces which act on nearly degenerate translational wave
functions can also develop other coordinated, gross, electronic
motions in solids, motions such as Davydov excitons'® and charge-
density waves.'”

Sudden polarization!
cause electronic energy levels to cross, producing degeneracies that
allow small molecular asymmetries to produce very large polariza-
tions.

Iterative algorithms that approximate wave functions of mole-
cules and solids may fail to converge for some assumed nuclear
configurations. (This quite often occurs in Hartree-Fock calcula-
tions.) In attempting to choose an improved approximate wave

8 occurs in molecules when nuclear motions

function, the computer cycles between several different electronic
wave functions whose energy cannot be distinguished. Calculations
on cuprate lattices exhibit this effect, and even Cu(OHz)3>* has
states whose degeneracy is not due to spatial symmetry.'® Fail-
ure of Hartree-Fock calculations to converge can provide a very
useful signal that unexpected physical or chemical phenomena are
waiting to be discovered. Hartree—Fock symmetry breaking occurs
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when such degeneracy leads to one or more nuclear configurations
with less energy and less symmetry in three-space than the initial
nuclear configuration.?’

Approximate dynamical symmetries of rotating and vibrat-
ing molecules have been found to organize their rotational and
vibrational energy states.?! This has made it possible to express
rovibrational energies as functions of far fewer parameters than

spectroscopists had previously thought possible, cf. Chapter 13.

1.6 Dynamical Symmetries When Energies Can Vary

In the late 1960’s it was found that one-electron atoms and their gravi-
tational analogs possess more symmetry than that of the hypersphere of
(1.2.1). When energy, E, is considered variable, Keplerian systems behave
as though they have the symmetry of the surface defined by the equation??

yi+ys+ys+yi—vi—vys =0 (1.6.1)

Here, as before, the y’s are Cartesian cordinates of a point.

What is the physical interpretation of this symmetry? In classical Hamil-
tonian mechanics, the operations of a group that alters the energy of a
system express relationships between the position, momenta, energy, and
time variables of the system. The dynamical symmetries defined by the
invariance group of (1.6.1) are symmetries in the extended phase space of
positions, momenta, energy, and time, an eight-dimensional PQET space.
In quantum mechanics the symmetry of Eq. (1.6.1) becomes a symmetry
of the time-dependent Schrodinger equation of hydrogen-like atoms, and
governs their dynamics.?3 Operations of this dynamical group can be used
to change energy states. The group can be a spectrum-generating group for
the atom. Chapters 9-13 deal with such dynamical symmetries of quantum
mechanical systems.

Dynamical symmetries of time-dependent Schrodinger equations, Hy) =
101 /0t, may have surprising consequences even for simple systems. Because
of a dynamical symmetry of their time-dependent Schrodinger equation,
hydrogenic atoms obey surprising selection rules that preserve [ as a good
quantum number.?* This, together with the related hyperspherical sym-
metry of the atom, has the consequence that when a nucleus of charge Z
is (conceptually) pulled apart to form the protomolecule termed a nearly-
united atom, there is no mixing of wave functions of different orbital angular
momentum quantum number [. If one does not recognize the presence of a



Introduction 13

hidden symmetry, the united atom—nearly united atom energy level corre-
lation diagrams may appear to violate the noncrossing rule of Wigner and
von Neumann.?® As shown in Chapter 12, this hidden symmetry ensures
that nearly-united atoms obey the same rules that govern the geometrical
symmetry of actual triatomic molecules.?6 These rules are due to Walsh,
who first pointed out that the ordinary spatial symmetry of triatomic and
tetraatomic molecules can be anticipated by simply counting the number
of valence electrons in the molecules.?”

As the distance between atoms varies during the course of chemical reac-
tions, degeneracies, or near degeneracies, are often produced. Though often
considered accidental, many can be predicted from energy-level correlation
diagrams. Profound and rapid changes may take place at such crossings.
This happens, for example, when a neutral alkali atom approaches a neutral
halogen atom from afar. An electron jumps from the metal to the halogen
during a change of distance on the order of 1072 angstroms.??

Finally, we would note that even when the entropy and other equilibrium
properties of highly degenerate, weakly interacting, systems are unaffected
by weak interactions, these interactions can govern energy flow between
subsystems. The resulting dynamical symmetry breaking then becomes
relevant in nonequilibrium statistical mechanics.

1.7 The Need for Critical Reexamination of Concepts
of Physical Symmetry. Lie’s Discoveries

The observations made in the preceding paragraphs illustrate that simple
relations in complicated systems may be overlooked by familiar modes of
thought. Surprises develop for several reasons:

First of all, even in simple classical systems, dynamical symmetries
are symmetries in a phase space of many dimensions.

Secondly, phase space is not a FEuclidean space. For this rea-
son, the concepts of physical symmetry appropriate to classical and
quantum mechanics, the concepts of dynamical symmetry, are pro-
foundly different than the usual concepts appropriate to Euclidean
space. Chapter 2 begins our discussion of the difference.

Thirdly, symmetries in phase space have no immediate obvious
interpretation as symmetries in quantum mechanics. Nevertheless,
as previously noted, dynamical symmetries in Schrodinger mechan-
ics and Hamiltonian mechanics are closely related, and the relation-
ship is established in Chapter 9.
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Dynamical symmetries are, in general, so different from ordinary
symmetries that understanding them requires a critical reexamina-
tion of the concept of symmetry itself.

The beginnings of such a critical analysis originated in the mind of
the mathematician Sophus Lie, apparently during the winter of 1871-2.29
As noted in the Appendix at the end of this chapter, Lie was attempt-
ing to develop a unified theory of solution for ordinary differential equa-
tions. He discovered that the solutions of differential equations can be both
defined by, and interconverted by, operations of continuous groups of trans-
formations. Lie’s groups are termed continuous because their operations are
labeled by continuously variable parameters, for example the angles of rota-
tion. As will be seen in Chapters 4-6 of this book, differential equations have
group structure simply because

b c c
/ df+/ df:/ df. (1.7.1)
a b a

This observation, though at first sight trivial, profoundly connects the study
of differential equations to studies of groups of transformations. In fact, Lie
used first-order ordinary differential equations, and sets of first-order partial
differential equations, to define continuous groups. He devoted much of his
life to developing the extensive mathematical implications of the connection
between differential equations and continuous groups. In doing so, he gave
us much of what is now called the theory of Lie groups.

The operations that convert solutions of a differential equation into
themselves and into other solutions, define the invariance group of the dif-
ferential equation. These groups are primarily Lie groups, and they can
be of great utility. In fact, most of the differential equations of the sci-
ences have Lie group structure which neatly organizes and simplifies their
solution. Unfortunately, for much of the past century the utility of the con-
nection between Lie groups and differential equations went unrecognized,
and was seldom exploited by mathematicians interested in solving differ-
ential equations. Several monographs that are outstanding exceptions to
this statement have been listed at the end of the Preface. In this book, the
group structure of the equations of dynamics is used to relate dynamics to
geometry by relating dynamical symmetries to geometrical symmetries.

The relevance of Lie’s work to the natural sciences is direct and fun-
damental. Whenever a continuous succession of causes and effects governs
natural phenomena, it becomes possible to formulate differential equations
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which govern the phenomena. Approximate or exact integration of the equa-
tions then produces solutions that can correlate and predict the results of
observations. And whenever differential equations describe nature, their
group structure describes relationships amongst natural phenomena. As
earlier sections of this chapter have pointed out, when the symmetries are
unrecognized, the relationships they imply may lie unrecognized — even
when the solutions are static in time, and some of the natural phenomenon
are known and much studied. An example is provided by the history of
superconductivity. Onnes discovered the phenomenon in 1911.2°% Despite
intensive investigations carried out by brilliant investigators, it was not
until 1957, 31 years after the advent of quantum mechanics, that Bardeen,
Cooper, and Schreifer found the cause of superconductivity.?’? As previ-
ously mentioned they thereby uncover a symmetry breaking that creates a
new symmetry.

In evolving systems, the consequences of group structure can also be pro-
found and the causes well hidden. Quantum mechanics provides many such
examples. The wave functions of quantum mechanical systems, evolving in
accord with equations such as the time-dependent Schridinger equation,
may smoothly lead to degenerate states utterly unstable to perturbations.
At such points, symmetries may suddenly be enlarged, decreased, or sim-
ply changed. This behavior illustrates a general property of nature: stable
states may smoothly evolve into states so unstable that minute perturbations
can produce gross changes in the state of the system. A discontinuously pro-
duced state may then result, and become the initial state of a new continuous
causal chain. A few examples follow:

The temperature and pressure of a gas reach critical values and
crystals form: a system with continuous translational and rota-
tional symmetry suddenly produces systems with discrete transla-
tional symmetry. If the crystals are metastable, subsequent phase
changes may then occur when they smoothly evolve into a state
whose energy coincides with that of a state with different crystallo-
graphic symmetry. What will be the symmetry of the initial crystal
lattice? Of subsequent ones? Current science makes astonishingly
few predictions.

Diffusion of the components of oscillatory chemical reactions
can develop chemical concentration waves in initially homogeneous
31,32 Tn a spherical container, standing concentration waves
with s, p, d, ... type spatial symmetries can develop. Such reactions
make it possible for a fertilized egg to produce a set of identical

media.
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daughter cells which in a coordinated manner then produce fur-
ther daughter cells of different types. Subsequent intertwined chains
of continuous causality, punctuated by symmetry breaking events,
make it possible for “a sphere to become a horse”.3? Even at
the few-cell stage where reaction—diffusion phenomena are likely
to dominate cell differentiation, the biochemistry involved remains
wondrously obscure as this is written.

The differential equations governing fluid flow describe the causal
chains that produce smooth streamline flow, and allow for the pul-
sating, swirling, chaotic, eddies and vortex rings that may break
the translational symmetry of a flow. Investigations of the invari-
ance groups of the differential equations, and the symmetries they
imply, have produced powerful tools of analysis utilized by aerody-
namic engineers.?> But some phenomenon defy detailed prediction;
it is still a good idea to determine the stall speed of a new wing
using a wind tunnel.

A homogenous fluid contained in a vertical circular cylinder and
heated from below by a cylindrical heat source may develop insta-
bilities which lead to stable Benard convection cells. Their verti-
cal boundaries appear at unpredictable locations, and break the
initial cylindrical symmetry of the system.?* The differential equa-
tions which govern motions of the earth’s atmosphere develop insta-
bilities that limit the reliability of weather predictions. The very
complex equations involved are elegantly modeled in the much sim-
pler equations of Lorentz. They predict circumstances that produce
unpredicability.3’

Geologists believe that oceanic rifts and plate tectonic motions
are produced by convection cells in the magma below the earth’s
crust. Even minute perturbations in a sphere filled with fluid and
centrally heated with perfect spherical symmetry can develop sym-
metry breaking convection cells.?® Though plate tectonics appar-
ently rests on the ultimately unpredictable, its sudden general
acceptance in 1967-8 has enabled today’s geologists to accept,
and greatly extend, earlier correlations of global geology.3” This
most recent of scientific revolutions has established an ever-growing
body of causal connections between geological events both past
and present. And this is being accomplished in a branch of natural
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science in which it can be very difficult to distinguish between the

causal and the adventitious.38

These are but a few examples of how the continuous causal chains
that organize so much of science typically develop instabilities, that in
turn produce versions of the punctuated evolution of biologist Steven Jay
Gould.?® Previously expressed relationships are broken, and new relation-
ships develop.

In many of the examples just given, symmetries in ordinary Euclidean
space have changed. However, as we have emphasized, by no means all
physically relevant symmetry is symmetry in ordinary Euclidean space. As
will be seen in latter chapters, it is the differential equations of the physical
sciences that determine the physically relevant spaces.

Early in the twentieth century, Lie’s mathematical insights began to
stimulate new physical insights. We have already mentioned Noether’s work
of 1918. Yet even earlier, in 1909, Cunningham and Bateman®® showed
that the transformation group which interconverts solutions of Maxwell’s
equations directly requires that the spacetime that propagates light is non-
Euclidean and has the properties discovered by Einstein. In Chapter 14
it will be pointed out that the group has other, surprising, properties as
well. Though, as we have seen, relativity theory requires a rethinking of the
meaning of physical symmetry, historically it is the 1935 work of Fock and
Bargmann which first established that physically consequential symmetries
may be symmetries in spaces other than spacetime.

The dynamical symmetries that are the subject of this book arise
because the differential equations governing classical and quantum dynam-
ics have solutions that can be defined, time-evolved, and interconverted by,
operations of groups. The operations of a dynamical group have direct phys-
ical interpretation, and geometric interpretation as operations of a symme-
try group. The resulting connection between geometry and dynamics is the
organizing principle of the book. However, the connection is more general
than can be dealt with herein. The general situation is as follows:

The equations describing a great variety of physical systems are differ-
ential equations. All have invariance groups and an associated geometry
in which transformations that interconvert solutions of the equations can
be interpreted as geometric operations. The space in which these geometric
operations act is usually a space in which geometric symmetries are not
just those possible in ordinary space or spacetime. And, when differential
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equations describe the natural world their geometric symmetries may, or
may not, be physically stable, they may persist, or be altered in ways made
more understandable by Lie’s work.

The next two chapters informally explore fundamental conceptual rela-
tionships between the invariance groups of equations and their geometric
and physical interpretations. To follow the resulting connection between
geometry and physics one must consistently conceive of symmetries in
spaces of higher dimension than three, and one must consistently conceive
of symmetries in spaces that are not necessarily Euclidean. These introduc-
tory chapters are intended to develop the required conceptions in a manner
that will enable readers to expand, and continue to exploit, their intuitive
geometric insights. Subsequent chapters more formally develop and apply
concepts introduced in Chapters 1-3.

Appendix A. Historical Note

Sophus Lie was born in the Norwegian village of Nordfordeid, and spent his
childhood there as a son of the local Lutheran pastor. He was thirty years
old when he began to develop his theory of differential equations, a theory
he saw as analogous to Galois’ theory*! of solution of algebraic equations.
He quickly established that a first-order ordinary differential equation can
be integrated directly, or with the aid of an integrating factor, if and only
if there is a continuous group of transformations that leaves the differential
equation invariant.*?> Knowledge of the group determines whether an inte-
grating factor is necessary, and if it is, the group determines the integrating
factor (and wvice versa). Subsequently Lie expanded his theory of first-order
equations into a unified theory of solution of sets of ordinary differential
equations of arbitrary order. Several texts on the subject appeared at the
beginning of the twentieth century.*> Even before his death from perni-
cious anemia in 1899, Lie’s ideas began to have an extraordinary influence
in pure mathematics. However, two world wars, practical difficulties, and
several historical accidents delayed the use of Lie’s work by applied mathe-
maticians for some fifty years. There also appeared to be theoretical imped-
iments limiting extensions of Lie’s ideas to partial differential equations.**
The theoretical impediments were found to be largely illusory,*® and it is
now known that partial differential equations possess much more group
structure than was previously realized.

During the 1940’s Bargmann®® and Wigner*” developed the represen-
tation theory of the Poincare group that underpins relativistic quantum
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kinematics. In the mid 1950’s attempts to generalize Gell-Mann’s eight-fold
way?® led physicists to a renewed interest in the symmetry of the hydrogen
atom and to an interest in Lie groups in general. The 1960’s and 70’s saw
the recognition of the dynamical symmetries of a number of systems gov-
erned by Schrodinger equations. These symmetries are discussed in several
chapters of this book. The final chapter of the book is devoted to symme-
tries of Maxwell’s equations. Special attention is given to the consequences
of inversion symmetry that enlarges the Poincare group.*®

By the turn of the twentieth century, the development of symbolic
computation algorithms, and elegant applied mathematics due to Reid,*°
removed much of the practical difficulty in applying Lie’s ideas. Computer
programs now make it possible to systematically uncover the symmetries
of increasingly complex systems governed by differential equations. And
studies of the symmetries of partial differential equations have led to new
methods for obtaining their solutions.*? Kumei®! initiated the use of Lie
methods to obtain solutions of nonlinear partial differential equations, a
field in which they are proving particularly useful.

The connection between dynamics and geometry that is emphasized in
this book has impressive antecedents. For example, Synge in his article
on dynamics in Handbuch der Physik long ago pointed out that Hamilto-
nian dynamics allows a complete geometrization of classical mechanics.??
This conception of a geometrodynamics, applied via tensor analysis rather
than Lie theory, is extensively developed in Meisner, Thorn, and Wheeler’s
monograph on general relativity.53
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CHAPTER 2

Physical Symmetry and Geometrical Symmetry

In Newtonian physics it is supposed that r, dr and d(dr) are approximable
by measurements of r, Ar and A(Ar) respectively in a local Cartesian ref-
erence frame in Euclidean space. Because forces are, in principle, defined
via measurements of displacements, Newtonian mechanics inherits conse-
quences of the presuppositions (axioms) of Euclidean geometry. Newton also
presupposed that the time, t, and its derivatives dt, d(dt), can be approx-
imated by measurements of At and A(At) using local clocks. Quantum
mechanics inherits these presuppositions about space and time measure-
ments in a restricted way, under the supposition that the position vector
r of a particle of fixed mass and its velocity vector dr/dt cannot both be
approximated by increasingly refined measurements. However, the corre-
spondence principle enables one to carry over into quantum mechanics some
of the geometric intuition one develops from studying Euclidean geometry.

As suggested in the previous chapter, understanding by concepts of
symmetry the manner in which natural phenomena are interrelated might
require a reconception of relationships between geometry and measurements
of r and Ar, and also t and At. The rethinking required goes beyond that
suggested by the remarks in Chapter 1. With this in mind we shall proceed
with more care than what might at times seem necessary.

2.1 Geometrical Interpretation of the Invariance Group
of an Equation; Symmetry Groups

The equation G(z) = ¢, where ¢ is a constant, is by definition invariant
under a transformation z — 7z’ = f(z) if and only if G(z') = ¢ for all
values of z that satisfy the original equation. If substituting of z’ for z
carries all solutions of an equation into solutions of that equation, it defines
an invariance transformation of the equation. Conversely, a transformation

23
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z — 7z = {(z) that leaves the equation invariant is a transformation that
converts solutions of the equation to solutions of the equation.

Let us investigate some common assumptions on geometric interpreta-
tion of invariance transformations by considering the invariance transfor-
mations of an algebraic equation. Consider, for example, the equation

wh = 1. (2.1.1)
It is invariant under the transformation w — w’ = f(w) if and only if

wi=1, ie (fw)'=1, (2.1.2)

for all values of w satisfying (2.1.1). The substitution w — —w leaves w*

unchanged and transforms a solution of Eq. (2.1.1) into a solution. The
substitution which carries w — iw has the same property. Compounding
these two substitutions carries w — —w — —iw. As w = 1 is a solution
of (2.1.1), it follows that —1, i and —i, are also solutions. Figure 2.1, in
which w = x 4 iy, represents the four solutions by points with coordinates
(x,y) in a plane. For clarity, the points are connected by straight lines.
Though four points are sufficient to represent the solutions, more than four
geometric operations carry solutions into solutions — all such operations,

0,1

(-1,0) (1,0

(0’_ 1)

Fig. 2.1 A plot of the roots of Eq. (2.1).
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Table 2.1.  Operations that carry the square into itself and
interconvert solutions of w* = 1, w=x+iy=1,i,—1, —i.

A. Rotations:

R(0,1) = (1,0), R(1,0)=(0,-1),
R(0,—1) =(-1,0), R(—1,0)=(0,1).

B. Reflections:
S1(x,y) = (x,—y), S2(x,¥) = (=x,¥).
C. Inversions:

J1 (Xv Y) = (y7 X), J2(X7y) = (_Y7 _X)'

and their action on a coordinate vector r = (x,y), are listed in Table 2.1.
Each operation corresponds to a substitution that leaves (2.1.1) invariant.

We wish to determine whether these operations give rise to a group
of operations. A set of operations comprise a group of operations iff the
following hold:

(a) The application of any operation T,, followed by the application of any
operation T}, is an operation in the set, say T.. Symbolically,
TyT, = Te. (2.1.3a)
(b) The set contains the identity operation, I, which satisfies
T, I=1IT, = T,. (2.1.3b)
(¢) Every operation T, has an inverse T, in the set:
ToTw =1=TyT,. (2.1.3¢)
(d) The operations obey the associative law
Ta(Tp Te) = (TaTy) Te. (2.1.3d)

Here, the inverse of a compound operation (T, T}) is Th Tar.

The operations of Table 2.1 give rise to the operations A’ in the first
column of Table 2.2. Their action on the operators A of the top row of the
table is indicated at the intersection of the corresponding rows and columns.
With the aid of the table the reader may verify that, taken together, the
operations are those of a group. Note that S1S1 = I, SeSe =1, J1J; =1
and JoJo = I. It follows that each of these operations is its own inverse,
e.g. Si" = S;. Consequently the operations S; and I are themselves those
of a group. As this group is contained in the larger group, it is termed a
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Table 2.2. Composition of the Operations A’ and

A to give A’A.

A/A\ A 1 R R?2 R3 S1 So J1 Jo
I I R R?2 R®} S; S2 Ji o
R R RZ RS3 I Jq1 Ja So S
R2 RZ R3 1 R Sy S1 Jo I
R3 R3 1 R RZ Jo Ji S1  So
S1 S1 Jo S Jp I RZ R RS
So Se Ji S 3 1 R2 R R3
J1 Jb S1 Jo S22 R3 R I R?2
Jo Jb S2 Ji S5 R R3 R? 1

subgroup of the later. Each of the operations of reflection and inversion are
members of a subgroup of the larger group. Because R* =1, R® so R = I,
R3 is the inverse of R. Similarly, R? is its own inverse. These rotations also
comprise a subgroup of the full group.

Because the operations carry solutions of Eq. (2.1.1) into solutions of
the same equation, it is left unchanged, i.e. it is invariant under the opera-
tion of the group. Given our geometric assumptions, the transformations in
Table 2.2 are also those of the symmetry group of the square of Fig. 2.1.

There are geometrical operations that do not leave Eq. (2.1.1) in-
variant, but do leave the symmetry of the square unchanged. These include
arbitrary rotations of the square about any point, translations of the square
in any direction, and the uniform dilatations, which enlarge or shrink the
square.

Rotations about the origin carry a point with coordinates (x,y) to the
point with coordinates (x',y’), where

x' =xcos(f) —ysin(f), y' =xsin(#) + y cos(d), (2.1.4)

and 6 is the angle of rotation. Operations of the group will carry a circle
with center at the origin into itself. The group is termed a continuous group
because the operations of the group depend upon a parameter, 6, that can
vary continuously. The rotations that carry the square of Fig. 2.1 into itself
comprise a discrete subgroup of this continuous group of rotations.

Translations carry a point with coordinate (x,y) to the points at (x',y’),
where

X=x+a y=y+0. (2.1.5)

These transformations also comprise a continuous group.
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Composing the operations of (2.1.4) and (2.1.5) one obtains E(2), the
Euclidean group of the plane. If we let T(«)x represent the operation that
converts x to x + «, the application of T(aq) followed by T(aw) is a trans-
formation

T(ag)T(a1)x = T(ag)(x + a1) = x+ a1 + as = T(ag), (2.1.6)
with
a3 = 1 + Qo.

The group E(2) is termed a three-parameter group because its operations
depend on the parameter 0, the angle of rotation, the parameter «, the
distance a point is translated parallel to the x axis, and the parameter 3,
the distance it is translated parallel to the y axis.

Note that the operations of E(2) do not alter the distances D;j separating
points i and j.

Uniform dilatations in the plane carry out the transformations

x —efx, y—oely, —oo< pu< oo (2.1.7)

Together with the operations of E(2), they comprise the operations of a
continuous group termed the similitude group of the plane. The operations
of this four-parameter group may be used to superpose objects of the same
symmetry — bring them into coincidence; they are unable to bring objects
of different symmetry into coincidence.

Operations of the similitude group that do not carry the square into
itself, do however, leave its symmetry unchanged. They might be said to
alter the perspective of a viewer of the square, changing the relation of the
square to this viewer, by actively rotating, translating, or dilatating it —
altering its apparent size. Operations of the similitude group of the plane
do not alter the relative distances Dj; separating points i and j, and Dy
separating points i’ and j’, because both are multiplied by e”.

Now let us compare the effects of the discrete operations of inversion
and reflection applied to the vertices in Fig. 2.1.

The inversions through the origin transform r — —r. The same effect
can be obtained by rotating the vector r, with components x, y, through
180°. Inversions are operations contained in the similitude group.

However, the reflection x — —x, y — y, and the reflection y — —y,
x — X, may alter the symmetry of a “left-handed” or “right-handed” figure
in the plane, interconverting the one into the other. None of these reflec-
tions is an inversion. Also, reflections are not special cases of rotations.
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Reflections, though they leave invariant the separation between points, can-
not be carried out by any operation of the continuous similitude group of
the plane because there is no continuous motion of the similitude group
that can move a point P y through all intermediate points P between Py
and P_, y, or between Py, and P, _,. In short, it is impossible for the
similitude group acting in the plane to continuously deform a right-handed
object in the plane into a left-handed object.

A situation that is analogous to the Euclidean plane holds in three-
dimensional Euclidean space: operations of the corresponding continuous
similitude group may be used to rotate, translate, and enlarge or shrink
objects and thereby superpose geometrical objects of the same symmetry.
Extending the group by including the separate reflections, x — —x, y — —y,
7z — —z, one obtains the group whose subgroups define symmetries in the
space. Again, the effect of the inversions r — —r can be obtained by opera-
tions of rotation and reflection. Right-handed and left-handed objects have
different symmetry, and reflections may interconvert them, i.e., alter their
symmetry. However, there is no continuous operation acting in the three-
dimensional space that will deform a right-handed object so as to convert
it to a left-handed object, while at the same time leaving the separation
between points in three-dimensional Euclidean space unchanged, uniformly
enlarged, or uniformly shrunk.

These observations on the symmetry of objects call attention to gen-
eral principles that are true in both two- and three-dimensional Euclidean
geometry:

1. The group defining the symmetry of any figure or lattice is a subgroup
of the group of all similitude and inversion transformations.

2. The symmetry of any figure or lattice is unaltered by any operation of
the continuous group of similitude operations acting on the entire figure
or lattice.

The human mind is able to recognize that two objects in space are
essentially identical if an operation of the similitude group of three-space
can convert the one into the other. Apparently our minds habitually and
rapidly rotate, translate, dilatate, and then compare memories of visual
images without us being conscious of this. When our minds impart such
structures in group theory, we may not notice that we have seen similar
objects from different perspectives.
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2.2 On Geometric Interpretations of Equations

A number of arbitrary decisions were made in using Fig. 2.1 to give a geo-
metric meaning to the algebraic equation w* = 1. These affect the geometric
interpretation of the operations that leave w* = 1 invariant. In particular:

1. The real part of w was plotted on one axis, and the coefficient of its
imaginary part on the other. The coordinates of a point, (x,y), were
thus chosen to be real numbers.

. The x and y axes were, by choice, made perpendicular to each other so as
to provide an orthogonal coordinate system. It is conceivable that there
might be relations between x and y which invalidate this supposition.
Gibbs phase diagrams provide an example of this.

. Though four points do not necessarily lie in a Euclidean plane, the four
roots were plotted in a plane. One could have plotted them in any two-
dimensional space, such as that provided by the surface of a sphere
or a hyperboloid in three-dimensional Euclidean space. And on each
surface one could have chosen both x and y to be measured along the
axes of a variety of coordinate systems. Some examples are depicted in
Figs. 2.2. In each case one can imagine the points labeled a, b, c,d to

(a) (b)

Fig. 2.2 Plots of roots of Eq. (2.1) on a hyperboloid (a) and on a sphere (b).
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correspond to the solutions i, 1, —i, —1. Depending upon the physical (or
other) interpretations given to the roots, a plot on one of these surfaces
might be more appropriate than a plot in the plane.

. One could have supposed the four points to be points in some space of

dimension greater than three.

. We supposed a fixed coordinate system and moved points about it. The

relation between a point and a coordinate system is, however, a relative
one. We could just as well have considered the points to remain fixed and
carried out the inverse motion on the coordinate system. For example, we
rotated points by 90° about the point (0, 0) in the plane, but the resulting
relation of point to coordinate system is the same as that obtained by
rotating the coordinate system through —90°. We imagined uniformly
enlarging the square, but the resulting relation to the coordinate system
could have been obtained by uniformly shrinking units of measurement
on the axes. (Considering an operation to act on a geometrical figure
is the active interpretation of the operation; considering it to act on a
coordinate system is its passive interpretation.)

By plotting the roots of (2.1.1) in a Euclidean plane equipped with an
orthogonal coordinate system, we accepted a concept of measurement
in which the distance, As, between a point with Cartesian coordinates
(x,y) and a point with Cartesian coordinates (x’,y’) is predetermined;
if Ax =x'—x, and Ay =y’ —y are two sides of a right triangle with As
as the hypotenuse, then As satisfies

As? = Ax? + Ay? (2.2.1a)

This relation would not hold true on the curved surfaces indicated in
Figs. 2.2. The infinitesimal analog of (2.2.1a), obtained by allowing Ax
and Ay to become arbitrarily small but nonzero, is:

ds? = dx? + dy?. (2.2.1b)

In the following sections some of the assumptions and observations in

the above list are examined in more detail.

2.3 Geometric Interpretations of Some Transformations

in the Euclidean Plane

In this section we begin by considering the relation between the active and
passive interpretations of the transformations of E(2).
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Let a transformation T be defined by
x—x =F(x,y), vy—y =G(xyYy), (2.3.1a)
and let it have inverse, TV, defined by
¥ = x=F"xy), v —y=G0"K,y). (2.3.1b)

The transformations we will consider in this section have the property that
the transformed variables may be inhomogeneous linear functions of the
original variables. That is, in (2.3.1a,b)

x' =ag +aix +agy, y' =bo+bix+ bay,
(2.3.1c,d)
x = ag +aijx +agy’, y =by+bix +byy’.
Inhomogeneous linear transformations, together with homogeneous linear
transformations, are termed affine transformations. Not all affine transfor-
mations in the plane are operations of the similitude group of the plane.
Let us suppose that x,y and x’, y’ are variables in a Euclidean plane with
Cartesian coordinates defined by orthogonal unit vectors x¢ = 1i, y© = 1j
satisfying the usual relations i'i = 1, j'j = 1, i’j = 0. If the transformation is
interpreted in the active sense, T may be considered to move points about
in a plane equipped with a single system of Cartesian coordinates. A point
is moved from (x,y) = xi +yj to (¥/,y") = ¥i +y’j. T is considered
to move the point back again. In Fig. 2.3.1a the transformation T is a
rotation, interpreted as an active transformation in which

x' = xcos(f) —ysin(f), y' =xsin(h) + ycos(). (2.3.2a)

The point follows the indicated path as # varies continuously from an inital
value of zero. For each value of € the inverse transformation is obtained
by changing € to — and applying the transformation to the final point.
That is,

x =X cos(—0) — y'sin(—0), y=x"sin(—0) +y’ cos(—0). (2.3.2b)

In Fig. 2.3.1b, the rotation has been followed by a translation.
Figure 2.3.1c depicts a uniform dilation of Fig. 2.3.1b by a factor of e/,

In the passive interpretation of a rotation, the relation between the
point and the coordinate system in Fig. 2.3.1a is obtained by rotating the
coordinate system through an angle —6. This is illustrated in Fig. 2.3.2a.
In it, the notation XX and YY denote the transformed axes X and Y. If we



32 Dynamical Symmetry
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Fig. 2.3.1 Rotation followed by translation followed by dilatation.

Y Yy YYY Yy

XX XX

(2) (®)
Fig. 2.3.2 A passive rotation followed by a passive translation.

use the superscript ¢ to denote points on the coordinate axes, the passive
interpretation of an active rotation through an angle € is defined by

xx® = x°cos(—0) — y°sin(—6), yy°® = x"sin(—0) + y° cos(—6).
(2.3.3a)
If x°, y¢, are of unit length, then in vector notation, (2.3.3a) becomes

xx¢ =1icos(—0) — jsin(—0), yy°=isin(—0) + jcos(—0). (2.3.3b)



Physical Symmetry and Geometrical Symmetry 33

It follows that xx®xx® = 1, yy°yy® = 1, xx°yy® = 0, so xx® and yy° are
orthogonal unit vectors, and we write

ii =icos(—0) —jsin(—0), jj=1isin(—0) + jcos(—0). (2.3.3c)

Figure 2.3.2b illustrates the passive interpretation of the combined tran-
formations of Fig. 2.3.1b. Note the passive version of the transformations
of Fig. 2.3.1b is a transformation in which the final transformation, the
translation, is inverted first; then the inverse rotation is applied to the
result.

Figures 2.3.3 depicts the passive and the active interpretations of a
dilation. As the passive interpretation represents a change of units of length,
it would be confusing and inconsistent to superimpose Figs. 2.3.3a,b. On
the other hand, no confusion results from superimposing Fig. 2.3.3a and
the circle of Fig. 2.3.3c obtained by is active dilatation.

Finally, we consider an affine transformation which is not an operation
of the similitude group of the plane. It is a pseudo-rotation or hyperbolic
rotation, a transformation in which

x" = xcosh(y) + ysinh(y), y’ = xsinh(y) + y cosh(y). (2.3.4a)

Its interpretation as an active transformation acting on a point is illus-
rated in Fig. 2.3.4a. The path illustrated is obtained by having ~ run
continuously from 0 to 2/3. Figure 2.3.4b depicts the action of a hyper-
bolic rotation, with v = 1/4, on a unit circle. The inverse of a transfor-
mation with any value of the parameter 7 is obtained by changing that
value of v to —y in (2.3.4a), and applying the transformation to x',y’,
rather than x,y:

x = x' cosh(—v)+y'sinh(—v), y =x'sinh(—v)+y’ cosh(—y). (2.3.4b)

To obtain the passive interpretation of hyperbolic rotations we apply
the inverse transformation to the coordinate vectors x° and y° and obtain

xx¢ = x®cosh(—1/4) + y°sinh(—1/4),

(2.3.5a)
yy© = x®sinh(—1/4) + y© cosh(—1/4).

Figure 2.3.4c depicts the effect of this passive transformation on the unit
vectors i, j, and the corresponding alteration of a Cartesian coordinate
lattice, when v = 1/4. Care must be exercised when interpolating the coor-
dinates of points in this system of coordinates because separations between
points with coordinates (x},y}) and (x},y%) do not obey the Pythagorean
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Fig. 2.3.3 Passive and active interpretations of a uniform diltation.

theorem. Though, Ar? = Ax? + Ay?, Ar'? # Ax? + Ay’2. In fact, using
the relation cosh(7y)? — sinh(y)? = 1 one finds it

As? = Ax? — Ay? = Ax? — Ay”?, (2.3.6)

unchanged by pseudo-rotations.

When studying the illustrations of the previous figures one naturally
supposes the paper to be held fixed, and may unconsciously use this per-
ception in interpreting the transformations being illustrated. A geometric
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Fig. 2.3.4 Transformation of Cartesian coordinates by a hyperbolic rotation.

interpretation of transformations which helps to avoid confusion may be

obtained by using a rule of transformation to relate points in one coor-
dinate system of choice to points in another freely chosen coordinate sys-
tem. If one wishes, one may consider the mapping to be from one space
to another, and one may consider the two spaces as surfaces in a higher
dimensional space. Points in one system are mapped into points in the other.
Figure 1.2 depicts a mapping that connects points in a two-dimensional
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FEuclidean space to points in another two-dimensional space. The plane and
this second space, the surface of a unit sphere, are considered to be imbed-
ded in a three-dimensional Euclidean space. In this case, the transformation,
a stereographic projection, relates the Cartesian coordinates (x,y,z) of a
point in the plane to the coordinates (0, ¢) of a point on the surface of the
sphere.

Let a transformation x — x’ = F(x,y), y — vy’ = G(x,y) map points
with coordinates (x,y) in frame A to a points with coordinates (x',y’)
in frame B. We shall require that the inverse transformation exists, and
express it by X’ — x = F™ (x| y/), y/ — y = G"V(x',y’). This may be used
to develop the inverse mapping from frame B to frame A. As an example,
in Figs. 2.3.3, both Fig. 2.3.3b and Fig. 2.3.3c may be considered to
be mappings of the circle of Fig. 2.3.3a, Cartesian coordinates being used
in every case. Figure 2.3.4b may be considered to depict a mapping of
the unit circle from one Cartesian coordinate system to another, using the
mapping whose points have coordinates defined by (2.3.4a).

When interpreting a transformation as a geometric mapping, one neces-
sarily states the coordinate system used in each space, as well as the trans-
formation which relates points in one space to points in the other space.
This reduces the possible role hidden assumptions play when one gives geo-
metric and physical interpretations to a transformation. However, as we
will see in latter sections of this chapter, and in subsequent chapters, one
naturally comes equipped with further presuppositions. This must also be
recognized if one desires to understand the connection between dynamical
symmetries and observations.

2.4 The Group of Linear Transformations of Two Variables

Rotation and pseudo-rotation transformations are homogeneous linear
transformations, as are the dilation transformations x — x’ = exp(f) x,
y — ¥ = exp(y) y. Homogeneous linear transformations of two variables
x; and x2 can be expressed as X’ = MX, where X represents column
vector that is the transpose of the row vector (x1,x2), X’ is the trans-
pose of (x},x5) and M is a 2 X 2 matrix with elements mj;, mjo, may,
myo that may depend on parameters. The inhomogeneous transformations
arising from translations cannot be expressed in this same manner. Taken
together, translations and homogeneous linear transformations are those of
the affine group. The affine transformation

(x,y) — ,y)=(x+a+bx+cy, y+d+ex+fy) (2.4.1)
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converts the difference vectors

(Ax, Ay) = (x2,y2) — (x1,¥1) = (X2 — X1,¥2 — y1)

to
(AX',Ay') = (Ax+b Ax +c Ay, Ay + e Ax +f Ay). (2.4.2)

These are homogeneous linear transformations, independent of the param-
eters a and d. In matrix and vector notation (2.4.2) may be written
AX’ = MAX. For the same reason one may write dX’ = MdX.

Altogether, the rotation, pseudo-rotation, dilation, reflection, and inver-
sion transformations, form a group of transformations, the general linear
group in two real variables, denoted GI(2,R). Any homogeneous linear
transformation of two real variables is a transformation of this group. It
contains a four-parameter subgroup, the continuous group S1(2,R). If the
rotations and pseudo-rotations depend on the group parameters 6, and -,
and the dilatations of x,y depend on «, 3, then in the general transforma-
tion of the group, X’ = MX, or equivalently

x1 =mi (o, 3,7,0) x1 +miz(a, 8,7, 0)xa, (2.4.3)
x4, = mo(a, 8,7, 0) x1 + maa(a, 5,7, 6)xa. o

The functional dependence of the matrix elements m;; upon the group para-
meters «, 3,7,6 depends upon the order in which the transformations are
carried out. S1(2,R) differs from the similitude group because it includes
pseudo-rotations; the similitude group is a subgroup of SI(2,R).

Generalizing the observations of this section, one finds that the group
of affine transformations of N real variables x; yields the group GI(N,R) of
linear transformations of the corresponding Ax; and dx;.

2.5 Physical Interpretation of Rotations

Suppose that one has

hll h12

X' =HX, H=
<h21 hoo

) , X =(x1,x%)7 (2.5.1a)
Now let

R=R(0) = (ij’gz; C(S)lslzg)) (2.5.1b)

actively rotate X’. To determine the relation between the operation of R
on X’ and the operation of R on X, we use the equations

RX' = R(HX) = RHR 'RX = H'RX (2.5.2a)
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with
H =RHR ' (2.5.2b)

Here R, the inverse of R(6), is R(—#). Carrying out the matrix multipli-
cations in (2.5.2b) and using trigonometric identities to simplify the result,
one finds that the elements of H' are
hi,(0) = 1/2 hy1(1 + cos(26)) + 1/2 haa(1 — cos(26))
—1/2 (hi2 + hoq)sin(26),
h)5(0) = 1/2 hya(1 + cos(26)) — 1/2 hay (1 — cos(20))
+ 1/2 (hll — h22)SiH(29),
5,(0) = 1/2 ha1 (1 4 cos(260)) — 1/2 hya(1 — cos(260))
—|— 1/2 (h11 — hgg)SiH(29),
5(0) = 1/2 haa(1 4 cos(260)) + 1/2 hy1 (1 — cos(260))
+1/2 (hy2 + hay)sin(26).

(2.5.3)

The components of the vector RX have the dependence on 6 given by
R(0)(x1,x2)T = (x1 cos(f) — xasin(h), x; sin(f) + x2 cos(0))T. In contrast,
as 0 varies continuously from 0 to w, the matriz elements h{j (0) return to
their initial values hij, while the vector RX' reverses direction!

A further 180° rotation cycles the matrix elements h{;(¢) through their
full range a second time and brings the vector back to its original orienta-
tion. Alternatively, if ¢ = 26 and we let H' = H'(¢), then H'(27) = H'(0),
but RX(27) = —X. If for physical or mathematical reasons 6 has a range
of 27, then X can be a vector in a Euclidean plane. A passive, as well as
an active, rotation through 360° will restore the coordinates of this vector
to its original value. If it is ¢ that has a range of 27, then active and pas-
sive rotations of X establish different relations between it and a coordinate
system, so X cannot be a vector in a Euclidean plane.

A geometric illustration, of vectors that are carried into their negative
by a 360° rotation, is provided by vectors normal to the girdle of a Moebius
strip. Figure 2.5.1a depicts such a band. Figure 2.5.1b depicts a portion
of the surface swept out by a vector normal to the Moebius band when its
“root” moves around the circle formed by the intersection of the band
with the x—y plane. An active 360° rotation reverses the direction of the
normal. On the other hand, the passive rotation obtained by walking once
around the z axis of the strip while carrying a coordinate system, brings the
normal back to its original relation to the observer and coordinate system.
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(b)

Fig. 2.5.1 (a) Moebius band. (b) Surfaces swept through by the normal to the
band.

As both bands in Fig. 2.5.1b are Moebius strips, vectors in both behave
similarly.

2.6 Intrinsic Symmetry of an Equation

In Sec. 2.1 the roots of the equation w* = 1 were plotted as the four
vertices of figures on three different surfaces. The vertices can, in each
case, be converted into themselves by operations of a group determined
by the group composition relations summarized in Table 2.2. Though the
composition relations are the same in all three cases, in only one case is
the figure a square. The group composition laws were determined by the
equation w? = 1, not by its geometric realizations.

The invariance group of an equation is an intrinsic property of the equa-
tion; its geometric interpretation involves arbitrary choices. Nevertheless,
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perhaps because Euclidean geometry is so ingrained in our minds, it is com-
monly said that an equation (or function) has the symmetry defined by its
invariance group. As this usage of words can obscure the arbitrariness inher-
ent in geometric interpretations, it can easily lead to misunderstandings.
To avoid this problem, we will henceforth use the words ntrinsic symmetry
and intrinsic symmetry groups when speaking of invariance properties of
equations and functions. If functions or equations are left invariant by the
operations of a group of transformations, the group will be said to be an
intrinsic symmetry group of the functions or equations. When the invari-
ance group is given a geometric interpretation in some space, the intrinsic
symmetry is given a geometric realization.

Knowing invariance transformations of an equation enables one to con-
vert a solution of the equation into itself or other solutions. If the equations
govern a physical system, the intrinsic symmetries of the equation have
physical significance. Geometric interpretation of intrinsic symmetries can
then suggest, and organize, hosts of observable relations. This is a marvelous
capability of the human mind. However, to fully exploit this capability one
must expand and generalize one’s intuitive understandings of Euclidean
geometry. This is our next task.

2.7 Non-Euclidean Geometries

In 1820 The Elector of Hanover asked Gauss to superintend a cartographic
survey of his kingdom. Gauss, being by nature as much a mathematician
as a civil servant, the Elector’s request stimulated a general investigation
of the metrical properties of curved surfaces.!

In Euclidean three-space, an infinitesimal displacement dr with Carte-
sian components dx, dy, and dz gives rise to points separated by a distance
ds, with

ds? = dr? = dx? + dy? + dz°. (2.7.1)

Except in the Harz mountain region, Hanover has a fairly flat terrain and
for many purposes it is sufficient to suppose the earth is a sphere of fixed
radius r. One can then use the colatitude 6 and longitude ¢ as coordinates
of points on the sphere. The infinitesimal displacements df, d¢ lie in the
surface r = constant, and one has

dx = d(rsinf cos¢) = r{cosf cos¢ df — sinf sing de},
dy = d(rsinf sing) = r{cosf sing df + sinf cos¢ de}, (2.7.2)
dz = d(r cosf) = —rsind db.
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Fig. 2.7.1 Displacements that determines the metric on a sphere.

Substituting the right-hand side of relations (2.7.2) into (2.7.1) yields
ds? = g11d6? + g12d0de + goadg?, (2.7.3a)
with
gii =12, groa=0, go=r’sin?6. (2.7.3b—d)

The geometric meaning of (2.7.3) is illustrated in Fig. 2.7.1.

In the figure, |da| = rdf, |db| = rsinfd¢, and ds? = da®+ db?. Because
da and db are orthogonal, g;5 is zero.

Equations such as (2.7.3) express metrical properties of the coordinate
system 6, ¢ on the two-dimensional surfaces r = constant. Gauss generalized
the equations to other surfaces and became the first person to take the
further, highly imaginative step of considering that surfaces with defined
metrical properties are spaces in their own right. They may, but need not
be, thought of as surfaces embedded in spaces of higher dimension. As the
axioms and theorems of plane Euclidean geometry do not all hold true on
non-planar surfaces, the imaginative jump of Gauss has the consequence of
introducing spaces with non-Euclidean geometries. The right-hand side of
an equation such as (2.7.3a) is then considered to define the metric in the
geometry, the measure of the separation of points in the space.
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Gauss did little to publicize his conception of non-Euclidean geometries,
and in the first half of the nineteenth century Lobachevsky, Bolyai, and
others independently came to the conclusion that Euclidean geometry was
only a special type of coherently conceivable geometry.! Spaces in which
the separation between points is defined by metric functions gj;(x1,x2, .. .)
and quadratic in components dx;, dx;, ... were extensively investigated by
Riemann prior to 1854 and are now termed Riemannian spaces.?

From time immemorial, many young animals have learned to recognize
that an object presented to them at different angular orientations is the
same object. They have also learned that an object moved away and back is
the same object. For homo sapiens who are beneficiaries of Pythagoras and
Descartes the resulting unconscious, and enormous, mental simplification
becomes the precursor of the abstract relation Ar? = Ax?+Ay2+Az2. How-
ever, the mental organization of sense data has not lead humans to intuit
and visualize the four-dimensional non-Euclidean spacetime of Einstein.
The minds of human infants do not have to cope with visual impressions
of parents zipping about them at speeds approaching the velocity of light.

In the 1860’s Helmholtz recognized that our brains make use of geo-
metric presuppositions of which we are not aware.® In profound studies
of human visual perceptions he independently obtained some of the key
results of Riemann. However, prior to 1905, mankind’s Euclidean geomet-
ric presuppositions led physicists to interpret the results of experiments
such as those of Michelson and Morley* by supposing that objects moving
at constant velocity with respect to an observer shrunk in the direction of
motion, and that the mechanism of any type of clock attached to the moving
object slowed down. It required Einstein’s inspired logical analysis of physi-
cal observations and presuppositions to recognize that this strange behavior
is not a property of the objects themselves, but a property of the relation-
ship between the observer and the observed.® Einstein then demonstrated
that if one adopted an appropriate geometry of spacetime, the observed
precession of the orbit of Mercury followed.

Suppose one observes a pair of events taking place at times t; and to
at points with Cartesian coordinates (x1,y1,%1), and (X2, y2,22). Then one
will be dealing with events separated by a time interval At = f dt measured
by one’s clock, and at points separated from each other by a displacement
Ar = [dr = ( [dx, [dy, [dz).5 With this understanding the metric of special
relativity can be written as

ds® = ds?, = (dx® + dy”® + dz®) — *dt® (2.7.4a)
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or as
ds® = ds? = c?dt? — (dx? + dy? 4 dz?), (2.7.4b)

where c is the velocity of light in vacuo. The metric in (2.7.4a) is said to
be spacelike, and the metric in (2.7.4Db) is said to be timelike. All observers
find for ¢ a value of approximately 2.99776 x 108 meters/sec. For a point
at (x,y,z) moving to (x + dx,y + dy,z + dz) with the velocity of light,
dx? + dy? + dz? = c¢? dt?, and so in both cases ds = 0. We use dsqp
to denote the real-valued ds that is obtained when the spatial separation
dr = (dx? + dy? 4 dz?)'/? is greater than c dt, the time it takes for light to
travel between them; and ds; to denote the real-valued ds that arises when
dr < cdt. Some authors use only one definition of the metric, allowing ds
to take on imaginary as well as real values. By preference we require ds
be real-valued, and shift between the spacelike dsg, and the timelike ds; to
keep ds real.

The Lorentz transformations of special relativity leave invariant the ds?
of Egs. (2.7.4) and relate observations of the same pair of events perceived
by two observers moving at constant velocity relative to one another, but
using their own Cartesian spacetime coordinate systems, coordinate sys-
tems in which they are at rest. These observers will not agree on the spatial
distance dr separating events nor upon the time interval dt between them,
but they will agree upon the spacetime interval ds separating them.

In the simplest case, an observer A and another observer B at rest with
respect to one another arrange their clocks and meter sticks to agree as
closely as possible. They align their x, y, and z axes as closely as possible
with those of the other, and then set themselves, together with their mea-
suring systems, in relative motion with constant velocity vectors parallel
to their x axes. If vy is the velocity A measures for B’s system, then B
finds that A’s system has velocity —vx. A and B observe the same set of
events and each measures the spatial separation and time intervals between
the events, then transmits the results to the other observer. If one finds
that two events are separated by Ax and A7 = cAt, the other finds them
separated by Ax’ and A7’ = cAt/, with

Ax’ = Axcosh(a) — Arsinh(a), A7’ = A7 cosh(a) — Axsinh(a),
tanh(a) =v/c, a=In((1+v/c)/(1—v/c)Y?, v ==Hv,.
(2.7.5a,b,c)

Each observer could conclude that the other’s clock has slowed, and meter
stick contracted, in the x direction. If, however, they plot their observed
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Fig. 2.7.2 (a) Projection of B’s coordinate system onto the cartersian system of
A; (b) Projection of A’s coordinate system onto the cartersian system of B.

positions and times of occurrence of the events using Cartesian coordinates
in a Euclidean plane, they may come to a less desirable situation. Figures
2.7.2a,b illustrate the relationship that develops between coordinate sys-
tems when observes attached to them have a relative speed of 0.46¢c. On
plotting other’s observations reported, each may think the other is using
non-orthogonal coordinates. The transformation (Ax’, Ar') — (Ax, A7) is
the inverse of the transformation (Ax, A7) — (Ax’, A7’), because changing
vy to —vy in (2.7.5¢) changes a to —«. The figures may hence be thought
of as depicting projections onto each observer’s Euclidean plane — projec-
tions of the spacetime coordinate system of the other observer. One may
consistently consider that the two observers view the same events from dif-
ferent perspectives. The perspectives are such that the observers agree on
the spacetime intervals, As, because equations a, b, of the Lorentz trans-
formations (2.7.5) imply that

Ax? — At? = Ax® — AL (2.7.6)

Figures. 2.7.3 and 2.7.4 display lines of constant As in a Euclidean
plane with orthogonal Ax and cAt axes. Observers in uniform relative
motion who observe the same events will assign them points with different
Ax and A(ct) coordinates in the figures, but the points will lie on the same
curve As = const. Each curve is carried into itself by the Lorentz pseudo-
rotation transformations (2.7.5). The point (Ax, A7) = (0,0) is invariant
under the transformation. If both observers measure (Ax, A7) from their
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Fig. 2.7.4 Curves of constant As.

own (0,0) point, then both may replace (Ax, ¢ At) by (x,t). Points on the
straight lines in the figures represent intervals measured for motions taking
place at the speed of light in vacuo, c. These lines separate regions where
As = Asg, from the top and bottom regions where As = Asg,.
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Fig. 2.7.5 Curves of 0 = constant; they are orthogonal to the curves of Fig. 2.7.4.

It is useful to have coordinates that measure separations along curves
of constant s or As. A set of such can be obtained by rotating Fig. 2.7.4
through 90°. The resulting curves, Fig. 2.7.5, obey the equation. ¢ =
constant, where 0 = x-7. As illustrated in Fig. 2.7.6, the curves of constant
o, together with the curves of constant As or s, provide each observer with
a local orthogonal spacetime coordinate system (ds, do) at each point (s, o).
Translations and rotations in x, ct space can convert each of these locally
orthogonal systems to a locally orthogonal (dx, cdt) system. Finally we note
an important property of Lorentz transformations that is expressed in the
figures. As either of Ax or ¢ At becomes much larger than the other, these
locally orthogonal coordinates approach Cartesian coordinates on almost
parallel lines of constant As.

Now, having laid out the relation between the spacetime observations
of observers A and B, we can begin to ponder the meaning of symmetry in
their spacetime. We start with two-dimensional spacetime.

Fig. 2.7.7a plots the results of three (x, ct) observations made at x =0
by an observer, A, who has clocked flashes of light from two sources, both
observed at t = 0, one from x = 0, the other from x = 2. To this observer
the flashes have Ax values of 0, 42, respectively, and have the spacelike As
values of 0 and 2. The third observation is of a flash from x = 1, observed
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Fig. 2.7.6 A locally orthogonal coordinate system: s = constant, o = constant.
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Fig. 2.7.7 (a) Triangle connecting three events, through observer A’s frame of
references; (b) triangle connecting same events, through observer B’s frame of

reference.

at time t = v/3 in observer A’s system. In this case Ax = 1, At = /3, so
As is timelike, and As; has the value ((v/3)? — 12)1/2 = /2. Connecting
the observations by straight lines yields the equilateral triangle shown in

the figure.
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The sides of the triangle in Fig. 2.7.7b connect the observations of
the same events seen by A, but as observed by B, moving with velocity
v/c = 0.46 with respect to A. The origin of both observer’s measurements
is their (0, 0) point, which is unchanged by the transformation (2.7.5). To
decide whether the triangles in the two figures have the same symmetry,
we shall, in the upcoming sections, use concepts of invariance to define the
meaning of symmetry in spaces that need not be Euclidean. This turns out
to be the key in developing consistent geometric interpretations of extensive
applications of group theory in modern science.

2.8 Invariance Group of a Geometry

The invariance groups of the dynamical equations of physics and chem-
istry are seldom the Euclidean group in ordinary space or its subgroups.
In fact, the space of the variables of differential equations is often more
than three-dimensional. This is not only true for the equations of relativis-
tic mechanics, it is true for the differential equations of classical mechanics
as well as quantum mechanics, electrodynamics, and many other branches
of physics. The geometries representing the equations governing much of
physical reality are also not Euclidean geometries. Though events in the
physical world appear to us to occur entirely within a Euclidean world, rela-
tions among the variables in the equations that govern events may not be
confined by Euclidean geometry. Spatial symmetries change during molecu-
lar rearrangments, phase changes of crystals, embryological morphogenesis,
and stellar explosions — these processes are formulated in multidimensional
spaces that are not necessarily Euclidean. Because of this, the processes
oft-times produce surprises in our mental Euclidean three-dimensional geo-
metric world.

The previously mentioned work of Helmholtz apparently intrigued Lie
and led him to realize that Riemannian spaces have inherent symmetric
properties which predetermine the possible geometric symmetries of objects
in them.” Our understanding of the connection between symmetry and
geometry was further advanced by Lie’s friend and mentor, Klein.®

The metric of an n-dimensional Euclidean geometry is

ds® = dx3 4 -+ dx? + -+ dx2. (2.8.1)

The transformation groups that characterize Euclidean symmetry in an n-
dimensional space are transformations of real variables that leave invariant
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these metrics. These groups have continuous subgroups, Euclidean groups
termed E(n). These contain a subgroup of translations T(ay, ..., &, ..., 0n)
that carries points with cartesian coordinates x; to points with carte-
sian coordinates x; + «a4; and they contain a subgroup group of rotations
R(61,2,...,6ij,...,60n_1n) that rotate points through angles 6; ; about the
origin in the two-planes which contain the x; and x; axes. The invariance
group of the Euclidean metric (2.8.1) also contains a discrete subgroup of n
reflections x; — —x;j. A reflection of all of the x’s together produces an
inversion through the center of the coordinate system.

The geometry of the spacetime of special relativity is defined by the
group of transformations of real variables that leave invariant the met-
rics (2.7.4). The continuous subgroup of this invariance group is called the
Poincare group. The Poincare group contains the operations of translation
and rotation of the group E(3) acting in the subspace of x,y,z, together
with the operations of time translation, t — t + 7, and the subgroup of
hyperbolic pseudo-rotations

x' = xcosh(a) — ctsinh(), ct’ = ctcosh(a) — xsinh(a),
y' = ycosh(B) — ctsinh(5), ct’ = ctcosh(f) — ysinh(f), (2.8.2)
7' = zcosh(y) — ctsinh(y), ct’ = ctcosh(y) — zsinh(7).

The group parameters are functions of the component of the vector V =
(vx, vy, v,) which expresses the relative velocity of the (x',y’,2z/,t’) frame
of reference to that of the unprimed frame. In the resulting Lorentz trans-
formations, one has, for example

o (At L/
- ((1—|vz|/c>> ' (2.83)

The Poincare group of spacetime translations, rotations and Lorentz
pseudo-rotations is a Lie group whose operations depend upon ten param-
eters. Four parameters determine translations, three determine rotations,
and three determine hyperbolic rotations; none can have infinite values. The
spacetime metric of special relativity is also left invariant by the inversions
x; — —xj and t — —t. Maxwell’s equations are invariant under the actions
of the Poincare group and these space and time inversions. Maxwell’s equa-
tions are also left invariant by the larger group which includes uniform
dilatations of spacetime. And they are left invariant by a still larger group,
a conformal group, which will be discussed in Chapter 14.
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2.9 Symmetry in Euclidean Spaces

We have previously noted that the symmetry of a particular figure or lattice
in a two- or three-dimensional Euclidean space is defined by a subgroup of
the group of all translations, rotations, reflections and inversions — the
subgroup that converts the object into itself. And we have noted that the
symmetry of the object is unchanged by all operations of the continuous
group of arbitrary translations and rotations when these are applied to the
entire figure or lattice. All these operations leave invariant

ds? = dx? + dx3, (2.9.1a)
or
ds? = dx] + dx3 + dx3. (2.9.1b)

We have also noted that the symmetry of an object in these Euclidean
spaces is left invariant by any operation of the continuous similitude groups
which leave (2.9.1a,b) invariant, or convert them to ds'? = e?ds?. As the
ds? of (2.1.9a,b) are special cases of the corresponding ds’?, in which a = 0,
the continuous goups which leave invariant the metrics

ds? = e?*(dx} + dx3), or ds? =e?¥(dx? +dx3 +dx3), (2.9.1c,d)

leave invariant the symmetries of objects in these spaces.
If in an n-dimensional space, displacements along n mutually orthogonal
axes are denoted dx;j, the space is Euclidean if its metric is

ds2 :dx%+---+dXi2+"'+dX?1~ (2.9.2)

In this space, the operations of the continuous group E(n) carry out n
linearly independent translations, one parallel to each of its n Cartesian
axes, and rotations in each of n(n — 1)/2 planes that contain two of these
axes. The operations of E(n) consequently depend on n(n + 1)/2 indepen-
dent parameters. The metric is also left invariant by the discrete group of
inversions and reflections.

The symmetry of any particular object in the space is defined by the
subgroup of the group that leaves invariant the metric. The symmetry of
the object is invariant under all the operations of the continuous similitude
group of the space. These leave invariant

ds? = e**(dx] + -+ +dxf + -+ dx2), —00 < a < o0. (2.9.3)

The operations of the continuous similitude group of n-dimensional
Euclidean space consequently depends on one more independent parameter.
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2.10 Symmetry in the Spacetime of Special Relativity

We next consider what is to be meant by symmetry when the metric is the
ds? = +(dx? + dy? + dz? — ¢? dt?) (2.10.1a)

that is left invariant by all transformations of the Poincare group. We shall
call the continuous group that leaves (2.10.1a) invariant or converts it to

ds/2 _ ieQa(dXQ + dy2 + dZ2 — C2 dtQ), —00 < < 00, (2101b)

the Poincare similitude group.

The metrics are, first of all, left invariant by all transformations in ordi-
nary space which separately leave invariant the Euclidean metric dr? =
dx? 4 dy? +dz?, and the metric dt?. The latter is unchanged by time trans-
lations and the inversion t — —t. Observers not moving relative to an
object in space can agree on both dt? and dr?, and hence agree on the
spatial symmetry of an object, and the time span over which it is observed.
However, as was illustrated in Fig. 1.1, observers moving relative to one
another may not agree on the Euclidean symmetry of an object in space-
time. Observers moving at different, but constant, velocity with respect to
an object will agree on the symmetry of the object if and only if they change
their concept of symmetry.

The alternative to making such a change is to believe, in the sense under-
stood prior to 1905, that Fitzgerald contractions and time dilatations are
physical effects, i.e., that objects moving at constant velocity compress in
the direction of their motion, and that clocks moving at constant velocity
tick at a different rate. If, on the other hand, one adopts Einstein’s view-
point, the unit cells of Figs. 1.1 and the two spacetime triangles exhibited
in Figs. 2.7.7 must be considered as the same physical objects viewed from
different spacetime perspectives.

Objects in spacetime are to be considered identical if their only apparent
difference is due to a change in spacetime perspective that can be produced
by an operation of the Poincare group. This produces a further general
conclusion: objects in spacetime that can be interconverted by operations
of the Poincare similitude group have the same spacetime symmetry. We
therefore make the definitions which follow.

Definition 2.1. Let a set of events determine a figure or lattice in space-
time with metric

ds? = (dx? + dy? + dz? — ¢ dt?). (2.10.2)
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The symmetry of the figure or lattice is invariant under the action of the
continuous group of transformations of the Poincare similitude group, which
leaves invariant the real-valued spacetime intervals defined by (2.10.2), or
multiplies these by a real number greater than zero.

Definition 2.2. The symmetry of any figure or lattice in spacetime is
defined by the subgroup of the group of all transformations which leave
spacetime intervals invariant — the subgroup of the Poincare group that
carries the spacetime figure or lattice into itself.

In the next few paragraphs we briefly consider implications of these
definitions.

The Euclidean similitude group of space is a subgroup of the Poincare
similitude group of spacetime. Its operations can therefore be used to define
symmetries in spacetime, but its operations only alter spatial perspectives.
Because Lorentz transformations act in spacetime they can define sym-
metries in spacetime, and alter spatial perspectives as well as spacetime
perspectives.

Figures 2.10.1-2.10.3 display examples of these observations.
Figure 2.10.1 plots the coordinates of four light flashes recorded by
observer A, with (x,y) = (0,0), as having occured at ct = —1/2. The
points all lie on the on the circle x> + y? =12 = 1/2 and the hyperboloid

Fig. 2.10.1 Four simultaneous events plotted on a hyperholoid in spacetime
X, y, ct.
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X,Y Coordinates of Four Events Recorded by Different Observers
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Fig. 2.10.2 Events from the perspectives of A, B, C and D in (a), (b), (c) and
(d) respectively.

x? + y2 — c?t? = s? = 1/4. If A resets his clock to convert ct = 1/2
to ¢t = 0, then Figure 2.10.1 projects onto the (x,y,0) plane to yield
Fig. 2.10.2a, for which 12 = s? = 1/2. Figures 2.10.2b,c,d plot obser-
vations of the same flashes by three observers B,C,D who have clocks ini-
tially syncronized with A’s (say, in the manner described in Sec. 2.7). In
Figs. 2.10.3, 0 is the angle of rotation and «, the “angle” of pseudo-
rotation, which relate the observer’s coordinate system to the coordinate
system of A. The value & = 1/2 arises when two observers are moving



54 Dynamical Symmetry

0.5

0.0

-0.5

-0.5

0.0

0.5

(a) (b)

=05 4o

—40.5

0.0

+4-0.5

() (d

Fig. 2.10.3 Relation between eight events in spacetime from perspectives of four
observers in x, y, ct coordinates. (a) Events in A’s frame; (b) events in B’s frame,
a = 0,0 = F; (c) events in C’s frame, a = %,0 = 0; (d) events in D’s frame,
g=L1o4=1

2T 2

with relative velocity 0.46¢. All observers find s2 = 1/2. Observers A, with
(0 =0, « =0), and B, with (§ = 7/4, a = 0), find the flashes occur at the
corners of a square. Observer C moving relative to A with (¢ =0, « =1/2)
observes the events at corners of a rectangle; and observer D, with (0 = 7/4,
a = 1/2), finds them to be at the vertices of a rectangular parallelepiped.
An analogous situation occurs in Euclidean geometry. If a square in an x—y
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plane through z = 1/2 is rotated about an axis in the plane, its projec-
tions on the x—y plane through z = 0 can be similar to the projections in
Figs. 2.10.2.

As the physical relationship defined by the four events depicted in
Fig. 2.10.2a has not itself changed, observers A,B,C,D are all recording
events defining a quadrilateral with all the spatial symmetry of the square
determined in the analysis of Fig. 2.1 and tabulated in Table 2.1. Stated in
another way, figures with the apparently different spatial symmetries pic-
tured in Figs. 2.10.2 have physical symmetries that are indistinguishable
in a spacetime with metric (2.10.2).

Figures 2.10.3 illustrate the spacetime perspectives of observers
A,B,C,D on two sets of four events, each defining quadrilaterals like those
in Figs. 2.10.2. For simplicity it is supposed that the clocks are so imagi-
natively set that for A the events occur at ¢t = —1/2 and ct = 1/2. All the
observers find s? = 1/4. Again, all the figures are interconverted by actions
of the Poincare group, so their symmetries in spacetime are identical.

Figures 2.10.1 and 2.10.2 display a symmetry defined by an E(2) spa-
tial subgroup of the Poincare group: the E(2) operations act in x—y planes
with fixed t. Figures 2.10.3 display this same symmetry, and also rela-
tions defined in planes parallel to a t axis. To deal with these, we consider
briefly symmetries defined by operations of the Poincare group that are not
contained in its spatial subgroups.

Hyperbolic symmetry is defined by the invariance of curves of constant
As or s under the one-parameter subgroup of hyperbolic pseudo-rotations.
Hyperbolic symmetry can be thought of as a spacetime analog of rotational
symmetry: the Minkowski transformations z — ict, r? — +s? convert circles
and spheres defined by

V22 =12, 2 4y? =12 (2.10.3a,b)

to hyperbolae and hyperboloids defined by
y2—c? 2 =452 xXP4y? —c?t? = 452 (2.10.3c,d)

In Figs. 2.10.3, the Lorentz transformations move points along hyperbo-
lae on the hyperboloid x% + y2? — ¢?t? = 1/4. All faces of the rhomboids
of Figs. 2.10.3c,d have symmetries defined by discrete subgroups of the
Poincare group. The symmetries of the faces lying in planes in which t
varies are defined by discrete subgroups of a continuous group of Lorentz
transformations. The operations of these subgroups move points along
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hyperbolae rather than circles. The same is true of the discrete opera-
tions which act on the top and bottom faces of Figs. 2.10.3a,b to yield
Figs. 2.10.3c,d.

For a conclusion, we note that arguments of the form we have used to
define the meaning of geometric symmetry both in Euclidean spaces and in
spacetime may be used to define geometric symmetry in any space with a
metric. We shall be using them later. In each case geometrical interpreta-
tions will depend upon physical interpretations.

2.11 Geometrical Interpretations of Nonlinear
Transformations: Stereographic Projections

The geometrical and physical interpretation of nonlinear transformations
raises issues that we have not yet considered. In Sec. 2.3 we investigated
active and passive interpretations of linear transformations. Linear transfor-
mations were also considered as transformations from one space to another.
In this section we will quickly find that the interpretation of nonlinear trans-
formations introduces geometrical and physical considerations that make
the active and passive interpretations inequivalent and make the passive
interpretation extremely misleading.

Let (x,y) be the Cartesian coordinates of a point in a Euclidean plane.
A transformation of these variables defined by

x—x =1f(xy), y—y =gxy) (2.11.1)

is nonlinear if at least one of the functions f or g has a nonlinear dependence
on at least one of the variables x,y. It follows that in the equations

dx’ = (0f/0x) dx + (0f/0y) dy, and dy’ = (9g/0x) dx + (9g/dy) dy,
(2.11.2)

at least one of the derivatives is not a constant. However, if X', y’ are to be
Cartesian coordinates in a single Euclidean plane it is necessary that

X +dy© = X" +dy”), real. A1
dx? 4+ dy"? = kK2(dx? + dy?), k real 2.11.3

In the case of uniform dilations, k is constant. Transformations of conformal
groups, similar to the group discussed in Chapter 14, can produce k’s that
are functions of x.

Given an n-dimensional Fuclidean space of variables z, and a nonlinear
transformation of these variables, one may consider the transformation to
be an active one that moves points in the space, but it is seldom easy to
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believe with consistency the transformation is a passive transformation of
coordinates in the same Euclidean space.

However, the coordinates of points moving in an n-dimensional non-
FEuclidean space may be related by nonlinear one-to-one transformations
to coordinates of points moving in a Euclidean space of higher dimension.
This happens when the non-Euclidean space can be considered to be a
surface in the higher dimensional space. Such transformations, and their
inverse transformations, are said to be projections. In this section several
transformations of physical interest will be used to illustrate a number of
properties of projections.

The most common projections are those that map points on the sur-
face of the earth onto flat paper. As previously mentioned, one of these,
the stereographic projection, is also used in crystallography to map points
on the surfaces of a three-dimensional crystal onto a Euclidean plane. In
his discussion of the degeneracy of the hydrogen atom, Fock used a four-
dimensional generalization of this transformation to map points on the
surface of a hypersphere in a four-dimensional Euclidean space to points in
a three-dimensional Euclidean space.

The following relations define a stereographic projection connecting
points with Cartesian coordinates (x,y) in a Euclidean plane to points
with Cartesian coordinates (z1,2,23) in Euclidean three-space:

It follows from these equations that
73+ 25 +25 =1. (2.11.5)

Thus the projection connects points at r in the Euclidean plane to points
at z on the surface of a unit sphere in the Euclidean space of the variables
z; with center at the origins z = 0, r = 0.

The transformation of coordinates inverse to (2.11.4) is

xfa=21/(1+23), y/a=2z2/(1+ z3). (2.11.6)

The variable a establishes the scale of the mapping. In particular, if zg = 0,
then r = (x% + y?)'/2 = a, so in the x, y coordinate system of the plane,
a is the radius of the circle where the sphere intersects the plane. On this
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circle z1 = x/a, zo = y/a. Note that both r and the scale parameter a must
have identical units, as the variables z; satisfy (2.11.5). Equations (2.11.4)
define the stereographic projection illustrated in Figs. 1.2, the second set
of figures in Chapter 1.

Figures 1.2a,b depict the manner in which points on the Northern
and Southern hemispheres are mapped into points in the plane. Points in
the Northern hemisphere map into points that lie inside the sphere, and
points in the Southern hemisphere map to points outside the sphere. This
property is independent of the value of the scale factor a. In the illustrated
case, the scale factor is unity, so the intersection of the sphere with the x—y
plane is a unit circle in both the x and y coordinates, and the z; coordinate
systems. When a is not unity, the circle of intersection is defined by
72 4+ 73 = 1 in the one coordinate system, and by x> +y2 = a? in the other.

Using spherical polar coordinates (0, ¢), with 0 < § < 7 and 0 < ¢ < 2,
one has on a unit sphere

z1 = sin(f) cos(p), z2 = sin(f)sin(¢p), z3 = cos(h). (2.11.7)

Using (2.11.4), (2.11.7) one finds that stereographic projection connects the
x, y coordinates to angular coordinates on the sphere via the relations:

= asin(6) cos() = acos(¢) tan(6/2) = X(0, ¢),
a(sllr:f( C)"Ssl(n();) | (2.11.8)
Y= T tcos(0) asin(¢) tan(6/2) = Y (6, ¢).
It follows that
r/a = tan(6/2). (2.11.9)
In the x—y plane, r = a, § = 7/2, and (2.11.8) requires
x =rcos(¢), y=rsin(e). (2.11.10)

Stereographic projections relate measurements of coordinates x,y and
displacements dx, dy in a plane to measurements of coordinates 0, ¢ and
displacements df, d¢ in the curved two-dimensional space, termed S(2),
that may be considered to be the surface of the sphere in three-space. In
the Euclidean space of (z1,z2,23), the metric is

ds? = dz] + dz3 + dz3. (2.11.11)
On the unit sphere this becomes

ds? = d6? + sin®*(0)d¢?. (2.11.12)
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Fig. 2.11.1 The projection shaded in each figure is onto the equatorial plane.

This metric is invariant under the group of rotations about the center
of the sphere, inversions z — —z, and reflections z; — —z;. The group,
denominated O(3), is termed an orthogonal group because it transforms
orthogonal vectors into orthogonal vectors. Both the metric and the sphere
are left invariant by the transformations of O(3).

Subgroups of the invariance group of the sphere will consequently define
the symmetry of a figure on the sphere. The symmetry is not altered by
rotations of the entire figure. Figures may be shrunk or enlarged without
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changing their symmetry, but this dilatation invariance is limited because
no two points on the sphere can become separated by a distance greater than
7R, where R is the radius of the sphere.

We next consider the relation between symmetries in the plane
and symmetries on the sphere established by stereographic projection.
Figures 2.11.1a,b illustrate the stereographic projection of circles of
constant latitide. Not surprisingly, their projections are circles in the
plane which are centered at the origin. Figures 2.11.1c,d illustrate a
less-than-obvious property of stereographic projections that is familiar to
mineralogists and crystallographers.” Any circle in the plane can be the
stereographic projection of a circle on the sphere. The converse is not true
in the ordinary sense: the stereographic projection of all circles on the
sphere, except great circles passing through the poles, are circles in the
plane. Great circles project as straight lines. A proof of these statements is
given in Appendix 2.A.

Figures on the sphere with lesser rotational symmetry about the polar
axis than a circle, for example that of a regular hexagon, project to fig-
ures in the plane that have the same symmetry. However, projections of a
figure with more than twofold rotational symmetry about any other axis
do not retain the same rotational symmetry in the plane. In such cases
stereographic projections restrict symmetries. The inverse projections con-
sequently create symmetries. The stereographic projections in Figs. 1.2
convert the level curves of atomic orbitals with s, p type symmetries that
differ in the plane, to level curves expressing identical, p type, symmetries
on the sphere.

We next turn to a consideration of the relationship that stereographic
projections establish between local metrical properties on the sphere and
local metrical properties in the plane. Using (2.11.8) one finds the following
relation between the metric ds? on the sphere and the metric

dr? = dx? + dy? (2.11.13)
in the plane:
ds? = dr?(1 + cos(6))?. (2.11.14)

As cos(f) ranges in value from 1 at the North pole of the sphere, to —1
at its South pole, (1 + cos(#))? ranges from 4 to 0. As one expects from
the figures, separations in the Northern hemisphere project into separations
in the plane that are smaller than those obtained for points in the plane
that lie on the equator of the sphere, where cos(d) = 0. Then, by making
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Fig. 2.11.2 The function tan(%&).

increasingly large local-scale-transformations as r increases, the projection
fits all the remaining points in the plane onto the Southern hemisphere
of the sphere. In short, as 6 approaches m, r approaches infinity, and ds
approaches zero.

Before concluding this discussion of stereographic projections we must
deal a little more extensively with the behaviour of x = atan(6/2) cos(¢),
and y = atan(6/2)sin(¢) as 6 — 7. Figure 2.11.2 illustrates a well known
behavior of the tangent function. Both x and y shift from 400 to —o0, as
0 passes 7, and the reverse shift in 6 produces the reverse shift in x,y.
This happens with a minute shift in 4, and at a point where ds? = 0dr2.
The stereographic mapping has the effect of treating —oo as though it
differed minutely from +oo! In subsequent chapters we will deal with other
mappings which have this property, and with physical consequences that
result from it.

2.12 Continuous Groups that Leave Euclidean
and Pseudo-Euclidean Metrics Invariant

In this section we consider some generalizations of the metrics of ordinary
Euclidean space and spacetime considered in earlier sections.

All of the continuous groups that leave these metrics invariant are special
cases of Lie groups. Each is obtained by defining the manner in which a
Lie group transforms the variables of interest. A Lie group acting on a
particular set of variables is said to be a realization of an abstract Lie
group. Thus, for example, E(1) the transformation group which converts
a Cartesian coordinate x in Euclidean space to x + a, is a realization of
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an abstract Lie group. It converts x* to (x + a)?. A different realization
of the same abstract Lie group might be defined to convert x? to x2 + a.
Unfortunately, a Lie group and its most common realization are often given
the same name. One may tell usually from the context which meaning is
intended.

The group of all linear transformations that leave invariant

Z%+...+Zi2_|_..._|_zfl (2.12.1)

is called an orthogonal group, and denoted by O(n). The group O(n) con-
tains, as subgroups, the continuous group of rotations, SO(n), and the dis-
crete group of inversions and reflections that arise from letting

Z — —Z. (2.12.2)
The continuous group of linear transformations that leaves invariant
dz? + -+ dz? + -+ dz? (2.12.3)

is denoted by E(n) or ISO(n), which stands for Inhomogeneous Special
Orthogonal group. Its operations carry out translations z; — z; + aj, as
well as rotations. When the latter Lie group is extended to include the
continuous group of uniform dilatations, z; — €“z;, j = 1,...,n, the group
becomes the corresponding similitude group. When ISO(n) is extended to
include the discrete inversions z; — —z;, the group becomes the inhomoge-
nous orthogonal group denoted I0(n).

The discussion of these groups is greatly simplified if one makes use of
the concept of vector introduced by Gibbs.!°

For an n-dimensional space there is a direct generalization of Cartesian
vectors in ordinary two- and three-dimensional space. Let z = (z1,...,2y)
represent such a vector.

For z and z’ to be vectors it is required that:

(i) There is a law of vector addition which states that z+z' = z”, meaning
(Zlaz27 e 7ZN) + (levzl27 cee 7Z£\I)
= (21 +72),22 + 25, ...,28 +2y) = 2. (2.12.4)

where z” is also a vector.
(ii) There is a law of multiplication of z by a real number, ¢, (a scalar)
defined by

z — cz = (cz1,¢z2,...,02N) = 2, (2.12.5)

where 7' is also a vector.
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(iii) Vectors satisfy the distributive law
c(z+7)=cz+cz =2". (2.12.6)
(iv) Finally, vectors obey an associative law
(z+2)+2' =z+ (2 +2")=2". (2.12.7)

Vectors will henceforth be denoted by bold-face roman characters. A list
of variables contained within parentheses will be considered a vector if the
parentheses in boldface.

Vectors may be subject to further operations. Taking the scalar product
of two vectors z and z’ is one such operation. In a Euclidean space it is
defined as

z-7 =m7) + -+ 27l (2.12.8a)

The magnitude of the vector z is then defined to be |z| = (z - z)'/2. The
cosine of the angle «, between two vectors z and z’, is

cos(a) = z-7'/|z||Z|. (2.12.8b)

All operations of the orthogonal group O(n) leave this quantity invariant.
Orthogonal groups leave orthogonal vectors orthogonal, hence their name.
Unit vectors vj = (0,...,0,v;,0,...,0), with vj = 1, j = 1,...,n, may be
attached to a set of n orthogonal axes. The component c; of the vector
r = Xcjv; on the axis j is then defined by ¢; = r-vi/|vi|. While unit vectors
remain so when dilatations are considered to be active transformations, they
change length when dilatation transformations are interpreted passively.

In the most common realization of the group SO(n), the n(n — 1)/2
group parameters are the angles that define rotation operations. These act
in n(n—1)/2 mutually orthogonal two-planes in an n-dimensional Euclidean
space. Rotation of a vector z through an angle 6, about the origin in the
zj, zm two-plane only affects the coordinates (zj,zm). It is defined by

zj — 7} = 7; €08(0jm) — Zm Sin(Ojm), (2.12.0)
Zm — 2z}, = 2j $in(0jm) + Zm coS(Ojm).

All the transformations preserving FEuclidean symmetries preserve angles
between lines. One can erect a fixed set of n mutually orthogonal axes in
n-dimensional Euclidean spaces, and these orthogonal axes remain orthog-
onal when transformations of the groups O(n) and SO(n) are interpreted
passively or actively.
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In spacetime the scalar product may be defined to be plus or minus
! ! !/ !/
2127 + 2224 + 2323 — ZaZy, 74 = ct. (2.12.10)

It is invariant under operations of the continuous group SO(3,1). The oper-
ations of its SO(3) subgroup leave spatial angles invariant, while Lorentz
transformations do not. However, as noted in Sec. 2.7, there exist well
defined locally orthogonal spacetime coordinate systems.

The group of all linear transformations that leave invariant

(Z%‘F"""Z?n)_(Zr2n+1+"'+zr21) (2.12.11)

is denoted O(m,n — m). The Lie group SO(m,n — m) is a subgroup of
O(m,n — m). (It is commonplace to suppose m > n — m.) SO(m,n — m)
has SO(m) and SO(n — m) subgroups which operate in the subspace of
71+ Zm and Zy41 * - - Zn, respectively. In O(m, n —m) the scalar product of
two vectors is defined by

(212} + -+ + Zm2y) — (Zm 121 + -+ Za2hy). (2.12.12)

It is invariant under all the operations that leave (2.12.11) invariant.
Orthogonality, Cartesian coordinates, and unit vectors in these spaces are
defined using this scalar product.

Interpretating hyperbolic pseudo-rotations as mappings, one is allowed
to use Cartesian coordinates to interpret their action. This was done in
the figures of Sec. 2.3, and throughout Sec. 2.7. In the general case, the
operations of SO(m,n — m) can be then considered to carry out m(n — m)
active hyperbolic pseudo-rotations about mutually perpendicular axes. The
group has two subgroups SO(n) and SO(n—m), whose operations carry out
active rotations as described above. Passive interpretation of hyperbolic
pseudo-rotations destroys Euclidean orthornormality. One may interpret
all the operations of these groups as mappings that relate the coordinates
of points in one orthogonal coordinate system to those of points in another,
equivalent orthogonal coordinate system.

The transformations of the continuous group ISO(m, n —m) supplement
those of SO(m,n —m) with m+n translation operations z; — z; + a; and
leave invariant

ds? =dzf + - +dz2, —dz, — - —dzl. (2.12.13)

On including the discrete inversions z; — —z;j, the group becomes
IO(m, n — m). Supplementing these operations of ISO(m,n — m) with uni-
form continuous dilatations yields the corresponding similitude group that
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multiplies the ds? of (2.12.13) by a positive constant. Minkowsk’s trick z —
iz may be used to convert these non-Euclidean spaces to Euclidean spaces.

The transformation groups discussed in this section carry out linear
transformations on a set of variables z;, and leave metrics invariant or
multiply them by a constant. The sphere of action of the groups may be
greatly extended by considering nonlinear transformations of the Cartesian
variables z, transformations which do not preserve the ISO(n) or ISO(m, n)
metrics or multiply them by constants. As an example, one may observe that
the stereographic projection converts rotations on a sphere in Euclidean
three-space into operations in the plane, some of which are not rotations,
and do not leave Euclidean distances in the plane invariant.

2.13 Geometry, Symmetry, and Invariance

In the previous sections we have used mathematical properties of trans-
formations of position and time variables, and also invariance properties
of Euclidean space and physical spacetime, to demonstrate that for one to
understand the role of symmetry in the physical sciences, it is necessary
to first investigate the geometric interpretation imposed on observations.
This lead us into the realm of non-Euclidean geometries and symmetries.
These symmetries can be related to ordinary symmetries in a manner that
enhances, rather than undermines, one’s Euclidean insights. The greatest
surprises occur when nonlinear mappings relate one space to another.

We have seen that geometry in a Euclidean space may be characterized
by the group of invariance transformations of its metric, ds?. The symme-
try of a geometric object in the space is characterized by the group that
transforms the object into itself. This is a subgroup of the invariance group
of the metric. Geometric objects are considered equivalent, i.e. congruent,
if operations of the group can superpose them. Objects also have the same
symmetry if they may be superposed by operations of an enlarged group
that contains dilations which can uniformly stretch or compress all distances
by multiplying ds? with a positive constant.

Geometry and congruence in any Riemannian space may be similarly
characterized. However, as we have seen in the case of the spherical surface
S(2), the role of dilatations must be restricted if As has a restricted range
of values.

Let us re-emphasize three other key points made in this chapter:

(1) Equations possess intrinsic symmetries, defined by the transformation
groups that leave them invariant. Even in simple cases, a variety of
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assumptions are made when one interprets these intrinsic symmetries
as geometric symmetries.

(2) When equations describe physical relationships, intrinsic symmetries of
the equations are given physical interpretation. Geometric interpreta-
tion of these physical relationships involves assumptions about obser-
vations and measurements as well as their geometric interpretation.
Geometric interpretations of relations between observations of natural
phenomena are not dictated solely by the relations themselves.

(3) Because spacetime is non-Euclidean, Euclidean conceptions of geomet-
ric symmetry require revision when considering physical symmetries in
spacetime.

These observations are of central importance in much of what follows. In
Chapter 3 we introduce the conception of symmetry — symmetry in phase—
space — that is appropriate to systems governed by the ordinary differential
equations of Hamiltonian mechanics. In Chapter 9 we will describe the
manner in which this conception applies to systems governed by the partial
differential equations of Schrodinger mechanics.

Differential equations govern a great variety of physical and chemical
systems, and differential equations are left invariant by groups of transfor-
mations of their variables. For each system, the variables can be considered
to reside in a space which has an associated metric. The metric is itself
invariant under a group of transformations. This allows one to define the
space of the physical variables and the meaning of symmetry in the space.
Once this space has been defined, the transformations that leave the differ-
ential equation invariant can be given geometrical interpretations. Because
the operations of the group carry solutions of the equation into solutions,
the operations interrelate observations and have physical interpretation.
This provides the connection between geometry and the natural world when
natural phenomena are related by continuous causal chains.

Appendix A: Stereographic Projection of Circles

We begin by setting up a description of circles on a unit sphere. When a
plane, Py, parallel to the z;—z3 plane, intersects the unit sphere of Sec. 2.11,
the intersection is a circle of radius s whose points are defined by the vector

Z = (21,22,23) = (scos(7), (1 —s?)'/2 ssin(7)), (2.A.1)

with s lying between 0 and 1. The polar axis of the sphere is z3. The zy
coordinate in Z, (1 —s2)'/2, is the distance to the Py plane, measured along
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Fig. 2.A.1 The vector C and the plane normal to it.

a vector C, a normal to the plane from the origin. Figure 2.A.1 depicts the
relationship between C, and the plane normal to it when C has been rotated
about the z; axis through an angle ©, measured from the positive z3 axis.
Equation (2.A.1) applies when © = 90°. In this case, C = (0, (1—5s%)'/2,0).
As 7 ranges from 0 to 27 the terminus of the vector Z sweeps along the
circle at the intersection of the plane with the unit sphere. For all values of
s, the terminus of C is the center of the circles swept out by Z.

When the plane Py is tilted by altering ©, the normal from the origin
becomes

C(0) = (0,cos(0)(1 —s*)Y/2, —sin(O)(1 — s2)1/?). (2.A.2)
The vector Z of (2.A.1) then becomes a vector Z(0O,s, 7) with coordinates
21 =scos(T), 72 = cos(0)(1 —s?)'/2 4 sin(O)ssin(7),
73 = cos(0)ssin(7) — sin(©)(1 — s?)1/2.
As 7 ranges from 0 to 2, the terminus of this vector describes circles at
the intersection of the tilted plane with the sphere, and center at C(©).
Consider, then, the projection of these circles onto the x—y plane. The

three-vector Z(©,s,7) is projected onto the x—y plane, i.e. z3—z plane,
using the relations

x=az1/(1+23), y=az/(l+ z3). (2.A.4)

This projection yields the two-vector (x,y) = r(©,s,7) whose compo-
nents are

(2.A.3)

x =ascos(7)/D,

y = a{cos(©)(1 — s2)1/2 + sin(O)ssin(r) } /D, (2.A.5)
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where
D = 1 + cos(©)ssin(r) — sin(0©)(1 — s?)1/2.

The centers of the circles on the sphere project to points defined by (2.A.4),
which have coordinates (x,y) given by

(x0,¥0) = (0,acos(0©)(1 —s?)/2/{1 —sin(O)(1 —s?)/2}).  (2.A.6)

If the projections are themselves circles, (2.A.6) should fix their centers.
Expanding r(©,s,7)-r(0,s, 7), and using (2.A.6) and (2.A.5) to relate x,y
to 7, one finds that as 7 ranges from 0 to 27, the terminus of r(0, s, 7) does
indeed sweep out a circle defined by

X+ (y —vo)? = R?,
with radius
R = as/{1—sin(0)(1 —*)'/?}, (2.A.7)
and
yo = acos(0)(1 —s%)'/2/{1 - sin(©)(1 — s*)'/?}.

Both yo and R become infinite when {1 —sin(0)(1 —s%)'/2} becomes zero,
which happens for a great circle passing through the poles. This projection
of the circle is one that is indistinguishable from a straight line.

The circles defined by (2.A.3) lie in planes whose normal through the
origin lies in the y—z plane. Rotating this normal, C, about the z3 axis, and
varying O, allows one to obtain planes with arbitrary orientation. By vary-
ing s one can then obtain all possible circles produced by the intersection
of planes with the sphere. The rotation of C about the z3 axis through an
angle a produces a corresponding rotation of the vector (xp,yp) and the
circles of (2.A.7). As all circles inscribed on the sphere can be produced by
varying s, ©, and «, it follows from (2.A.7) that the stereographic projection
of any circle on the sphere is also a circle.
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CHAPTER 3

On Symmetries Associated With
Hamiltonian Dynamics

3.1 Invariance of a Differential Equation

The reader will find that the connections made in this chapter are guided
by the conceptions due to Sophus Lie. Properties of motions in one spatial
dimension will be used to clarify the manner in which invariance proper-
ties of Hamilton’s differential equations bring concepts of geometry and
symmetry into dynamics. Systems of higher dimension are considered in
Chapters 7 and 8. As Hamiltonian dynamics is the classical dynamics most
directly relevant to quantum mechanics, concepts developed in this chapter
will also underpin the discussions from the beginning of Chapter 9 to the
end of Chapter 14.

The differential equations of different Hamiltonian systems may have
different intrinsic symmetries. It will be shown that all have a common
intrinsic symmetry that determines an associated invariant metric. Investi-
gating the geometric and dynamical expressions of this metric will enable
us to define the meaning of dynamical symmetry in classical Hamiltonian
mechanics.

Any transformation that leaves a differential equation invariant must
also convert a solution of the differential equation into a solution that can
be the same solution or a different one. In this respect the intrinsic symme-
tries of differential equations have consequences similar to intrinsic symme-
tries of algebraic polynomial equations. However such algebraic equations
possess a discrete set of solutions, while differential equations typically pos-
sess families of solutions. Members of these families may be distinguished
by continuously variable parameters, or in the case of partial differential
equations, continuously variable functions. For ordinary differential equa-
tions, ODEs, changing the values of the parameters corresponds to changing
initial values of the variables, which for Hamilton’s equations are positions
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and momenta. Because the solutions of differential equations can be labeled
by continuous variables, most operations that interconvert the solutions are
operations of continuous groups, rather than that of a discrete group such
as that admitted by the equation w* = 1 of the previous chapter. The
differential equation

dx/dt = 1 (3.1.1a)

has, for example, the particular solution x = t. The continuous group of
translations in time,

t—>t =t+a, (3.1.1b)
converts the particular solution into the one-parameter family of solutions
x=t+a, (3.1.1¢c)

which is the general solution of the equation. The differential equation
d%x/dt? = —x, (3.1.2a)

has the particular solution x = cos(t). The continuous group of time-
translations converts this to the one-parameter family of solutions

x = cos(t + a). (3.1.2b)
The group of dilatations
x — x = efx, (3.1.2¢)
converts (3.1.2b) to the general solution
x = e’ cos(t + ). (3.1.2d)

In (3.1.1), « is the group parameter, while in (3.1.2) the group parameters
are o and (.

As noted in Chapter 1, it was Lie’s investigations of the (intrinsic) sym-
metries of differential equations that led him to develop what is now known
as the theory of Lie transformation groups. Lie’s theory of the intrinsic
symmetries of differential equations involves several conceptual subtleties.
In the usual terminology, one says that the differential equations (3.1.1a)
and (3.1.2a) involve one independent variable, the argument t, and one
dependent variable, f(t). This statement can be misleading because, when
f(t) denotes a solution of a differential equation it is a function whose value
only becomes fixed when one fixes the value of further variables, parameters
of integration. Thus (3.1.1a) itself only relates dx to dt; it does not define
a definite functional relation between x and t. The solution is a function
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of two variables, the t and « of (3.1.1¢). The solution of the second-order
differential equation (3.1.2a) establishes a functional relation between the
four variables, the x, t, @ and g of (3.1.2c). However, in each case, only t
appears in the differential equation as an argument.

It is important to keep in mind the distinction between relations defined
by definite functions, say y = f(t), and relations defined by differential equa-
tions, such as dy = g(t)dt. In the latter, y and t remain independently
variable. This distinction is fundamental to Lie’s work, to d’Alembert’s prin-
ciple, to Hamiltonian mechanics, to all variational treatments of mechanics,
and to all of science that is governed by differential equations.

The relation between transformations of functions, arguments, deriva-
tives, and solutions of differential equations, will be more thoroughly dealt
with in Chapters 5-7. The connection is often subtle enough to make it
difficult to anticipate the intrinsic symmetry of differential equations. Very
fortunately, the intrinsic symmetries of Hamilton’s equations are easy to
characterize. These intrinsic symmetries become geometric symmetries in
the phase—space of physics — a non-Euclidean metric space. In the fol-
lowing pages the reader will find that the non-Euclidean geometry of this
phase-space allows free reign to one’s Euclidean geometric imagination.

3.2 Hamilton’s Equations

Hamilton’s mechanics treats position and momentum as initially indepen-
dent variables on an equal footing. It deals with variables that may, for
example, be linear combinations of ordinary position and momentum vari-
ables. For this reason it is convenient to use dimensionless variables. In
the following discussion ordinary type will be used to denote dimensionless
variables in equations. The italic letters [, m, t will denote the units in which
length, mass and time, respectively, are measured. Thus:

q =length/l, t=time/t, m = mass/m, p = momentum/Imt ',

E = energy/mi*t—2, L = angular momentum/I?mt .
We begin with the relation
E =H(q, p), (3.2.1)

where H(q,p) is the Hamiltonian function of a particle with energy E, q is
the Cartesian position coordinate of the particle of mass m, and p = mdq/dt
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represents the particle’s momentum.® Hamilton’s equations of motion are
dq;/dt = OH/0p;, dp;/dt = —9H/0q;, (3.2.2)

with dt representing a time interval.” A familiar example is provided by a
mass of magnitude m oscillating under the influence of a potential (k/2) .
(We suppose that k, like m, is dimensionless.) For this harmonic oscillator,

H = p?/2m + (k/2) ¢*. (3.2.3)
Equations (3.2.2) become
dq/dt = p/m, dp/dt = —kq. (3.2.4a,b)
The well known family of solutions of these equations can be written
Q(t) = Q(0) cos(wt) + (P(0)/mw) sin(wt),
(3.2.4c—e)
P(t) = P(0) cos(wt) — mw Q(0) sin(wt), w = (k/m)"/2.

To gain further insight into the implications of these equations, it is
helpful to simplify their appearance by setting wt = 7, and then defining the
new variables x = q (km)'/4, and y = p/(km)'/%. This changes (3.2.3) to

H= (w/2)(y* +x?), (3.2.5)
and Egs. (3.2.4a,b) become
dx/dr =wy, dy/dr = —wx. (3.2.6a,b)

Solving these last equations converts x to X(7), y to Y(7), and determines
the two-parameter family of solutions

X(1) = X(0) cos(wT) + Y(0) sin(wT), (3.2.6¢)
Y(7) = Y(0) cos(wr) — X(0) sin(w). (3.2.6d)

Several of these solutions, circles of radius (w/2)'/2, are plotted in
Figs. 3.2.1. In the figures, the distinguished points may be considered
to be points with coordinates (X(0), Y(0)). If one views X(0) and Y(0)
as arbitrary values of x and y, then on referring back to the discussion of
Fig. 2.2.1 one is led to consider Egs. (3.2.6) as equations that define a
transformation group

2This momentum variable is said to be conjugate to the q. The general definition of the
conjugate momentum, p, that must be used in Hamilton’s equations, and the equations
themselves, are derived from Lagrange’s equations; cf. Chapter 7.

bThough dt is a time interval, identifying t with physical time can be misleading, even
in nonrelativistic mechanics. Here, for example, t is a cyclic variable (cf. Sec. 5.7).
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() (b)

Fig. 3.2.1 (a) A solution of Hamilton’s equations (3.2.6). (b) A solution of Egs.
(3.2.6) with different initial conditions.

x — x' = X(7) = xcos() + y sin(7),
(3.2.7a,b)
y — v =Y(r) = ycos(r) — xsin(7),

or, equivalently,

q—dq =Q(r), p—p =P().

The point moves through a space of dimensionless position and momentum
variables, developing a trajectory in the phase—space as the physical system
evolves. The inverse motion is obtained by changing t to —t. At every point
along a trajectory, the motion of q and p is restricted by the equation H(q,p)
= E. The fully evolved trajectory is sometimes termed a phase portrait of
the motion. In this case, the phase portrait can be sketched by rotating
the representing point at (q,p) about the origin (0,0), with the angle of
rotation, «, equal to wt.
The transformations (3.2.7) convert Egs. (3.2.6a,b) to

dx'/dr =y, dy'/dr = —¥/, (3.2.8a,b)

that is, they leave Hamilton’s equations invariant. They also leave invariant
the energy of the system:

E=(w/2)(y’ +x%) = (w/2)(y? +x?)
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or, equivalently,

E = H(q,p) = H(d', p'). (3.2.9)

In Chapter 7 it is shown that these observations can be greatly generalized:

The family of solutions obtained by solving Hamilton’s equations for a
given mechanical system may be considered to define a continuous group
of transformations of its positions and momenta. This group is termed an
evolution group.

3.3 Transformations that Convert Hamilton’s Equations
into Hamilton’s Equations; Symplectic Groups

We have just observed that solutions of Hamilton’s equations define a
transformation group. We now characterize the general class of transfor-
mations that convert Hamilton’s equations into Hamilton’s equations when
the equations govern the evolution of a particle with only one position
coordinate and one momentum coordinate.

Transformations that leave invariant the equation H(q,p) = E, even for a
fixed value of E, do not necessarily convert Hamilton’s equations of motion
into Hamilton’s equations of motion. The transformation utilized to convert
(3.2.4a,b) to (3.2.5a,b) does both. On the other hand, the transformation
q— q =p, p— p = q, leaves (3.2.3) invariant, but it does not leave
(3.2.4a,b) invariant. If a transformation does not leave Hamilton’s equations
invariant, the interpretation of E as an energy need no longer be valid.

When investigating transformations that convert Hamilton’s equations
into Hamilton’s equations one is dealing with functions that must possess
derivatives. We shall use the now standard term C* function to denote
a function whose derivatives of k’th order are all themselves continuous
functions for all real values of their arguments. For k > 0, a C* function

is necessarily C*~1; e.g., if a function is C?, then it is C*, ..., CO. If k is
infinite, the function is said to be smooth. Let
q—q =Q(a,p), p—p =P(Dp), (3.3.2a)
and
q —a=Q™(d,p), p' —p=P"(d,p) (3.3.2b)

define a one-to-one transformation and its inverse. If Q and P are C* func-
tions of q and p, then (3.3.2a) is said to define a C* transformation; and if
Q™ and Pinv are CX' functions of ¢/, p/, then (3.3.2b) defines a CX trans-
formation. Together, the four equations define a C* diffeomorphism, with
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k being the smaller of k and k’.¢ Diffeomorphisms transform (q + dq, p +
dp) to (q'+ ddq’, p'+ dp’) with

dq’ = (0Q(q, p)/dq) dq + (0Q(q,p)/dp) dp,
dp’ = (0P(q,p)/dq) dq + (9P(q,p)/dp) dp.

The diffeomorphisms also transform (q'+ dq’, p'+ dp’) to (q + dq,
p + dp) with

dq = (0Q™ (¢, p')/0q') dd' + (9Q™ (¢, p')/0p") dp’,
dp = (9P™ (¢, p')/dq') dd' + (OP™ (¢, p')/Op’) dp'.

For reasons to be explained in Chapter 7, we require transformations

(3.3.2¢)

(3.3.2d)

of position and momentum variables be C? diffeomorphisms. These convert
the Hamiltonian equations of motion

dq;/dt = OH/dp;, dp;/dt = —0H/dq;, (3.3.3a)
into the Hamiltonian equations of motion
dq'/dt = 0H'(d',p")/0p’, dp’/dt = —0H'(q',p")/0d/, (3.3.3b)
iff
dq'/0q dp’ /op — Op’ /0q dq' Jdp = 1. (3.3.4)

Mathematicians term a transformation of q and p that satisfies (3.3.4) a
symplectic transformation.

To ensure that Hamilton’s equations of motion produce evolution trans-
formations that are C?, their Hamiltonian must be a C3 function of q and p.
Unless otherwise noted, we henceforth require that H(q,p) is C?.

Equations involving expressions similar to that in (3.3.4) appear so often
in Hamiltonian mechanics that it is convenient to introduce the Poisson
bracket of any two functions A(q,p), B(q,p), written {A,B}, and defined
by

{A,B} = 5,;(9A/dq; OB /dp; — OB /dq; OA/p;). (3.3.5)

In the exercises at the end of the chapter, the reader is asked to establish
that when q — ¢’ = A, p — p’ = B, then if {A,B} = 1, the variables q’ and

¢CO transformations do not define diffeomorphisms, they can define homeomorphisms.
A homeomorphism is a transformation which carries adjacent points with coordinates
(q1,p1), (a2,p2) to adjacent points with coordinates (q,p’), (a5,p5), and has an inverse
which carries out the reverse transformation. In a C° homeomorphism, the transforma-
tion and its inverse are continuous functions. In the Euclidean plane, a homeomorphism
can interconvert a square and a circle. A diffeomorphism cannot do so, because the
derivatives required in (3.3.2e,f) do not exist at the corners of the square.
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p’ are also conjugate variables. When this happens, one may treat (q’,p’)
in the same way one treats (q,p) in Hamilton’s equations.

The following one-parameter groups of transformations are all groups
of smooth (i.e., C*°) symplectic diffeomorphisms, and hence canonical dif-
feomorphisms:

qa—d=q+a, p—p =p+b, (3.3.6a,D)
q—q =e’q, p—p =e’p, (3.3.6¢)
q— q = qcos(a) —psin(a), p— p’ = pcos(a)+gsin(w), (3.3.6d)

q — q' = qcosh(y) + psinh(y), p — p’ =pcosh(y)+ gsinh(y).
(3.3.6¢)

Figures 2.3.1a,c, 2.3.3c and 2.3.4a in Chapter 2 depict smooth sym-
plectic transformations if one considers one of the variables x,y to be a ‘q’,
and the other to be its conjugate, ‘p’.

The symbolism Sp(2n,R) is used to denote a group of homogeneous lin-
ear symplectic transformations of 2n real variables. Taken together, trans-
formations (3.3.6¢,d,e) comprise the 3-parameter group Sp(2,R). Any real
homogeneous linear transformation of (q,p) that is symplectic may be
expressed as a succession of the three transformations (3.3.6c—). If the
translations (3.3.6a,b) are included, the group becomes an inhomogeneous
linear symplectic group, ISp(2,R). Many useful symplectic transformations
are linear, and many are nonlinear.

The symplectic transformations of the mathematician are a more
restricted class of transformations than those often called canonical trans-
formations by physicists. This is because physicists, in interconverting units
of measurement, often use scale transformations q — q' = aq, p — p’ = bp
with a,b not equal to 1. Then (3.3.4) becomes ab rather than 1.

3.4 Invariance Transformations of Hamilton’s Equations
of Motion

Symplectic transformations

qa—dq =Q(aq,p), p—p =P(qp) (3.4.1a,b)

that convert H(q,p) to H(q',p’) and convert Hamilton’s equations into
Hamilton’s equations, do not in general leave the Hamiltonian function,
H(q,p), unchanged. To determine whether H(q,p) is unchanged, one first
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substitutes Q’(q,p) for q’, and P’(q,p) for p’ in H(q’,p’). Then
H(q,p) — H(d",p) = H(Q'(a,p), P'(q,p)) = H'(a,p). (3.4.1¢c)

A symplectic transformation is an invariance transformation of Hamilton’s
equations with Hamiltonian H(q,p) i#ff H'(q,p) = H(q,p) = E. Then

dq/dt = 0H'(q,p)/dp — dq/dt = dH(q, p)/p,

and
dp/dt = —0H'(q, p)/0q — dp/dt = —9H(q, p)/dq. (3.4.2)

As a consequence, Hamilton’s differential equations possess the wonderfully
simple property that they are left invariant by a transformation of q and
p iff the transformation is a symplectic one which leaves the Hamiltonian
function itself invariant:

If t is not transformed, the study of the invariance transformations of
Hamilton’s equations of motion reduces to a study of invariance transfor-
mations of the equation E = H(q,p) under symplectic transformations of
the variables q and p.

The invariance transformations may be different for different values of E.
The characterization of invariance when t is transformed will be considered
in Sec. 3.7, below, and in Chapter 7.

The evolution transformations produced by Hamilton’s equations are
themselves invariance transformations of the equations of motion. They
carry every point on a solution curve into a point on the same curve; they
carry solutions into themselves. Other invariance transformations of the
equations of motion may interconvert solution curves.

Before proceeding further let us consider a further example that illus-
trates some of the foregoing discussion. The Hamiltonian of a free particle
of mass m is H = p?/2m. Hamilton’s equations of motion become

dq/dt = p/m, dp/dt=0. (3.4.3a,b)

For each value of E > 0 they determine the two separate straight-line tra-
jectories in q,p space defined by q = qo + (p/m)t, with p = (2mE)'/2,
and p = —(2mE)'/2. The two trajectories, illustrated in Fig. 3.4.1, are
interconverted by the symplectic transformation p — —p, g — —q, which
corresponds to a 180° rotation in q,p space.

Letting ¢ — ¢ = q + a, also does not alter dq or pd/dq, so the
free-particle Hamiltonian, H(p), the energy, and the equations of motion
are all invariant under this transformation. The symplectic transformation
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Fig. 3.4.1 Trajectories of a free particle in phase space.

p—p =e’p, q— q = e Pq, converts the Hamiltonian equations of motion
into Hamiltonian equations of motion, but it converts H(p) into H(p’) =
p 2 /2m = e?% p2/2m. As the transformation does not leave H invariant it
is not an invariance transformation of the equations of motion for a free
particle of mass m. It is, however, a class of scaling transformations that it
is useful in investigations of isotope effects and effective masses in quantum
mechanics.

3.5 Geometrization of Hamiltonian Mechanics

In Newtonian mechanics one thinks of motions as taking place in a Eucli-
dean space of at most three dimensions. Position vectors, r, are defined in
the space of Newton, as are infinitesimal displacement vectors dr, velocity
vectors v = dr/dt, and momentum vectors p = mv. Symmetries are often
defined in this Euclidean space, or in its relativistic generalization, space—
time. However, the intrinsic symmetries of Hamilton’s equations of motion
are all symmetries defined by symplectic transformations. Assigning geo-
metric expression to these intrinsic symmetries requires the development of
the geometry of spaces whose points have coordinates (qj, pj) that may be
altered by symplectic transformations.
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If one considers symplectic transformations to define active transforma-
tions in a phase—space, one can erect a fixed cartesian coordinate system
in it. Let us denote vectors in p,q space by s. For the moment, consider the
case n = 3, and let s = (q1, g2, g3, P1, P2, P3) be a vector with cartesian
components q; and p; in the space. Defining the unit vectors iq, jq, kq, one
has q = (q1, 92, 93, 0, 0, 0) = quiq + 92 jq+ dskq. Similarly, a momentum
vector p = (0, 0, 0, p1, P2, P3) = P1 ip+ P2 jp+ P3 kp. The components
of any vector in this space can be obtained by determining its dot product
with six orthogonal unit vectors which are iq, jq, Kq, ip, jp and kp. From
a mathematical standpoint, a momentum vector in ordinary space may be
obtained from this momentum vector by a mapping, such as a rotation
through 90°, that projects ip to iq, etc.

For ordinary three-dimensional vectors one defines the cross product of
two vectors, of which L = r x p is a prime example. An inversion of Carte-
sian coordinate axes through their origin has the effect of negating all the
Cartesian components of an ordinary vector V, which in the inverted sys-
tem becomes expressed as —V. Both r and p behave in such a manner, and
as a consequence L does not do so. For this reason L is sometimes termed
a pseudo-vector. As the cross product is only defined in three-dimensional
space, in Hamiltonian mechanics we shall replace Ly, Ly, L, = L1, L, L3 by

Lk = €ijk 4iPj, i, j, k= 1, .. .,3. (351)

Summation over repeated indices is assumed, and ejjx = +1 for clockwise
cyclic permutations of i, j, k = 1,...,3, and equals —1 for counterclockwise
cyclic permutations. For noncyclic permutations of the indices, & = 0.
Thus, e.g., Lsg = 71 ps—r2 p1. The Ly should not be considered components
of a vector in the six-dimensional phase—space of positions and momenta.
(They are components of a tensor.)

We next turn to an investigation of the elements of a plane geometry
in which only symplectic transformations of s = [q,p] are allowed. We will
then settle on the concept of symmetry that this geometry entails. Many
other key points will emerge from a study of the properties of this two-
dimensional real space, and it will be the subject of the remainder of this
chapter. In a Cartesian system, s = qiq+ pip, with iq - ip = 0, and both
q and p real numbers. A moving mass point will be represented by the
motion of a point at the terminus of s. Hamiltonian equations of motion
govern canonical evolutionary motions of points in this space. Figs. 3.2.1
and 3.4.1 have illustrated this.
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Fig. 3.5.1 Trajectory of an oscillator in phase space if k/m = 1.

Because the transformations we are considering are characterized only
by being C? symplectic diffeomorphisms, if our space of q,p contains a given
point, it must contain all others that can be obtained from the given point
by any CZsymplectic diffeomorphism. Mathematicians call a space whose
points are all connected by symplectic diffeomorphisms, a symplectic space.
In two-dimensional symplectic space, the relation

{Q(a;p), P(a,p)}=1 (3.5.2a)
implies
{Q™(q,p), P™(q,p)} = 1. (3.5.2b)

Symplectic space differs from the phase-space of most theoretical
mechanics texts because, as previously noted, when physicists compare
observations they often utilize scale transformations that are not symplec-
tic.

Figure 3.5.2a depicts unit vectors i, j with q lying along i and p lying
along j. In Fig. 3.5.2b, q and p have been transformed to ¢’ and p’ by a
symplectic transformation. Figure 3.5.2c illustrates the effect an inversion
through the origin has on vectors A, B, C that define a triangle traversed
in a clockwise direction. The inversion is a symplectic transformation. In
Fig. 3.5.2d, the vectors A, B, C are reflected through the p axis along j.
This transformation is not a symplectic one. Note that in Fig. 3.5.2c the



On Symmetries Associated with Hamiltonian Dynamics 83

p=i
LOA
; Lo}
J A
08}
0.8
r q
0.6} 0.6
0.4
04}
0.2
0.2} . . . . . . l;‘
04 -02 02 04 06 08 10
i
. . . . > i
0.2 0.4 0.6 0.8 10
(a) (b)
P P

(c) (d)

Fig. 3.5.2 (a), (b) A sympletic transformation of p and q to p’ and ¢’. (c)
Inversion of A, B, C. (d) A reflection of A, B, C.

inverted vectors A, B, C define a triangle that is traversed in the same,
clockwise, sense as the triangle defined by A, B, C. On the other hand,
the reflected vectors in Fig. 3.5.2d define a triangle that is traversed in a
counterclockwise direction.

The successive application of any two symplectic transformations, car-
ries a point in symplectic space into a point in the space, and is necessarily a
C! canonical transformation with a C! inverse. As the identity transforma-
tion is a symplectic transformation, taken together, symplectic diffeomor-
phims comprise a group of transformations. All the transformations convert
solutions of the differential equation {Q(q,p), P(q,p)} = 1 into solutions of
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the same equation. Thus, the group of symplectic transformations is an
invariance group of the differential equation

8Q/9q P /dp — AP /dq 9 Q/dp = 1. (3.5.3)

For any given function Q(q,p) this equation defines P(q,p) to within
an additive constant. Because one has available an uncountable infinity
of differentiable functions Q, the group of all symplectic transformations
contains an uncountable infinity of transformations. The inhomogeneous
linear symplectic group, ISp(2,R), is a five-parameter subgroup of this
group.

The linear symplectic transformation (3.3.6e), a hyperbolic rotation,
does not preserve the orthogonality of vectors. From this alone it follows
that the space defined by canonical transformations is not a Euclidean
space. However, as in spacetime, one may consistently erect an orthogonal
coordinate system in the space of active canonical transformations of g
and p. We have used a such coordinate system in Figs. 3.5.2. For it, the
Euclidean distance between nearby points with coordinates (q,p) and (q
+ dg, p + dp) is ds® = dq® + dp®. Figures 3.5.3 depict the effect of
linear symplectic transformations (3.3.6) on four vectors A, B, C, D that
describe the square in Fig. 3.5.3a. The reader should imagine that in
each of the subsequent figures these vectors are transformed into vectors
A’, B, C', D’. Only translation and rotation transformations, which are
transformations of the Euclidean group, leave the lengths and orthogonality
of the vectors, and the Euclidean symmetry of the square unchanged. The
transformations (3.3.6 a,b,d,e) leave invariant a metric dq2 — dpz, but the
symplectic dilatation (3.3.6¢) does not. And, though (3.3.6¢,d) leaves dq dp
invariant, (3.3.6e) does not.

In short, symplectic transformations do not in general preserve a
Euclidean metric, nor a metric analogous to that of special relativity, nor dq
dp. However, there is a quantity that is left invariant by transformations of
ISp(2,r). We shall shortly use it to define a metric in symplectic p,q space.

The cross product of Euclidean three-vectors may be used to define the
oriented area of each of Figs. 3.5.3 as (A x B)/k = A;B, — B4A, where
k =i > j. The oriented area of the square is (A xB)/k = A(B, = 1. In the
general case, if ,_,; is the angle between A and B measured clockwise from
A to B, then (A xB)/k = |A||B|sin(0,—). The dimensionless area defined
here can be obtained by dividing the corresponding physical quantity, an
action, by the units of action, mlI*t~'. These are units of energy, ml*t=2,
multiplied by the units, t, of time.
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Fig. 3.5.3 Action of transformation of ISp, (R). (a) Figure in phase space. (b)
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The reader will find from (3.3.6) that the oriented areas enclosed in each
of Figs. 3.5.3, are related to one another by symplectic transformations, is
the same. The two triangles in Fig. 3.5.2c have the same oriented area. The
oriented areas in the two triangles in Fig. 3.5.2d have the same magnitude,
but opposite sign.

Adjacent oriented areas defined by the cross product have a property
illustrated in Figs. 3.5.3a. If the clockwise circuit A — B is continued
along the dotted line, and the clockwise circuit —A — —B along the dotted
line, the diagonal is traversed in opposite directions in the two different
circuits. It is evident that the total oriented area is the sum of the adja-
cent areas. If one of the oriented areas were defined by a clockwise circuit,
the other by a counterclockwise circuit, the dotted lines separating the
areas would be traversed in the same direction; the oriented areas would
have opposite signs, and the total oriented area would be the difference
of the two adjacent oriented areas. This is a general property of oriented
areas. It follows from the properties of the vector cross product. To sum-
marize, one has the following rule: If the boundary separating two adja-
cent oriented areas s traversed in opposite directions in circuits around
each sub-area, the oriented areas have the same sign, and the total ori-
ented area of the two is the sum of their individual oriented areas. This
is the area contained within the closed path that circumscribes the two
sub-areas.

In Hamiltonian mechanics one needs a generalization of the cross
product, one that defines oriented areas and actions in spaces of 2n dimen-
sions, rather than three dimensions. If A and B are vectors in a two-
dimensional p,q space we will use the (now standard) symbolism A B
to denote |A||B]| sin(6,—p). It is called the wedge product of A and B.
Because three points determine a plane, while four may not, it is best to
interpret A B as two times the oriented area contained within the trian-
gle formed by connecting the head of A to the tail of B, as has been done
in Figs. 3.5.2c and 3.5.2d.

So far we have only considered particular cases in which canonical trans-
formations leave areas invariant. To understand why all canonical transfor-
mations leave areas invariant, one need only understand how they leave
infinitesimal areas invariant — for any finite area can be obtained by inte-
grating infinitesimal areas. Two arbitrary infinitesimal vectors 6 A and /B
with a common origin determine a local two-plane. The infinitesimal area
defined by 6 A A dB lies in this plane. One may install a coordinate system
with orthogonal i and j axes in the plane, then determine the components



On Symmetries Associated with Hamiltonian Dynamics 87

of JA and §B on these axes. Let us apply these observations to equations
(3.3.2). They state that if a diffeomorphism converts

q4— Q(q,p), p— P(a,p), (3.5.4a,b)

then
dq — a(q,p) dg + b(q, p) dp, (3.5.4¢)
dp — ¢(q,p) dq +d(q, p) dp, (3.5.4d)

with
a=0Q/dq, b=0Q/dp, c=0P/dq, d=0P/dp. (3.5.4e)

One may choose axes such that the untransformed dq, which we shall term
dqo, lies along i, and dp,, the untransformed dp, lies along j. The right-hand
side of (3.5.4¢) can be considered to define a vector, dA, and the right-hand
side of (3.5.4d) can be considered to be dB. And neither of these need lie
along i or j. Equations (3.5.4c,d) can then be written

dq, — dq = adq, + bdp,, dp, —dp=cdq,+ddp,, (3.5.5a)
with
dq, =dq,i, dp, =dp.j. (3.5.5b)

These equations imply that dq and dp are not, in general, orthogonal.
Figures 3.5.4 depict the active interpretation of such a transformation,
one in which, at the point of interest, the derivatives in (3.5.4c,d) have
numerical values such that

dq = (3/2)!/2da, + (1/2)"/2dp,,

(3.5.6)
dp = (1/2)"/%dq, + (3/2)"/2dp,,.

The oriented area defined by dq, dp, in Fig. 3.5.4a is a special case;
the area defined by dq dp in Fig. 3.5.4b represents the more general
case, for which dq and dp are not orthogonal. As the point at (q,p) is
continuously shifted, this dq  dp will change continuously to dq’  dp’,
the transformation of dq and dp being defined by (3.5.4). The oriented
arcas dq’ dp’ and dq dp are related via (3.5.5) and (3.5.6), with the
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Fig. 3.5.4 Sympletic transformation of dq =< dp to dp’ > dp’.

general relation
dq’ dp’ = (adq+bdp) A (cdq + ddp)
= (ad — bec)dq dp (3.5.7a)

= (0Q/0q 0P /0p — 0P /0q0Q/0p)dq dp.
If the transformation is symplectic, 0Q/dq 0P /Op — 0P /0qdQ/0p = 1, so
dq dp’ =dq dp. (3.5.7b)

Hence, symplectic diffeomorphisms do not alter oriented infinitesimal areas.
A symplectic diffeomorphism that interconverts dq  dp and dq’
dp’ will interconvert a region R and a region R/, and each area element dq
dp within R will be converted to a corresponding area element dq’
dp’ within R/, and vice versa. From (3.5.7) and the definition of the sum

of oriented areas, it follows that

/ dq’ dp'z// dq dp. (3.5.8)
R/ R

Thus, symplectic diffeomorphisms do not alter oriented finite areas.

The transformation from (q,p) to (r, §) defined by q = r cos(f), p =1
sin(#), is not symplectic, since {r,§} = 1/r, and the area element is r dr d6.
On the other hand, the transformation defined by q = /7 cos(260), p = /7
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sin(20), has {r,0} = 1, so it is a symplectic, and therefore area-preserving,
transformation.

As an application of (3.5.8), consider the action developed when the
points with coordinates (q,p) lie along a smooth curve. Figures 3.5.5a,b
display oriented areas below two phase trajectories. The gray areas may be
considered as defined by integrations. In Fig. 3.5.5b the area under the
trajectory must be assigned a negative value. The trajectory in Fig. 3.5.5a
may be extended to produce a clockwise elliptical trajectory containing pos-
itive area. The total oriented area within the ellipse will be determined by
the addition rule given above. The oriented area and action can be obtained
directly by evaluating the double integral over the enclosed region:

A://qu dp. (3.5.9a)



90 Dynamical Symmetry

The evaluation of such integrals in phase—space may often be simplified by
making the transformation q = r sin(6), p = r cos(). Then

A= fao [rar= fas [auy2), (3.5.90)

the integral is positive if the trajectory is clockwise, and negative if it is
counterclockwise. Let the trajectory be defined by r = g(6). Holding 6 fixed,
and integrating r from 0 to g(6) yields g(6)?/2. One thereby obtains

A= ?{da g(6)?/2. (3.5.9¢)

Two such signed areas are indicated in Figs. 3.5.5c,d. Physically, they
represent the action developed in moving a mass point with initial position
(. and conjugate momentum p, around a closed trajectory in phase—space,
while imparting to it the action defined by the enclosed area. The trajec-
tories may be considered as those produced by a harmonic oscillator with
Hamiltonian p?/2 + q?/2, and energy E = 1/2. The clockwise trajectory in
Fig. 3.5.5d will develop as time advances if both py and qg have the value
1/4/2. The counterclockwise trajectory in Fig. 3.5.5¢ can be developed as
time advances, if qo = 1/4/2 and pg = —1/+/2. Note that this change in the
sense of rotation has been brought about by changing an initial value, and
not by changing t to —t.

Now let us return to Egs. (3.5.7), and consider a more general geo-
metric significance of the fact that symplectic transformations do not alter
the value of dq  dp. The relationship between symplectic transforma-
tions and the invariant dq  dp is analogous to the relationship between
Euclidean transformations in an x—y plane and the Euclidean metric ds -
ds = dx%+ dy?.

In fact, dq  dp is the metric that characterizes geometry in the q.p
space termed a symplectic space. The geometry of this space is the geometry
of a space with an invariant metric that is a measure of the oriented area
that represents action.

This result establishes a direct connection between symplectic geometry,
and the classical mechanics of Hamilton. The concept of action took on
increased physical importance in 1913 when Paul Ehrenfest! argued that
the magnitude of the action developed by any closed trajectory in phase—
space is quantized. It appeared that it must be an integer multiple of Plank’s
constant divided by 27:

//R\dq dp| = nh/2n. (3.5.10)
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This straightforward connection between physics and symplectic geome-
try persisted until 1927, when Heisenberg demonstrated the impossibility of
measuring both positions and momenta with arbitrary accuracy.? The con-
ceptual foundations of the old quantum theory then had to be abandoned,
and were replaced by a quantum mechanics in which conjugate position
and momentum variables satisfying {q,p} = 1 are replaced by operators
dop and pop satisfying the operator relation

JopPop — Poplop = ih/271’. (3.5.11)

The correspondence principle establishes connections between quantum
dynamics and classical dynamics that exist when the classical variables
q and p are replaced by operators that satisfy this relation.? As stated by
Dirac, the principle was only applicable to polynomial functions of p’s and
q’s. And as mentioned previously, in Chapter 9 we show that Dirac’s cor-
respondence principle can be generalized in a manner which enables one
to directly establish the relation between invariance groups of Schrodinger
equations and invariance groups of Hamilton’s equations.

3.6 Symmetry in Two-Dimensional Symplectic Space

Knowing that the metric of two-dimensional symplectic space is dq  dp
enables one to deal with the questions: “how are symmetries in this space
defined? When do two geometric objects in the space have the same sym-
metry?” Let us first deal with the first question.

We have seen that the symmetry of an object in Euclidean space is
defined by the subgroup of the Euclidean group, E(2), that carries it
into itself. And we have seen that analogous statements hold for three-
dimensional space, and for spacetime. Applying the same program to Hamil-
tonian mechanics, we shall define the symmetry of an object in symplectic
space by that subgroup of all symplectic transformations which carries the
object into itself.

Now let us turn to the second question. Two objects in Euclidean space
have identical symmetry if operations of the Euclidean group, and/or uni-
form dilatations can superimpose the objects. These operations do not alter
the symmetry of an object, they simply change the relationship of the object
to the coordinate system of an observer. An analogous statement was found
to hold for spacetime. However, in contrast to the metric in a Euclidean
space, the spacetime metric could be both positive and negative — a prop-
erty of real physical significance.
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We shall suppose that two objects must certainly have identical sym-
plectic symmetry if they can be superimposed by symplectic transforma-
tions. As translations and rotations of a rigid figure do not change the
area enclosed by it, they may be used to test for superimposibility of two
objects in symplectic space. However, this by no means exhausts the catalog
of operations that can be used to superpose figures in symplectic space. All
symplectic diffeomorphisms can be considered to change the relationship
of an object to the coordinate system of an observer, without altering the
symplectic symmetry of the object. Before going on to say anything about
the geometric roles of uniform dilatations of dq  dp, and of transforma-
tions that change its sign, we will, in the next section, consider the physical
significance of these operations.

3.7 Symmetry in Two-Dimensional Hamiltonian Phase
Space

The phase space of mechanics differs from symplectic space in several res-
pects. As we have already noted, changing initial values pg and g can con-
vert a closed clockwise trajectory into a counterclockwise one, and do so
without changing the magnitude of the action. Now pg and qg are special
values of p and q, similiar to p and q, they may take on a continuous range
of real values. We conclude that, for this reason alone, transformations that
change the sign of dq  dp should be allowed in the p,q space of Hamilto-
nian mechanics. There is another reason for admitting the transformation
dg dp — —dq dp as an operation that moves points in Hamiltonian
phase—space. On inspection, one will find that reversing the direction of a
motion described by A — B requires that one reverse the direction of the
vectors, and also traverse them in the reverse order. This converts A x B to
—B x —A, that is to —A x B. For the same reason, reversing the direction
of motion converts dq dp to —dq dp. As reversing the direction of
a motion may be brought about by the transformation t — —t, this time
reversal also changes the sign of dq  dp. Time is a parameter in evolution
transformations in (p,q) space, just as is an angle is a parameter in rotation
transformations. Time reversal is an operation that leaves kinetic energies,
potential energies, and H(p,q) invariant. Time reversal defines a symme-
try of every time-independent Hamiltonian that is a quadratic function of
velocities.

There is also another reason, mentioned previously, for distinguishing
physical phase-space from symplectic space. Observers necessarily choose
units of measurement when measuring positions and momenta. When one
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converts measurements from one system to another, the transformation
can be considered to be a dilatation, but it is seldom a symplectic one. For
example, in the conversion between MKS and CGS systems, the numerical
relations are qCG8 = 102qMKS ;nCGS — 13y MKS (OGS _ (MKS [,0GS _

10°pMKS " and the relation between the corresponding units of action is

qCG8 pCGS — (7T MKS [MKS,

Suppose, then, that a change of units multiplies q by a and p by b, both
a and b being positive real numbers. Such a transformation may always
be considered as the composition of a symplectic dilation and a uniform
dilation of q and p. To see this, let a symplectic dilatation convert q to q’ =
e® ¢, and convert p to p’ = e~ “p. Let a = e¥e®, and b = e’e~®. Then e? =
ab, and a/b = e2®. Consequently, the change of units is the composition of a
uniform dilatation with parameter v = In(ab)/2, and a symplectic dilation
with parameter a = In(a/b)/2. For example, in changing MKS units to
CGS units, ab = 107, a/b = 1072, so v = (7/2)In(10), and o = —In(10).

Though scale changes may not convert H(p,q) to H(p'q’), they are
allowed operations in Hamiltonian mechanics, and we conclude they must
be allowed operations in the phase—spaces of Hamiltonian mechanics. We
therefore allow uniform dilatations as well as symplectic dilatations to carry
points in the phase—space of physics into points in the phase—space.

With these observations in hand we are prepared to define our two-
dimensional Hamiltonian phase-space, and the meaning of symmetry in it.

Definition of Two-dimensional Hamiltonian Phase—Space:

The Hamiltonian phase—space of the canonically conjugate variables q,
and p, is the space containing all points that may be carried into one another
by uniform dilatations, and C? diffeomorphisms which leave invariant the
metric

ds? = |dq dp. (3.7.1)
Henceforth, we will use canonical transformation to denote a symplectic

transformation which is C2. We will use canonical diffeomorphism to denote
a symplectic transformation with an inverse, both of which are C?.

Definition of Symmetry in Two-Dimensional Hamiltonian
Phase—Space:

The symmetry of an object in two-dimensional Hamiltonian phase—space is
defined by the group of canonical diffeomorphisms which leaves ds invariant,
and carries the object into itself.
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Two objects have the same symmetry in two dimensional Hamiltonian
phase—space if they can be superposed by canonical diffeomorphisms that
leave the magnitude of dq  dp invariant, or multiply it by a positive real
number.

The transformations dq — — dq and dp — —dp each preserve the
value of dp?+ dq? and |dq  dp|, but not dq  dp itself. These local
reflections, and their counterparts ¢ — —q, p — —p which define ordinary
reflections in Euclidean space, interconvert clockwise and counterclockwise
motions in Hamiltonian phase—space. The symplectic symmetries which
they interconvert are identical symmetries in the Hamiltonian phase space.

Circles of different area have different symmetries in symplectic space,
and cannot be interconverted by symplectic transformations. However, they
have the same symmetry in the Hamiltonian phase—space because they can
be interconverted by uniform dilatations of p,q.

Rotations, the inversion defined by q — —q, p — —p taken together,
the transformation ¢ — p, p — —q, and the transformation q — —p,
p — q — they all preserve the value of both dp?+ dq? and dq  dp. These
transformations, which define symmetries in the Euclidean plane, can also
define symmetries in two-dimensional symplectic space. The two Euclidean
reflections q — —q, and p — —p, leave dp?+ dq? and |dq  dp| invariant.
Consequently, symmetries in a Euclidean space of (p,q) are also symmetries
in the Hamiltonian phase—space of (p,q).

As hyperbolic pseudo-rotations in p,q space are also symplectic trans-
formations, they too can be used to define symmetries in Hamiltonian
phase—space, in the same way as they define symmetries in two-dimensional
spacetime.

Treating transformations in Hamiltonian phase—space as passive trans-
formations, and figures in the space as fixed objects, provides a direct way
to investigate the manner in which the transformations alter the relation
of an object to the (q,p) coordinate system of an observer. The uniform
dilatations, along with the reflections, inversions, and continuous trans-
formations of E(2) leave the object undisturbed, and simply change the
perspective from which it is observed. Clockwise and counterclockwise
motions then become identical motions observed from right-handed and
left-handed coordinate systems. Symplectic transformations in phase space
can interconvert Euclidean symmetries, just as Lorentz transformations in
spacetime can interconvert Euclidean symmetries. One must adopt a non-
Euclidean perspective if one wishes to consider the symmetry of an object
to be unchanged by transformations that are linear and non-Euclidean,
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or nonlinear and non-Euclidean. In the first case, it is simplest to adopt
an active viewpoint. In general, the choice between active and passive
viewpoints must be determined by the physical context, and when this
is not decisive, the transformation is best considered to be a mapping. As
neither the concept of symmetry in phase space, nor its physical impli-
cations, are intuitively obvious, the remainder of this chapter is devoted
to developing examples that establish connections between the geometry
and the physics.

3.8 Symmetries Defined by Linear Symplectic
Transformations

We begin by considering three systems whose Hamiltonians cannot be inter-
converted by symplectic transformations. Fach has a different symmetry in
symplectic space and Hamiltonian phase—space. Define free-particle, oscilla-
tor, and repulsive oscillator Hamiltonians, by respectively:

He, = p?/2, Hosc =p?/2+q%/2, Hiep = p?/2 — /2. (3.8.1)

Hg, is invariant under the translations g — q + a. Hogc is invariant under
rotations about the origin (q,p) = (0,0), and H,ep, is invariant under hyper-
bolic pseudo-rotations about this origin.

The three Hamiltonians are all invariant under symplectic inversions
and the non-symplectic reflections allowed in Hamiltonian phase—space.
Figure 3.8.1a depicts the direction of motion along trajectories deter-
mined by Hg, when E = 1/2. It is designed to be used by the reader to
determine the consequences of reflections in the q axis and the p axis.
Figures 3.8.1b,c similarly depict trajectories determined by H,e, for E
= 1/2 and E= —1/2, respectively. Figures 3.5.5c,d may be used to
determine the manner in which reflections affect trajectories of Hopgc.
Note that in every case, reflection interconverts clockwise and counter-
clockwise motions, as one expects, since each reflection changes the sign of
dg dp.

For each Hamiltonian in (3.8.1), the equations H(q,p) = E directly
determine non-directional phase portraits. The phase portraits for Hg, have
Euclidean translational symmetry in q, these for Hogc have Euclidean cir-
cular symmetry, and those for H,., have non-Euclidean hyperbolic symme-
try. The directional portraits are determined by the equations of motion.

The successive composition of any of the transformations of the lin-
ear symplectic group ISp(2,R) will transform Hamilton’s equations into
Hamilton’s equations. Any object obtained by action of a symplectic
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Fig. 3.8.1 (a) Trajectories of a free particle in phase space. (b), (c) Trajectories
of republic oscillator in phase space.

transformation on the equation Hg, = const. has the same symplectic sym-
metry as Hg, = const. Any object obtained by action of symplectic trans-
formations on the equations Hosc = const. or Hyep = const., has the same
symmetry as Hogc = const. or H,ep, = const., respectively.

The effect of several linear symplectic transformations that alter the
phase portrait of a free particle with Hy, = E = 1/2 is displayed in
Figs. 3.8.2. All have the same symplectic symmetry as Fig. 3.8.2a.

Figures 3.8.3b,c illustrate the effect of two linear symplectic trans-
formations that alter the phase portrait of an oscillator with Hosc = E
= 1/2. All these portraits in Figs. 3.8.3 are considered as having the cir-
cular symplectic symmetry of Fig. 3.8.3a.

Linear symplectic transformations that alter the phase portrait of a
repulsive oscillator with Hyep = E = 1/2 are depicted in Figs. 3.8.4b,c.
Again, the portraits have the same symplectic symmetry as the first por-
trait, Fig. 3.8.4a.
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Fig. 3.8.2 Sp(2) transformation of phase portaits of systems with E = 1/2.
(a) Free particle: Grid [{{a,b}}, Spacings — {6,0}]. (b) Rotation of 2a. (c) Hyper-
bolic rotation of 2a: Grid [{{c,d}}, Spacings — {6,0}].

In this section we have considered all transformations as active. The
reader interested in geometrodynamics may wish to also consider their pas-
sive interpretation in some detail.

3.9 Nonlinear Transformations in Two-Dimensional Phase
Space

Because Hamilton’s equations are differential equations, they directly relate
the properties of adjacent points in phase-space. This is reflected in the
Poisson criterion for a canonical transformation; it is a local criterion.
As a consequence, Hamiltonian mechanics allows local symplectic changes
in scale, changes that vary continuously throughout phase—space. These
canonical transformations involve nonlinear transformations of q and p.
The action of any symplectic diffeomorphism, linear or nonlinear, will trans-
form Hamilton’s equations into Hamilton’s equations, and will not alter the
symplectic symmetry of the Hamiltonian or its phase portraits.

To obtain some of the consequences of these observations, consider,
for example, the transformations

q— q = qexp(aqp),p — p' = pexp(—aqp). (3.9.1a)
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(b) ()

Fig. 3.8.3 (a) Harmonic oscillator. (b) Hyperbolic rotation of 3a. (c) Sympletic
dilatation of 3a.

For them,
{p.d}=1, (3.9.1b)

and

qa=dexp(—aq’p’), p=rp explaqp). (3.9.1c)
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Fig. 3.8.4 (a) Repulisive “oscillator”. (b) Rotation of 4a.

Note that

Pd =pq. (3.9.1d)

The transformations are smooth canonical diffeomorphisms for all real
values of a. They convert the oscillator Hamiltonian of (3.8.1) to

H'(q,p) = (p°/2 + q*/2) cosh(2a q - p) — (p°/2 + q*/2) sinh(2x q - p).
(3.9.2)
Figures 3.9.1-3.9.4. illustrate the phase portraits that arise when E = 1,
and « takes on the values 0, 1/2, 3/2, and 2.

The symmetry of all these figures in phase—space is the same: it is that
of a circle. The action developed in each trajectory is the same. In the old
quantum theory, the energy of each system would be the same.

If one chose to interpret the transformation (3.9.1a) in the passive sense,
one would plot the orbits in a coordinate system Q°, P® related to a Q,P
Cartesian system by the inverse of (3.9.1a), that is by (3.9.1c). An observer
using these coordinate systems would, for each value of a, find all the orbits
to be circles. From the standpoint of the Q,P system, the coordinates would
have unit vectors whose orientations and lengths vary from point to point.
From this standpoint, no symplectic diffeomorphism can alter the Euclidean
symmetry of the circles of Figs. 3.5.5 and 3.9.1. From this standpoint,
all canonical transformations will simply provide the coordinate systems
defining different perspective snapshots of the circles.
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Fig. 3.9.2 q = qe®®, p/ = pe *® a= 1.
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Fig. 3.93 o = qe™®, p/ = pe %P, a =

Fig. 3.9.4 Trajectories with a = 0 and a = 1.
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In the light of this example, one might, at first sight, suspect that all
closed curves have the same symmetry in phase—space. In concluding this
section we wish to show that this is not the case. Consider, for example,
the equation

H(q,p) =E, H=p*/2+q"/2, (3.9.3)
that defines closed curves. It may be obtained from the equation
p?/2+q?/2=E, (3.9.4)

by the transformation p’ — p, ¢ — q2. However, aside from the fact that
this is not a symplectic transformation, no diffeomorphism can convert ¢’
to q2 because the inverse transformation must convert both +q and —q to
the same value of q'.

In subsequent chapters we will consider transformations that are nonlin-
ear symplectic diffeomorphisms in 2N dimensional symplectic spaces. Some
of these will turn out to possess marvelous properties.

3.10 Dynamical Symmetries as Intrinsic Symmetries of
Differential Equations and as Geometric Symmetries

In this section we summarize and generalize the observations of the previous
sections of the chapter.

Hamiltonian mechanics provide an illustration of the manner in which
intrinsic symmetries of differential equations are defined, and then realized
as geometrical symmetries. We have seen that Hamilton’s equations are
converted to Hamilton’s equations by diffeomorphisms that convert a pair
of variables p,q to another pair of variables p’ = P(q,p), ¢ = Q(q,p), which
satisfy the Poisson bracket relation {q,p} = {q’,p’} = 1. Such a pair of posi-
tion and momentum variables is termed conjugate and the diffeomorphisms
that leave {q,p} invariant are termed symplectic.

Geometrization begins when positions and momenta are represented by
coordinates of a point in a space. Vectors q, p and dq, dp are introduced,
and considered to have components on orthogonal axes. It is then required
that all points in the space can be reached by symplectic diffeomorphisms,
transformations that leave invariant a metric, dq  dp. The transforma-
tions that convert Hamilton’s equations to Hamilton’s equations leave this
metric invariant. The space of all points connected by symplectic diffeomor-
phisms is given the name symplectic space. The transformations of Hamil-
ton’s equations can be interpreted as geometric operations in this space. For
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a given Hamiltonian, a symplectic transformation of Hamilton’s equations
either leaves them invariant, or transforms them into those corresponding
to a different Hamiltonian. Symplectic transformations need not preserve
the orthogonality of vectors, so symplectic space is non-Euclidean. However
the set of all symplectic diffeomorphisms contains a Euclidean subgroup.

In order to compare physically significant intrinsic symmetries of equa-
tions arising from different Hamiltonians, it is necessary to allow dilatations
and reflections, as well as symplectic diffeomorphisms, to alter positions and
momenta. In the resulting space, which we have termed Hamiltonian phase
space, intrinsic symmetries of Hamilton’s equations become geometric sym-
metries.

In Chapter 7 this geometrization of Hamiltonian mechanics will be
extended to equations involving n different q’s and their conjugate p’s, a
2n-dimensional P@Q space. The transformation from Hamiltonian dynam-
ics to geometry will thereafter be completed by treating time itself as
a position-like variable. Energy (or rather, its negative) then becomes a
momentum-like variable. The enlarged space is termed PQFET space. Evolv-
ing trajectories in PQ space become stationary curves in PQET space. In
this phase space all dynamics becomes geometry, and every intrinsic dynam-
ical symmetry can be given geometrical interpretation.

Both the meaning and role of symmetry in Hamiltonian mechanics is
evidently larger than physical experience might seem to suggest. This rich-
ness of meaning, and of implication, has its origin in a property of nature,
unknown until the time of Newton and Liebniz: the laws governing the
spatial and temporal development of natural processes can often be
expressed by differential equations. It was over two centuries after the time
of Newton and Leibniz when Lie first realized that differential equations
possess, and define, symmetries. The path taken through the subject mat-
ter of this chapter is a path guided by Lie’s conceptions.

The intrinsic symmetries of most differential equations governing phys-
ical systems are larger, and different, than would be expected from a
knowledge of symmetries in ordinary two- and three-dimensional space,
or four-dimensional spacetime. There are fundamental reasons for this:

(1) Differential equations may have more independent variables than argu-
ments because, without initial conditions or boundary conditions, dif-
ferential equations do not establish fixed functional relations. This has
the consequence that the spaces in which dynamical symmetries find
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geometrical expression can be spaces of dimension greater than that of
ordinary space or spacetime.

(2) The intrinsic symmetries of differential equations are in part determined
by purely local relations, relations between dx’s, dt’s, etc., that do not
of themselves establish, or depend upon, fixed functional relations.

(3) As these local intrinsic symmetries often define metrics that are not
Euclidean metrics, the symmetries often find geometric realization in
non-Euclidean spaces.

The next three chapters lay the mathematical groundwork needed to
understand and exploit Lie’s discoveries in studies of the intrinsic symme-
tries of dynamical systems governed by differential equations.

Exercises:

1. Does the transformation q — p, p — —q, determine a symplectic diffeo-
morphism?

2. Find the phase—space trajectories determined by the Hamiltonian,
H = qp, and plot representative examples of them.

3. After inspecting phase—space trajectories, show that no diffeomorphism
in p q space can interconvert the Hamiltonian of the harmonic oscillator
and: (a) that of the previous exercise; (b) the free-particle.

4. Let v = (q*+ p*)Y/? be a position variable. Show that if f(q,p) is the
corresponding momentum variable, it satisfies the differential equation

(1/r)(a 9/0p —p 8/0q)f = 1,
and find a function f(q,p) that satisfies this equation. What is its general
solution?

5. Let (3.3.2c) and (3.3.2d) arise from a canonical diffeomorphism relating
(q,p) and (q’,p’). Show that

0Q/0q 0P /dp — OP/0q0Q/dp =1
implies

aQ' /oq OP'jap’ — OP'jaq’ dQ /oy’ = 1.
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CHAPTER 4

One-Parameter Transformation Groups

4.1 Introduction

Previous chapters have considered examples of continuous groups of trans-
formations — groups such as those of translation, rotation, hyperbolic
rotation, and dilatation, which act on a set of real variables x with transfor-
mations that depend upon a set of continuous real variables, termed group
parameters. The parameters are not members of the set of variables x. This
chapter deals with fundamental properties possessed by groups of trans-
formations whose operations are labeled by one continuously variable real
parameter. In this and the next six sections we will sometimes distinguish
between initial values, final values, and running values lying between the
initial and final values of variables. Primes will be used to denote running
values and asterisks to denote final values. Variables with neither primes nor
asterisks will denote initial values. We begin with examples that illustrate
key points.

Figure 4.1.1 depicts an active interpretation of the dilatation trans-
formation

x —x =T(a)x, with T(a/)x =xexp(a’). (4.1.1a)

As the running parameter o increases from 0, a point P, with initial coor-
dinate x, takes on coordinates x’, and moves along curves to a final point
at which X' =x*, o/ = a:

x* = T(a)x = xexp(a). (4.1.1b)

The single-valuedness of the function x exp(a’) has an important geometric
consequence: it ensures that only one curve passes through each point.

In Chapter 2 we assumed that the transformations (4.1.1) are those
of a continuous group. Let us prove that this is so. For T(«) to define a

105
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Fig. 4.1.1 Action of Dilatation Transformation x’ = xe® .

continuous group of transformations of x that depends on a parameter, «,
it is first of all necessary that there be an identity transformation, I, for
some value of the parameter, «, such that

T(ag)x =1x=x. (4.1.2a)

In this case, ap = 0. Next, let the transformation T(«)x yield x4, and let
it be followed by a transformation of x, given by T(() i.e.

T(8)xa = T(6)T(a)x. (4.1.2b)
For the transformations to comprise a group it is necessary that
T(8)T(@)x = TR)x, 7 = (8. a). (4.1.2¢)

Since (4.1.2a) and (4.1.2b) hold for a range of x, they state a more abstract
property of the group which may be expressed as

T(B)T(a) =T(v), ~v=¢B,a) (4.1.2d)

The expression v = ¢(8,a) is said to define the composition law of the
group.

The requirement that every transformation of a group have an inverse
is the requirement that for every value of « there must be a value, 8 such
that

T(a)T(B) =1 ¢, B) = ap. (4.1.2¢)

The associative law

T((T(B)T(a)) = (T(y)T(B)T(a), (4.1.2f)
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requires that

¢(7,¢(8,0)) = ¢(6(7, 8), ). (4.1.2¢)
For the transformation (4.1.1), with
x — T(a)x = xexp(a) = x¥, (4.1.3)

the identity transformation is obtained by setting ae = 0. For the composi-
tion of two transformations one has

T(v)x = T(B)(T(a)x) = T(B)xexp(a) = xexp(B) exp(a) = xexp(a + ).

(4.1.4)
The composition law is v = a + §. The identity transformation is produced
if 8 = —a; consequently the inverse of T(«) is T(—a). Note that this inverse

transformation, from x* to x in (4.1.3) may also be obtained by solving
equation (4.1.3) for x.

The reader can directly verify that all of the relations (4.1.2) hold true
for a continuous range of the parameters «, [, v. Once the reader also
verifies that the associative law, Eq. (4.1.2f) holds, it will become evident
that Eq. (4.1.3) defines a continuous transformation group.

So far, in Eq. (4.1.2), we have not considered the range allowed for the
parameters «, (3, and 7. A continuous transformation group acting on real
variables x is termed global if the group parameter may run through the full
range of the reals, —0o < o’ < oo, without carrying real variables x outside
of the range of the reals. In global groups, o’ and ¢’ mod some number, e.g.
2w, may give rise to the same transformation. The reader may verify that
the transformation group defined in this example is a global one-parameter
continuous group.

Figure 4.1.2 illustrates curves determined by the transformations x' =
T(a/)x with

x' =x/(1 - a'x). (4.1.5)

The identity transformation is obtained when o/ — 0. A transformation
with parameter «, followed by one with parameter 3, gives

x" =T(B)T()x = T(B)x/, (4.1.6a)
xX"=x'/(1-p3x"), with x' =x/(1-ax). (4.1.6b)

Thus
W = 1~ ax)} (4.1.6¢)

(1= B{x/(1 —ax)})’
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Fig. 4.1.2 Action of the projective transformation x’ = 1_1a,x.

On rationalizing the denominators one finds
xX"=x/(1—9x) with y=a+g. (4.1.6d)

It follows that the identity transformation is obtained if ' = —a/. The
reader may verify that all the group requirements are met if x and the
group parameter, say o', do not take on values such that 1 — o/x = 0.

A local continuous transformation group of real variables is a transfor-
mation group whose group parameter may have to be restricted in range
to ensure that it transforms real variables into real variables. The transfor-
mation x — x’ = x/(1 — a'x) defines a local transformation group, but not
a global one.

These concepts of real local and global groups may be extended by
allowing the variables x and/or the parameters « to become imaginary or
complex.

4.2 Finite Transformations of a Continuous Group Define
Infinitesimal Transformations and Vector Fields

Let the Greek letter a denote a real group parameter that yields the identity
transformation when it equals 0. It may take on running values o between
0 and a, in a range lying between —oo and +oo. Let x stand for a set of
real variables x; that may also take on values x| between —oo and +oc.
Consider all variables to be running ones, and write

x{ = Fj(x',a). (4.2.1a)
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The requirement that the Fj(x’, ') are continuous functions of their argu-
ments implies that as o/ — 0,

x{ = Fj(x, ') — xj = Fj(x',0). (4.2.1b)
Let us also require that the derivatives
dx'/do’ = dFj(x’,a/)/da’, j=1,2,...,n, (4.2.2a)
are continuous real functions of x’, /. Define
fi(x') = dFj(x', &) /da’)|ar =0, (4.2.2b)
then, as o/ — 0, Eqgs. (4.2.2a) become
dxj/do’ = fj(x'), j=1,2,...,n. (4.2.2¢)

Given these requirements, the transformation group determines a set of

first-order ordinary differential equations in which —oo < fj(x") < + oc.
One may suppose that (4.2.2c) relates infinitesimal changes, o’ in the

parameter o/ and infinitesimal changes 6x’ in the xj, via the n equations

ox) = fi(x)6a’, j=1,2,...,n. (4.2.3a)

From a physical standpoint one may consider that, in some system of
measurement, these equations extrapolate an observed relationship

Ax) = fj(x') Ad’ (4.2.3b)

that continues to hold within experimental error as the observer makes
increasingly refined observations. As an example of this, consider the group
of mathematically defined functional relations

x" =xcos(a) —ysin(a), y* =ycos(a)+ xsin(a). (4.2.4)
For running values of the variables one has
(dx" /da)|ar=0 = (=x"sin(a’) — y' cos(’))|ar=0 = —Y, (4.2.5)
and
(dy” /da")|ar=0 = (—y'sin(a’) + x’ cos(a’))|ar=0 = ¥'.
Also, when o — 0, the variables x” — x’, and y” — y’, so one may write
dx'/dd/ = —y', dy'/da’ =%'. (4.2.6)

An experimentalist studying rotations in the plane might make measure-
ments of increasingly minute values of Ax’, Ay’, and a change in angle, A«’.
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After taking account of experimental errors in the observations, the exper-
imentalist might extrapolate the results to

X' [oa = —y', 0y /6 =%, or 6x' = —y dd/, 6y =x'6a’, (4.2.7)

and imagine 0x’, dy’, da’ to represent arbitrarily small, but nonzero,
infinitesimal quantities. In obtaining these relations, the experimentalist, in
contrast to the mathematician, has made no assumptions about functional
relations and mathematical limits.

However, after obtaining relations (4.2.7) for many repeated experi-
ments, the experimentalist would conclude that functional relations exist
between x',y’, /. For a point Py s that is rotated about the origin, either
set of equations, (4.2.6) or (4.2.7) can define infinitesimal transformations.
Keisler has established the conditions under which infinitesimal quantities
such as dx are well defined, without necessarily being obtained by the lim-
iting process mathematicians use to define differentiation of a function.!
Physicists often switch between the two views. We shall do so as well.

The geometric consequences of (4.2.6) and (4.2.7) are suggested by
Figs. 4.2.1a,b. In them, the infinitesimal increments 0x’, dy’, da’ are
replaced by small finite increments Ax’, Ay’, Aa’. The vector fields illus-
trated in Figs. 4.2.1a,b, may be considered to be composed of vectors
tangent to circles and spirals such as those depicted in Figs. 4.2.1c,d. The
figures could just as well represent electric or magnetic force fields deter-
mined by solving Maxwell’s equations, or determined by measurements such
as those Maxwell describes in his monograph FElectricity and Magnetism.?

Taking a mathematical approach, one finds by differentiating (4.1.3)
that the infinitesimal transformation associated with the dilatation trans-
formation can be expressed either as

dx'/da’ =%/, oras éx' =x'0d’. (4.2.8)

In the same manner, one finds that the infinitesimal transformation asso-
ciated with the finite transformation (4.1.5) is

ox' = (x')? da’. (4.2.9)
A further geometric example is provided by the transformations

depicted by the paths and vector fields of Figs. 4.2.2. The infinitesimal
transformations that define the vector fields are:

6x' =6/, 0y = (y?* —x)éd. (4.2.10)
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Fig. 4.2.1 (a) Vector field Ar = [Ax, Ay] defined by infinitesimal rotations;
(b) vector field [Ax, Ay, Aq] defined by infinitesimal rotations; (c) path curves
of successive finite rotations in the x—y plane; (d) path curve in the space of

(x ¥, ).

The finite transformations that move points along the indicated lines can be
approximated by connecting the arrows. For the figure, this has been done
by numerically integrating Eqs. (4.2.10), beginning at an initial point on
each line. In this last example we have not produced a general equation that
defines the finite transformations. The reason for this will become apparent
in Sec. 4.8 below.
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Fig. 4.2.2 Vector field and finite transformation determined by infinitesimal
transformations of Eq. (4.2.10).

4.3 Spaces in which Transformations will be Assumed
to Act on

We will shortly begin a general investigation of the use of differential
equations to define groups of finite transformations. Before giving geomet-
ric realizations to the transformations, it is necessary to be clear about
the spaces in which the transformations act/move points about. Let, i.e.
X = (x1,X2,...,Xn) represent a collection of n real variables x;, and let
a be a real parameter. Consider transformations that convert x — x* =
(x7,%3,...,x5) = X(x, ), ie., for j=1,2,...,n, one has x] = Xj(x,a).

As before, we will write x* = T(a)x when we are concerned only with
the relation between initial and final values of x and the parameter, and
use the notation x’ = T(a)x when we wish to emphasize that x and o’
can vary continuously. The parameters «, ¢ will always be allowed to vary
over all the reals.

We will deal with transformations that may be nonlinear. As the trans-
formation (4.1.5) demonstrates, such transformations have properties which
make it necessary to proceed with mathematical caution. Unless otherwise
noted, throughout this book we will be dealing with the set RN of N
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continuous real variables z; that may be independently varied over the full
open range of the reals, i.e. —oo < z; < co. Variations of z; that are arbi-
trarily small but nonzero, that is, infinitesimal, will hereafter be denoted
by dz; or §z;. Except when otherwise noted, the variables z; will represent
Cartesian coordinates of points Pz in a FEuclidean space with metric

552 = 672 4 072 + -+ - + 072, (4.3.1)

This space is termed EN. Real variables that do not necessarily have all
the properties of the Cartesian variables z;, will be generically denoted as
x;’s. Often the x’s will be geometrically interpreted as defining points on
a manifold in a Euclidean space. Thus the angular coordinates (6, ¢), of a
point on the unit sphere defined by z% + z3 +z3 = 1, are x’s, as are the z’s,
but 0, ¢, are not z’s. The time coordinate in spacetime will be considered
an ‘x’, except when otherwise stated.

We follow current mathematical usage and require that, by definition, a
function is single-valued. Thus, for example, the relation z3 = +(z7 —z3)'/?
does not define a function; it defines two functions which have misleadingly
been denoted by the same symbol, z3.

As previously noted we will be dealing with transformations which, like
stereographic projections and canonical transformations, are more general
than the linear transformations of vector algebra. Letting x represent a set
of variables, x1, ..., Xy, their transformation from x to x’ will be defined by
sets of functions:

xp =Fi1(x), x4="Fsx), ... ,x,=Fu(x). (4.3.2a)
The inverse transformation will be denoted by
x1 = FIV(x), x93 =FM(), ... ,x, = FIV(x). (4.3.2b)

The transformation x — x’ = x/(1 — ax) has as inverse the transformation
x' — x = x'/(1 + a'x’). These equations define one diffeomorphism when
1—ax <0, orl—a'x’ <0, and another when 1 —ax > 0, or 1 — a'x’ > 0.
They do not define a diffeomorphism when 14+ ax or 1 +a/x = 0.

Lines, surfaces, and hypersurfaces in EN may be defined by sets of diffeo-
morphisms stating functional relations amongst Cartesian coordinates z;.
The number of independent coordinates required to uniquely fix a point
on a manifold is the dimension of the manifold. A manifold is a smooth
manifold if the functions defining it possess partial derivatives of all orders
at it. The two-dimensional surface of a sphere of fixed finite radius is, for
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example, related to the Cartesian coordinates in Euclidean 3-space by fixing
the value of r in the equations

z1 = rsin(f) cos(¢), z2 =rsin(f)sin(¢p), z3 =rcos(d). (4.3.3)

Derivatives of the z’s with respect to € and ¢ are well defined functions
however high their order. The surface of the sphere is thus a smooth man-
ifold. Theorems due to Whitney ensure that any smooth n-dimensional
manifold may be embedded in a Euclidean space of no more than 2n
dimensions.? In this case, a two-dimensional manifold has been embedded in
three-dimensional space. Whitney’s embedding theorems ensure that one’s
natural tendency to use Cartesian coordinates in Euclidean spaces need not
necessarily lead one astray.

The equations defining a transformation may, or may not, establish a
one-to-one correspondence between points P, and P, in EN, or between
points in EN and points on a manifold of the same or lesser dimension.
For example, the stereographic projections illustrated in Chapters 2 and
3, though differentiable, establish a one-to-one transformation between all
points in the infinite plane and points on the surface of a sphere, except
the point at the south pole. Objects that can be interconverted by a dif-
feomorphism are said to be diffeomorphic. In the Euclidean plane, a circle
and an ellipse are diffeomorphic; a circle and a figure eight are not. Some
further concepts related to the concept of diffeomorphism are discussed in
the Appendix.

4.4 The Defining Equations of One-Parameter Groups
of Infinitesimal Transformations. Group Generators

Now, let us return to the problem of determining the relation between
infinitesimal and finite transformations. We first note that the set of equa-
tions

(SXJ{ =6d§(x'), j=1,...,n, (4.4.1a)
or, equivalently, the set of equations
dxj/do’ = §(x'), j=1,...,n, (4.4.1b)
define a one-parameter group of infinitesimal transformations T(dc). This
follows from the following observations. One has:
1. T(0a)T(68) = T(d7), 0y = da+ 605; (a law of composition)
2. T(0) =1 (an identity operation)
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3. T(—0a)T(0a) =T (an inverse for every
transformation)
T(6a)(T(68)T(67)) = (T(6c)T(68))T(d7). (associativity)
(4.4.2a-d)

Associated with the infinitesimal transformation defined by Egs. (4.4.1)
is the group generator, the operator

U =7 §(x')0/ox]. (4.4.3a)

The generator, U, of rotations, determined from (4.2.6), is x'9/0y’'—y’'9/9x’.
As each x’' signifies a variable which may take on all values from x
through x*. For U to act on x means that Ux = Ux'| —x. This is equivalent
to letting

U — 3 §(x)0/0x;. (4.4.3b)
One has
(1+6a U)xs =x +0a &(x) =x1; x1 = x5 + 0x;. (4.4.4)

The operator (1 4 da U) carries out infinitesimal transformations: it is an
expression for T(da).

Taken in the active sense, (1 4+ daU) moves a point with coordinates x
to the point with coordinates x’ = x + dx = x + daUx. A point so moved
is termed an ordinary point. However, if all the functions & (x) vanish at
a point, Py, the point is not moved by the transformation, and is termed
an invariant point or critical point. The point at the origin x = 0 is an
invariant point of the transformation determining Fig. 4.4.1, and of two
of the transformations used as examples in Sec. 4.3.

If one supposes the variables x; to be Cartesian variables z; in a
Euclidean space, then

UZi = fj(Z), (445a)
and one may write
U=¢-V, V=(0/021,0/07a,...,0/0%). (4.4.5b)

At each point P, the vector £ points in the direction that the infinitesimal
transformation moves P,. The vector fields of Ar’s in previous figures are
depictions of vectors, £&. The path curves in Fig. 4.4.1 represent trans-
formations in Euclidean space generated when & = (y'z', —x'z',x'y’"). The
tangent vectors to the path curves at the points Py v, are A« times the
£ at the respective points.
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Fig. 4.4.1 Two finite transformations of a one-parameter group with generators
V=XA X=(zy, —zx, Xy).

Because the generators U are first-order differential operators they
possess the property of derivatives
Uf(x)g(x) = g(x)Uf(x) + {(x)Ug(x). (4.4.6)

Making use of (4.4.4), the composition of two successive transformations
of x with parameters da; and day may be expressed as

(1+6a2U)(1+ a1 U)x = (1 + (b + dag)U)x + danda; UUx.  (4.4.7a)
Thus, if UUx is finite,
(14 6a2U)(1 + 6o U)x = (14 (bag + dory)U)x 4+ O(62). (4.4.7b)

This equation suggests a number of relations that will be investigated in
the remainder of the chapter.

4.5 The Differential Equations that Define Infinitesimal
Transformations Define Finite Transformation Groups

In this section we establish the conditions required for the set of equations

da’ = 6y1/61(y") = dya/6a(y') - = dyn/&a(y), (4.5.1)
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which define infinitesimal transformations of the ny, to also define a group
of finite transformations. We begin by observing that for each value of j
from 1 to n, Egs. (4.5.1) imply that

b Yb
/ do/ = Apa=b—a= / oy /& (y')- (4.5.2a)

a

Similarly,

C Ye
/ bo' = Ay =c—b= [ oy/&(). (4.5.2b)
b

Yb

Path curves developed by successive integrations in a three-dimensional
space are illustrated in Figs. 4.5.1a,b.
Because the process of integration possesses the composition property

c b c
/ dg+/ dg:/ dg, (4.5.3)
b a a
b c c
/ 50/—1—/ 50/:/ 5o, (4.5.4a)
a b a

(b—a)+(c—b)=c—a. (4.5.4b)

it follows that

just as

Using this observation one easily establishes that integration can be con-
sidered an operation that defines a group in which the law of composition
is addition.

Because each of the terms dy/&(y’) in (4.5.1) satisfy the relation
dy;/&(y") = éa’, one also has

Ye Yb Ye
[ avraen = [ avjeen+ [ avse. (4540
Ya Ya Yb
From the geometric standpoint illustrated in Fig. 4.5.1c, the transforma-
tion in which o’ ranges from a to b carries the coordinates of the point
P, from y = y, to y = yp. This transformation may be expressed as
b = T(Apa)ya. The transformation in which o’ ranges from b to ¢ carries
y from yp, to y. and may be expressed as y. = T(Acp)yp. The transfor-
mation in which o’ ranges from a to ¢ carries y from y, to y. and may be
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Fig. 4.5.1 Addition of the finite transformation of a one-parameter group.

expressed as y. = T(Aca)va- In terms of the notation of Sec. 4.1, we have,
from (4.5.4):

T(Ae)T( Do)y = T(Ae)y:  Acw = Acp + A, (4.5.5)
From (4.5.4) that it also follows that
T(0) =1, (4.5.6)
the identity transformation. One easily also finds from (4.5.4) that
T(A)T(-A) =1, (4.5.7)

and that

T(As)(T(A2)T(A1)) = (T(A3)T(A2))T(A1). (4.5.8)
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Consequently, if the differential equations (4.5.1) that define a group of
infinitesimal transformations are, in principle, integrable, they also define
a group of finite transformations.

The transformations above may be put in standard form by replacing
the parameter changes A by a parameter, signified by a lower case Greek
letter, that yields the identity transformation when it is set equal to zero.
The composition law (4.5.5) then becomes, e.g.,

T()T(B)y =Ty, v=B+a. (4.5.9)

An example of this replacement is provided by the transformation x* = ax.
Replacing a by exp(«), one obtains the transformation x* = exp(«)x, which
becomes the identity transformation when « approaches 0.

These results lead to the following observations:

1. The group property of the operation of integration imposes finite group
structure on sets of first-order ordinary differential equations if the equa-
tions possess solutions that may be expressed as functions of the “inde-
pendent variable,” which becomes the group parameter.

The solution curves of the set of differential equations (4.5.1) are path curves
of a transformation group T(«). The operations of the group, integrations,
evolve solutions from initial data. Acting at any point on a given solution
curve, they carry the point along the solution curve. They may be said to
convert the solution curve into itself. Consequently:

2. The differential equations define a group structure, and an intrinsic sym-
metry, which they themselves possess.

This intrinsic symmetry becomes a geometric symmetry when, as in the pre-
vious figures, the variables are given a geometric interpretation. The intrin-
sic symmetry, and the geometric symmetry, becomes a dynamical symmetry
when the variables represent dynamical variables.

4.6 The Operator of Finite Transformations

The function " has the well known power series expansion
eV = 33w"/nl. (4.6.1)
If one formally replaces w by aU in it one obtains

exp(aU) = X3° (aU)" /nl. (4.6.2)
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It is also true that

exp(w) = lim (1 +w/n)", (4.6.3a)
n—oo
and one expects that
exp(aU) = lim (14 oU/n)". (4.6.3b)

If U= %} &(x)0/0xj, then when exp(alU) acts on functions of the xj,

(4.6.3b) represents its action as the limit of a continuous succession of
infinitesimal transformations each with operator (1 + daU), in which da =
a/n. With this observation as a motivation, let us explore the idea that the
finite transformation

x = x"=T(a)x, x=(X1,...,Xn), (4.6.4)
defined by
xj —x; = Xj(x,), j=1,...,n,
can be expressed as
xj — xj = exp(alU)x;, (4.6.5a)
with
X;(x, o) = exp(alU)x;. (4.6.5b)

Because the transformation depends continuously upon x and «, it is nec-
essary that Eq. (4.6.5) hold true for all x’ ranging from x to x*. Because of
the differentiabilty requirement on (4.6.4), one must have
dx}/da = dXj(x', @) /dex (4.6.6a)
so one must also have
dx!/da = d(exp(aU)x!)/da,
! ! (4.6.6b)
= exp(aU)Ux].

The group property requires that these equations must hold in the limit
a — 0. Now

(dX(x', @) /da)ja=0 = &(x'), (4.6.7a)
and
(exp(@U)Ux])ja=0 = UX]. (4.6.7b)
Thus if
U =X} §(x')9/0x], (4.6.7¢)
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then exp(aU)x; satisfies the differential equations satisfied by the X;(x, a).
Since both exp(aU)x; and X;(x, «) yield the identity transformation when
a — 0, it follows that, as conjectured,

X;(x, a) = exp(aU)x;. (4.6.8)
Thus, a transformation with generator U can be expressed as
T(a)x = exp(aU)x. (4.6.9)

Putting these last two equations together, and recalling that each
Xj(x, a) is defined by integrating Eqgs. (4.4.1), one concludes that in (4.6.9)
the operation of integration has been converted into one of exponentiation.

It is important to note, however, that for the series and product expan-
sions of exp(aU)x to be valid, the functions &(x') in (4.6.7¢c) must be
infinitely differentiable, and the expansion must converge.

When the group parameter « is so related to physical time, t, that
da = dt, the group becomes the evolution group of the dynamical system
governed by the differential equations that define the group. As an example
of this, consider Hamiltonian’s differential equations (3.3.3), viz.,

dq;/dt = 0H(q,p)/0p;j, dp;j/dt = —0H(q, p)/dq;. (4.6.10a)
They can be rewritten in the form
dt = dq;/(0H(q, p)/dp;) = dp;j/(-9H(q, p)/dq;), (4.6.10b)
and define the group generator
U= —(0H/dq; 0/0pi — OH/0p; 9/0q;). (4.6.11)

This generator is often written as {—H-}, where, for any function A(q,p),
the operator

{A} = (DA /D 8/dp; — OA/dp; D)D), (4.6.12)

is a “Poisson Bracket waiting to happen”. The corresponding evolution
operator exp(t{—H-}) acts on q,p to give q¢* = Q(q,p,t),p* = P(q,p,t),
the values of the position and momentum vectors at t, given their initial
values ¢, p at t = 0. If F(q, p) is an analytic function of q, p, then its value
evolves to F(Q(q,p,t),P(q,p,t)) = exp(t{—H-})F(q, p).

As the motions of a system of particles express the action of a one-
parameter group upon the positions and momenta of the particles, they
express a dynamical symmetry of the system. In subsequent chapters, oper-
ators exp(a{A-}) that convert solutions of the equations of motion into
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different solutions will be shown to express dynamical symmetries of the
system in addition to the symmetry expressed by exp(t{—H-}).

When the functions &(x’) are sufficiently differentiable, approximat-
ing exp(aU) by a finite product (1 + aU/n)” can provide a conve-
nient way of programming computers to approximately integrate sets
of autonomous first-order ordinary differential equations. The expansion
exp(aU) = Xg(aU)™/n!, which is also used to develop approximate series
expansions of the solutions of differential equations, is sometimes termed a
Lie series expansion. Consider for example the equations

dx'/dt' =y', dy'/dt =%. (4.6.13a)
Here
U=y'0/0x" +x'/0y’. (4.6.13b)
One has
Ux' =y, Uy =x; U =%/, U%y/ =vy/,.... (4.6.14)

If x, y are the values of X', y’ at t' = 0, the Lie series expression for the final
value of X’ at t/ = t, is

x* = exp(t’U)x' = x/(1 + t/2/20 +t" /41 + )+ y/ (¢ +t3/3 +--+)
— x cosh(t') + y sinh(t"). (4.6.15a)
The corresponding Lie series expansion of exp(t'U)y’ produces
y* = ycosh(t") + xsinh(t'). (4.6.15b)

In most cases the series expansion one obtains is not that of easily rec-
ognized functions, and one simply retains a finite number of terms in the
expansion and so obtains approximate solutions of differential equations.

4.7 Changing Variables in Group Generators

It is often useful to change variables in the generator U. Let the diffeomor-
phism

X; = fj (}()7 X] = fjil’l(x/)7 (4.7.1)

determine a change of coordinates x <> x’. Using the chain rule one sees
that U remains a first-order differential operator, and one may write

U =13 &(x)0/0x; — Iy &.(x")0/0xy,. (4.7.2)
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To determine the form U takes in the x’ coordinate system one need only
determine the functions £ (x'). In the x’ system one has

& (x') = Uxy, (4.7.3)
with x{ = fj(x). Hence
Uxy = U fi(x) = X &(x)0fk(x)/0x;. (4.7.4)

Denoting Ofi(x)/0x; by fi; (x), one uses the inverse transformation
x = fi"v(x’), to convert the right-hand side of (4.7.4) to a function of x’,
obtaining

L) = Uxle = 55 (7™ () iy (7 (x')). (4.7.5)

As an example, let us express the generator of rotations in the z1—zo plane,
viZ.,

U =12y 0/022 — 22 0/071 (4.7.6)
in the polar coordinates defined by
x) =1 = (224222, xy =0 = arctan(zy/z1). (4.7.7a)
The inverse transformation functions, f"V, are given by
z1 =rcos(f), zo =rsin(6). (4.7.7b)

In the left-hand side of (4.7.2) one has &5 = —z2, £ = 21, so the fundamental
Eqgs. (4.4.1) take on the form

dz{/da’ = ¢(2');, (4.7.8)
and require
dzy /doa = =z, dzh/da’ = 7). (4.7.9)
Applying U to r and 6, one finds
E&=Ur=0, &=U0=1. (4.7.10)

Consequently, in the polar coordinate system, U = 9/96, and Egs. (4.7.9)
are replaced by

df/da =1, dr/da=0. (4.7.11)

In this example, because the £’ turned out to be constants rather than
functions of the original variables, it is not necessary to use the inverse
transformation to express them as functions of the new variables. The exer-
cises contain examples that require the reader to use the inverse transfor-
mation to obtain the final results.
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In the example just given, the change of variables converted the differ-
ential equations (4.7.9) into the much simpler form (4.7.11). This simplifi-
cation is a special case of a very general result to be described in the next
section. (In it we will cease using primes to distinguish running values of
variables.)

4.8 The Rectification Theorem

The following theorem has been termed by Arnold the fundamental theorem
of the theory of ordinary differential equations.*

Theorem 4.8.1. Let = represent a set of real variables. If the functions
&(x) in the equations

dxj/da=¢&(x), j=1,...,n< o0, (4.8.1)

are differentiable functions of class CX,k > 0, then in the neighborhood of
every point Py that is not a critical point, there exist open regions in which
local diffeomorphisms x —y = ¢(x1,Xa, ...) convert these equations to

dyi/da=1, dyj/da=0, j=2,...,n. (4.8.2)

The adjective ‘local’ implies that different diffeomorphisms may be required
in different regions. The adjective ‘open’ means that each x; and each y; lies
in an open region between two real numbers a; and by, e.g., a; < x; < b;.

From the theorem it follows that the generator U = X1¢;(x)0/0%; of the
group defined by (4.8.1) can be converted by one or more diffeomorphisms to
the form U = 0/0y1, except in the region of a critical point, where U = 0.

Canonical coordinates are coordinates y = (y1,y2,...) in which U takes
on the form 9/dy;.

Figures 4.8.1 illustrate the result of converting Eqgs. (4.7.9) to the cor-
responding equations in canonical coordinates, (4.7.11). They are designed
to emphasize that canonical coordinates are not necessarily Cartesian coor-
dinates in a Euclidean space, but can, for example, be locally orthogonal
coordinates of the sort discussed in Sec. 2.7.

The most direct general method for converting a group generator U =
X1 &(x)0/0%; to the rectified form U = 9/9y; is to integrate Eqgs. (4.8.1)
in the form

dx;1 /&1(x) = dxa/&a(x) ... = dxn/én(x) = da. (4.8.3)

This method was illustrated in the previous section. It often requires mak-
ing a number of substitutions and finding a number of integrating factors
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before one arrives at the final Eqs. (4.8.2). However, some equations cannot

be integrated analytically. This is the case for Egs. (4.2.10), which allow no

integrating factor. Nevertheless, the theorem guarantees that if the func-

tions are at least C!, there exist diffeomorphisms which convert the x’s to

local or global canonical coordinates y.

In physical applications, the most common functions that are not at

least C! are step functions, which are discontinuous and have discontinu-

ous first derivatives, and sawtooth functions, which have discontinuous first

derivatives. However in physically relevant equations, such as those of elec-

tric circuit theory, these functions approximate to smoother functions. They
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are themselves commonly approximated by truncated Fourier expansions,
i.e. by analytic functions.

On integrating Eqs. (4.8.2) from o/ = 0 to «, one obtains the finite
transformation

y1— V1 +Oé, Yi =Y j:27"'7N7 (484>

valid within each range of x = (x1,...,xn), for whichx and y = (yj,...,yn)
are related by a particular diffeomorphism. The most common natural
effects limiting the range of a rectifying diffeomorphism are those that pro-
duce closed solution curves and open solution curves in different regions,
and those that produce a chaotic or turbulent mixture of closed and open
curves in some regions. No diffeomorphism can transform closed curves into
open ones, or vice versa (see the appendix of this chapter).

An example of a set of ODEs that requires two different diffeomorphisms
is provided by the set of equations

dx/dt =x(1 —x* —y%) —y, dy/dt=y(1—x*—y?) +x. (4.8.5)

This pair of equations occurs in the theory of predator—prey relations. For
example, x(t), may represent a deviation from the mean concentration of
arctic foxes, and y(t) may represent a corresponding deviation of the con-
centration of arctic hares from their mean value. In the abstract polar
coordinates defined by x = rcos(d), y = rsin(f), Egs. (4.8.5) become

dg/dt =1, dr/dt=r—1". (4.8.6)
Interpreting t as a group parameter, the corresponding Lie generator is
U=0/00+ (r —1*)9/0r, (4.8.7)

and exp(tU) acts as an evolution operator. It evolves r and 6, and hence
the species concentrations x,y, from their initial values at to = 0 to their
values at time t. Inspecting these equations one observes that dr vanishes
when r = 0, 1. In the latter case, as 6 varies from —7 to + 7, r describes a
circle of unit radius. In both cases dr/dt = 0, df/dt = 1, and the equation
is rectified. On the other hand, if initially r lies between 0 and 1, then in
(4.8.6) dr/dt is positive, and as t increases, r increases — approaching, but
never reaching, 1. Conversely, if r is initially greater than 1, then r decreases
as t increases, and r approaches the unit circle. If r initially = 1, it remains
so, and r rotates with constant velocity in the space of arctic foxes and
rabbits. Solution curves of each type are illustrated in Figs. 4.8.2 in which
x and y are treated as Cartesian variables in a Euclidean plane. Note that
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hares

(©)

Fig. 4.8.2 Local transformation and limit cycle behavior determined by
Eqgs. (4.8.5).

for the circular solution, # and 6 + 27 are equivalent, while on the spiral
solutions € must range through all the reals to describe the system.

Let us determine local canonical coordinates of the system when r # 1.
Different transformations are required when r < 1 and when r > 1. Equa-
tions (4.8.6) imply that

dr/df =r — 13 (4.8.8a)
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Hence

B ~ [din(r/(x* = 1)V?), r>1,
d = dr/(r —1%) = {dln(r/(l —12)M2), 0<r<1.

Multiplying these equations through by two, one can replace them by

(4.8.8b)

d(20) = din(r?/(r* - 1)), r>1, (4.8.8¢)
d(20) = din(x?/(1 —1?)), 0<r<1. (4.8.8d)
Integrating these, one obtains the solutions in a form valid over both ranges:
exp(—260)(r? —1)/r? =k, (4.8.8¢)

where
k = exp(—26p)(r3 — 1)/x2. (4.8.8f)

If the initial value of r is < 1,k is negative and r must remain less than 1.
If the initial value of r is > 1,k is positive and r must remain greater
than 1. If we define s = exp(—26)(r> —1)/r?, then in each case s is constant
and ds = 0. If r is initially 1, k = 0, and s = 0, as is ds. In this case, in
(4.8.8g), exp(—20) is indeterminate.
Returning to (4.8.8a—d) we see that transforming to 6 and s variables
converts these equations to the rectified form

do/dt =1, ds/dt = 0. (4.8.9)

However we must no longer suppose that 6 and 6 4+ 27 are necessarily
equivalent, because, even though s remains constant, when s is nonzero, r
varies with s in such a manner that () and r(6+ 27) do not have the same
value. Thus when rg is neither one nor zero, # must be considered to be a
noncyclic coordinate.

Equations (4.8.5) have limit cycle solutions that, in general, approach
but do not reach the cyclic solution which acts as a stable attractor. The
practical utilization of stable attractors has a long history. Since the days of
De Forest, electrical engineers have utilized negative feedback to stabilize
electrical oscillations. And, much before that, Watt designed a governor
which utilized centrifugal force to ensure that his steam engines would settle
down to a constant running speed.

Long before the arrival of Europeans, native American hunters were
aware that populations of predator and prey species oscillate in near syn-
chrony, the peaks of each population being separated from the other by
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a few years. Eighteenth and nineteenth century fur trade records of the
Hudson’s Bay Company appear to have led to the realization that these
populations obey rate equations with limit cycle solutions.®

A variety of chemical kinetic equations that produce concentration oscil-
lations can have the same property — a property which can also be respon-
sible for stable oscillatory behavior in biological systems.

If limit cycle oscillations become very small, the attractor approaches a
point, and the corresponding biological system exhibits homeostasis. Oscil-
latory chemical concentrations can develop when an autocatalytic reac-
tion and an autodepressive one are chemically coupled. They are of central
importance in Turing’s reaction—diffusion theory in which chemical concen-
tration waves produce cell differentiation and biological morphogenesis.®

Equations (4.8.5) were chosen to provide an instructive example of the
workings of the rectification theorem when the required change of variables
is different for different ranges of the variables x,y, or r, 6.

Differential equations with solution curves of differing topologies are of
common occurrence. For example, objects moving under gravitational or
electrical attractions typically have both closed orbits and open orbits. In
latter chapters it will be shown that this presence of both open and closed
orbits in classical Kepler systems affects the dynamical groups of quantum
mechanical Kepler systems as well as their classical counterparts.

4.9 Conversion of Non-autonomous ODEs
to Autonomous ODEs

The set of non-autonomous equations

dx;/dt = fi(x,t), j=1,...,m, (4.9.1)

can always be converted to a set of autonomous equations with the same
solutions. To accomplish this, one supplements the equations with the fur-
ther equation dt/dr = 1, and then replaces them with the autononomous
equations

dt/dr =1, dxj/dr =fj(x,t), j=1,...,m. (4.9.2)

When using this autonomous extension of the non-autonomous Egs. (4.9.1),
one needs to keep in mind that though dt = dr, the variables t and 7 may
not only differ by a constant; one may also be confined within a closed
interval, while the other is not.



130 Dynamical Symmetry

Equations (4.9.2), being autonomous, define a group generator
V =9/0t + X f(x,1)0/0x;. (4.9.3)

Exp(7V) acts on initial values of x and t to yield solution curves of
Eqgs. (4.9.1), defined by the m+1 equations

t—t =t+r, xj—>x_ (Xtﬁ) (4.9.4)

If one considers dt and dr to represent physical time intervals, it does
not follow that t or 7 represent physical time; in physics, as currently under-
stood, it is necessary that the variable representing time be noncyclic. If t
happens to be a cyclic variable, one may choose 7 to be noncyclic. The phys-
ical system obeying Eqs. (4.9.2) is then a dynamical system, and its symme-
tries may be said to be dynamical symmetries. The solutions of (4.9.2) then
define an evolution curve in space of variables 7,t,x that includes time. V
is the generator of evolution, and exp(7V) is the evolution operator.

Equations (4.9.1) may be expressed in canonical coordinates as

dy,/dt' =1, dy;/dt' =0, j=2,...,m. (4.9.5)
The variables y,t’ are related to the variables x,t by diffeomorphisms of

the form

tﬁt/:T(taX% Xy =y = ¢(X t)
v (4.9.6)
t' =t =T (t',y), ¥ = X = Yjinv (v, t').

Supplementing Eqgs. (4.9.5) with the equation dt’'/dS = 1, they may be
rewritten as
dt’/dg =1, dy;/dB=1, dy;/dg=0, j=2,...,m. (4.9.7)
The evolution generator is then V' = 9/9y; + 0/0t" and the group parame-
ter is 8. The solutions of the equations are defined by t' — 3 = a, y1 — 8 = b,
yj =¢j, j = 2,...,m. One may use the first equation to eliminate 3 from
the second, obtaining y; — t’ = c¢1, and let the solutions involving y be
denoted by the n equations ¢;(y,t') = ¢j, j = 1,...,n. The discussions of
this section lead to the following result:
The solutions of the equations
dx;/dt = fi(x,t), j=1,...,m, (4.9.8)
with f; that are C' functions may be put in the form
pi(x,t) =¢, j=1,...,m. (4.9.9)

This statement follows from the form of the solutions to (4.9.5), which is
obtained in the previous paragraph, and the diffeomorphisms (4.9.6); these
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together yield
i(x,t) = ¢((x,t), 7(t, x)). (4.9.10)

4.10 N-th Order ODEs as Sets of First-Order ODEs
A second-order ODE such as
d?y, /dx? = f(yy,dy; /dx, x), (4.10.1)
may always be expressed as the pair of first-order ODEs. One simply lets
dy,/dx =y, dys/dx = {(y1,y2,%). (4.10.2a,b)
In a similar manner, any m-th order ODE which can be put in the form
d™y1/dx™ =1{(y1, ..., ¥ym;X), (4.10.3)

can, on writing dy,/dx = y. x, be expressed as a set of first-order ODEs:

Yix=VY2, Y2x=V¥3 Ym-1x=Ym Ymx= f(y, X). (4-10.4)
This is a special case of the set of first-order ODEs
dy;/dx —fj(y,x) =0, j=1,...,m. (4.10.5)

4.11 Conclusion

Any finite set of ordinary differential equations defined by sufficiently
smooth functions may be converted to a set of first-order autonomous equa-
tions

dyi/oa’ =¢&(y'), j=1,...,n, (4.11.1a)
and expressed as

oy1/&(y") = 0ys/6a(y') = -+ = dyn/&a(y’) = da’. (4.11.1b)

The rectification theorem guarantees that if the &(y’) are at least C' func-
tions, then these equations at the very least define local one-parameter
groups acting within open intervals of the y’s, and the equations may define
a global transformation group. The generator of a group defined by (4.11.1)
is U = % &(y)0/0y;.

When Egs. (4.11.1) are integrated over finite intervals, as the inte-
gration proceeds, the variables yJ{ change from their initial values y; =
Yi(y,0) to their final values y; = Yj(y,7). In each successive inter-
val, Aa, AQ,..., the integration process defines a finite transformation
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Ay = T(Aa)y, Ay = T(AB)y,..., of the variables y;. The group com-
position law, T(AS)T(Aa)y = T(AB 4+ Aa)y, follows from the fact that
integration over two successive intervals gives the same result as integration
over the total interval.

The finite transformations of the group, T(a)y;, may be expressed as
exp(aU)y;, an expression which formally satisfies the differential equations
(4.11.1). The expression can provide a convenient means to evaluate, or
approximate, the effect of the transformation.

The operations of the group defined by (4.11.1) develop a solution of the
differential equations through any given initial point; they carry each solu-
tion of the equation into itself. The equations are thus invariant under the
operations of the transformation of the group they define; they possess the
intrinsic symmetry so defined. It will be shown in the next chapter that such
systems of ordinary differential equations possess further intrinsic symme-
tries.

Appendix A. Homeomorphisms, Diffeomorphisms,
and Topology

As previously noted, a homeomorphism is a one-to-one invertible transfor-
mation

xj = x5 = fij(x), x| —x5= fjin(x)

with transformation functions f and fi* that depend continuously upon
all their variables in the range allowed for these variables. The equation
x — y = x2 has two roots x = %y, so the inverse transformation y — x is
not one-to-one. In this case, the transformation is not a homeomorphism
if y is allowed to have both positive and negative values. Any polynomial
equation y = P(x) that defines a transformation over a range of y in which
the polynomial has roots with different values, will fail to define a homeo-
morphism.

Considered in an active sense, because it is defined by continuous func-
tions, a homeomorphism carries contiguous points P, and Py, into contigu-
ous points P/, and P} . Pairs of geometric objects such as lines, surfaces, and
hypersurfaces, that are transformed into each other by a homeomorphism
are termed homeomorphic. By definition, homeomorphic geometric objects
have the same topology. A square and a circle are homeomorphic, but a
circle and a straight line are not.

Diffeomorphisms map noncompact regions into noncompact regions. If
a diffeomorphism acts within a compact subregion of the open region over
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which it is defined, the diffeomorphism will map the compact region into
a compact region. A square and a circle in the Euclidean plane are not
diffeomorphic because components of the vector r = (21, z2) from the origin
to points on the boundary of the square do not change smoothly at the
corners of the square.

The following equations define the C*° diffeomorphisms indicated:

y =exp(x), x =1In(y), —co<x <00 —0<y < o0;
y=x/(1-x%x), x=y/(1+y), —co<x<1—>-1<y< o0
(x,y) — (¥,y') = (xe?,yeP), with a, b real.

The following do not define diffeomorphisms for the reasons indicated:

i,y = exp(lx]), [x| = In(y), —00 < x < 00— 0 <y < oc;
dy/dx is discontinuous at x = 0.

ii. Any transformation from angular coordinates of points on a sphere
to angular coordinates on a torus; the topologies of the surfaces are
different.

A C* diffeomorphism becomes an analytic transformation iff the func-
tions fj(x),f](x) can be expressed by convergent power series expansions
over the range allowed to x. The expansions need not be about a single
point, but may be about a set of points. (If the power series expansion of a
function is convergent about all points, the function is said to be an entire
function.)

Exercises

1. Determine the infinitesimal transformations and generators of the fol-

lowing finite transformations:

a. x = (X2 =+ 205)1/27 y/ — (y2 _ 04)1/2;

b. X' =x/(1 - ax), y =y/(1 — ax);

c. X' =e%*(xcos(a) —ysin(a)), y' = e*(xsin(a) + y cos(a)).

2. Let a be a continuously variable parameter. Can the transformation
x' = 1/(x + a), be that of a Lie group with group parameter a, or
function of a?

3. Determine the finite transformations produced by the groups with gen-
erators
a. x(x0/0y — yd/0x);

b. x0/Jy — y0/0x + kd/dz, where k is a constant.

4. Does the transformation defined by Eq. (4.2.10) have any critical points?
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5.

No

Dynamical Symmetry

What are the ordinary differential equations that define each of the fol-
lowing group generators?

Uy =x0/0y — y0/9x, Uy = x0/9(ct) + (ct)d/Ix, Us = xUy,

Uy = xUsy, Uy = ctUs, Ug = x9/9x + y9d/0y + td/ 0K,

Ur = (x* 4+ y? — ct?)0/9x — 2xUs,

Ug = (x* +y? — ¢?t%)9/0(ct) + 2ctUs.

. Plot the two-dimensional vector fields associated with the Lie generators

U; through Us in problem (5).

Plot the three-dimensional vector fields associated with the generators
U, Uz, Us, and plot the corresponding fields in the three two-planes in
which x, or y, or ct, is zero.

Consider the transformation defined by:

s1= kx/(x*+y?—c?t?), so = ky/(x?+y?—c?t?), s3 = ket/ (x> +y?—c?t?),

where k is a positive constant and c is the velocity of light. Calculate
s2+4s3—s3, and determine the corresponding inverse transformation from
S = (Slu 52, 83) to (Xu Yy, Ct)'

. Transform the U’s of problem 5 to Lie generators of the form W =

E&j (S)a/aSJ‘.

te: Problems 5 through 9 all relate to material that will be discussed in

subsequent chapters.
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CHAPTER 5

Everywhere-Local Invariance

5.1 Invariance under the Action of One-Parameter Lie
Transformation Groups

In this chapter we characterize the invariance of functions, equations, met-
rics, and ordinary differential equations under the action of Lie transforma-
tion groups. All the discussions will deal with invariance that is independent
of the value taken on by a group parameter. We will not consider discrete
invariance transformations, or invariance that holds only for discrete values
of a group parameter, e.g. transformations such as

exp(2m0/0x) sin(x) = sin(x + 27) = sin(x). (5.1.1)

A function f(x) is invariant under the actions of a Lie transformation
group with operator exp(aU), U = X §(x) 0/0x;, iff for all allowed values
of x and «,

f(x) =f(x'), x =exp(al)x. (5.1.2)

If f(x) is differentiable, then invariance requires that 9f(x’)/0a = 0, along
each path curve x' = exp(aU)x, regardless of its initial point P,. Now

Of(x")/0a = Of (exp(alU)x)/da = f(U(exp(aU)x)) = Uf(x').  (5.1.3)

Because of the group property, every point on each path curve may be
considered an initial point of the group action as well as a point obtained
by an infinitesimal or finite transformation of the group, so one may let
a — 0 in (5.1.3) after taking the derivative. Then x’ — x, and Ux’ — Ux.
The right-hand side of (5.1.3) then becomes Uf(x), and

Of(x') /0 aeo = Uf(x). (5.1.4)

135
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Thus one obtains:

Theorem 5.1.1. A differentiable function f(x) is invariant under the
action of a one-parameter Lie group with generator U iff

Uf(x) =0 (5.1.5)
for all allowed values of x.

This criterion for invariance is purely local. It is equivalent to requiring that
for arbitrary dc,

f(x") = (1 + da U)f(x) (5.1.6)

for all allowed values of x’. The group property of the transformation,
together with the assumed differentiabilty of f(x) for all values of x, assures
that the local invariance holds around each successive point reached by the
action of exp(aU) on x. Thus the global invariance of a function under the
action of a continuous group is a consequence of local invariance everywhere.

We next characterize the invariance of equations under a one-parameter
group of transformations. Given an equation of the form g(x) = ¢, where
¢ is a constant, and g is everywhere differentiable, let f(x) = g(x) — c.
The resulting equation f(x) = 0, will be invariant under the transformation
x — X' = exp(aU)x iff

f(x')=0 (5.1.7a)
when
f(x) = 0, (5.1.7b)

for all values of a, and for all values of x such that f(x) = 0. Let it be sup-
posed that f satisfies no other independently valid equations. In particular,
suppose that f(x) is not of form g(x)? h(x), that contains repeated factors
g(x) which themselves vanish. With these restrictions in force, there are
only two ways in which exp(aU) can leave the equation invariant. Either:

i) the transformation leaves the function f(x) invariant for all values of x,
or,

ii) it leaves the equation f(x) = 0 invariant for values of x satisfying
f(x) = 0. (This can only happen if Uf contains f(x) as a factor.)
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Both possibilities are subsumed in:

Theorem 5.1.2. If {(x) is a differentiable function containing no repeated
factors, satisfying an equation f(x) = 0 and no other independent equation,
then the equation f(x) = 0 is invariant under the action of a one-parameter
transformation group with generator U iff

0= Uf(X)lf(X):O. (518)
That is to say Uf(x) =0 for all values of x such that f(x) = 0.

Just as in the previous theorem, global invariance under the action of
a continuous group is determined by a purely local invariance that is valid
for all allowed values of the coordinates x. The group property of the trans-
formation allows x to be considered x’, and vice versa.

There is a hidden aspect to the argument just given: the operator
(1 4+ 6aU) varies all the variables x, which are thus initially considered
to vary independently. The functional relation among the variables x, and
the functional relation among the running variables x’ is thereafter estab-
lished by a restriction on the form of U. This is imposed by the condition
that Uf(x) = 0 for all values of x that satisfy f(x) = 0.

In using Theorem 5.1.2, the reader is reminded to keep in mind the
trivial example that develops if U itself contains f as a factor, for then, as
mentioned above, Uf|s—o will necessarily vanish. Such U’s are generally of
little interest.

The following application of Theorem 5.1.2 demonstrates that a unit
circle is left invariant by a transformation that is not generally a rotation.
Let

f(x) =x} +x3-1=0, (5.1.9a)
and let
T(a) = exp(al), U =x1%0/0x1 + (x5 — 1)0/0xs. (5.1.9b,c)
Then, though U itself does not contain x} + x3 — 1 as a factor,
Uf(x) = 2x1x9x1 + 2(x3 — 1)x2 = 2%a(x7 + x5 — 1). (5.1.9d)

This expression vanishes on the unit circle defined by x? + x3 = 1. Conse-
quently

0= Uf(X)|f(X):0. (5196)
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Fig. 5.1.1 Transformation (5.1.9) defines displacement vectors tangent to a unit
circle.

Thus, though the transformation (x1,x2) — (x7,x5) = T(a)(x1,x2) does
not leave invariant x? +x3, it carries the unit circle into itself for all values
of a. Figure 5.1.1 illustrates the action of the transformation on points
on the unit circle and points off it.

We next turn to a discussion of the invariance of families of curves. The
equation

f(x,y)=c¢ (5.1.10a)

with ¢ a parameter rather than a constant, defines a one-parameter family of
curves. These families might represent generalized solutions of a differential
equation

M(x,y)dx + N(x,y)dy = 0, (5.1.10Db)
ie. of

dy/dx = —M(x,y)/N(x,y) (5.1.10¢)
or

dx/dy = =N(x,y)/M(x,y). (5.1.10d)
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The same family of curves defined by (5.1.10a) may also be defined by
F(f(x,y)) =C, C=F(c), (5.1.10e)

where F is an arbitrary differentiable function.

Equations (5.1.10a) and (5.1.10e) represent the solutions of the differ-
ential Egs. (5.1.10b—d) in a way which, like Eq. (5.1.10b), does not distin-
guish independent and dependent variables. (Planetary motion provides an
example where this representation is important: the radial position, r, of
a planet at time t is not a simple function of t, but t is a simple function
of r). Figure 5.1.2 illustrates the action of a group that interconverts the
members of a family of curves that comprise a flow, as defined in Chapter 3.
In Fig. 5.1.2 the transformations of the group are active ones that convert
curves of the flow into other curves of the flow. The figure calls attention
to the group defining a second flow that intersects the path curves of the
original differential equation.

Now let us consider the requirements the generator of an invariance
group of Egs. (5.1.10) must satisfy. A Lie group with generator U =
&(x,y)0/0x + n(x,y)0/0y will leave Eqgs. (5.1.10) invariant if 0 = Uf|¢—.

0.5

02 04 06 08 110

-0.5

Fig. 5.1.2 Transformation that interconvert curves of a flow defined by % =X.
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Now if f is analytic, and if

Uf =0 (5.1.11a)
identically, then f(exp(aU)x,exp(aU)y) = exp(aU)f = f; so if f(x,y) = ¢,
and

f(exp(aU)x, exp(al)y) = c. (5.1.11b)

Each curve of the family is thus carried into itself. For a transformation to
carry solutions of (5.1.10) into different solutions it is necessary that

f(exp(aU)x, exp(al)y) = f(x,y) — c(a), (5.1.11c¢)

with c(a) = ¢/, ¢’ # c. The infinitesimal transformation of f must then be
such that (1+ daU)f(x,y) can be expressed as f(x,y) — ¢(dar). This will be
true, for example, if

f(x,y) + 0aUf = f(x,y) + da const., (5.1.12a)
ie. if
Uf = const. (5.1.12b)

If U satisfies (5.1.12b), then so does U/const. One thus obtains the simple
and useful result, that if f is differentiable, and

Uf(x,y) =1, (5.1.13)
then exp(a U) converts f to exp(a)f, and converts a curve defined by
f(x,y) =c, (5.1.14b)
into the family of curves defined by
f(x,y) = cexp(—a). (5.1.14c¢)

If one knows a U such that Uf = G(f) rather than a constant, then one
may use the freedom indicated in (5.1.10e) to redefine f. The change from
f to F(f), defined by F(f) = [ df/G(f), will then yield a F(f) such that

U F(f) = 1. (5.1.15)

The two families of solutions of the differential Egs. (5.1.10b—d) defined
by f(x,y) = ¢, ¢ any real number, and f(x,y) = exp(—a)c, coincide if the
parameter c is a parameter that may take on any real value. When this is
possible, exp(aU) is the operator of a global Lie invariance group of the
family of solutions of the differential equations. If the range of ¢ or « is
restricted, then exp(aU) is the operator of a local Lie invariance group of
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the family. This must be the case when the solution curves of (5.1.10b—d)
do not all have the same topology, for the diffeomorphism carried out by
exp(aU) cannot interconvert curves of different topology. An example of
this latter case is provided by the equations of motion of Kepler systems,
for they allow both open, hyperbolic and parabolic trajectories, and closed,
elliptical and circular trajectories.

5.2 Transformation of Infinitesimal Displacements

The previous paragraph investigated the effect of operators exp(aU) on
the family of solutions of a differential equation. It did not investigate the
effect of the exp(aU) on the differential equation itself. To further char-
acterize Lie transformation groups that act on differential equations and
their solutions it is necessary to investigate the effect of the transformation
groups on infinitesimal displacements and derivatives. The key to an under-
standing of transformations of derivatives, metrics, and other expressions
involving infinitesimal changes, is an understanding of transformations of
infinitesimal displacements.

We begin by considering finite transformations of infinitesimal dis-
placements carried out by one-parameter Lie groups. We will then deter-
mine the corresponding infinitesimal transformations of these infinitesimal
displacements.

Let x = (x1,X2,...,%Xn) and X’ = (x],%5,...,%},) be coordinates of two
points in EN, and let x’ — x become arbitrarily small, that is for all j, let
x| —
limit x’ — x — dx. One has

xj — dx;j. We wish to obtain an expression for exp(aU)(x’ — x) in the

T(a)(xj — x5) = Xj(x', ) — Xj(x, ). (5.2.1a)
As x' — x + dx, this becomes T(«)(x; + dx) — T(a)x;, and one has

Xij(x 4+ dx, a) — Xj(x, a) = 2k (09X (x, @) /0xx) dxx. (5.2.1b)
Thus for a fixed value of « the finite transformation converts

dx = (dxq,dxa,...,dxy,)
to
dx* = d(T(a)x) = (dx7,dx3, ..., dx};) (5.2.2)
with
ax; = d(T(a)x;) = Si(0X; (%, a)/0x) s



142 Dynamical Symmetry

3(dx)

0.8 - Ar'

0.6 -

04

0.2

0.0 0.2 0.4 0.6 0.8 1.0

(a) (b)

Fig. 5.2.1 (a) Finite transformation of a small displacement. (b) Infinitesimal
transformation of an infinitesimal displacement.

This action of a finite transformation on a displacement vector, dx =
(dx1,dxs) is illustrated in Fig. 5.2.1a.

When the group parameter o becomes arbitrarily small, T(«) — T(dc),
and

d(T(a)x;) — d(T(8a)x;) = d(T(0)x; + 5aUx; ). (5.2.3a)

On letting U = & &(x)0/0x;, and noting that T(0)x; is just x;j, Eq. (5.2.3a)
becomes

dxj + dav d(§(x)) = dx;j + da i (9&5(x)/0xx) dx. (5.2.3b)

Consequently, under the infinitesimal transformation with generator U, the
dx} of (5.2.2) are given by

dx} = dxj + 6a Xk (0&;(x) /0% ) dx. (5.2.4)

Let 6(dx;j) = dx] —dx; be the infinitesimal change in dx; due to the infinites-
imal transformation. On then obtains the key result:

An infinitesimal transformation with operator exp(da U) and generator

U= Ej fj(X)a/an (525&)
alters the infinitesimal displacements dx; by the infinitesimal amounts
d(dx;) = do k(9 &(x)/Oxxk)dxk. (5.2.5Db)

Figure 5.2.1b suggests the manner in which a dx = (dxi,dxz), is
converted to §(dx) = (§(dx1),0(dx2)) by an infinitesimal transformation.
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In this case the group generator is U = x1(—x20/0x;1 + x10/0%3), so & =
—x1x2 and & = x3, whence §(dx) = da( — (x3dxa + xadx1), 2x1dx1).

5.3 Transformations and Invariance of Work, Pfaffians,
and Metrics

A Pfaffian form is an expression such as
ov—Y;yidx;, i=1,...,n, (5.3.1a)
or

Zi yi(SXi7i: 1,...711, (531b)

that is linear in all its variables dv, dx;, yi. The variables are a priori inde-
pendent. A Pfaffian equation is an equation in which a Pfaffian form is set
equal to zero. An example of a Pfaffian equation is provided by the expres-
sion for the element of work, dw, done by a force F acting on a particle
that undergoes a displacement Jr, viz.,

sw=F - or. (5.3.2)

When n=1 in (5.3.1a), the Pfaffian equation may be written dv—ydx =0
or dv/dx =y, and dv/dx may be interpreted as the derivative of v with
respect to x. When n is greater than 1 the situation is not so simple. As is
familiar from discussions of work and potential energy, it need not follow
from Eq. (5.3.1a) that the y; are partial derivatives 0v/dx;. However, if for
alli,j=1,...,n, one has

Oyi/0x; = Oy;/0xi, (5.3.3)

then, and only then, each y; is the partial derivative dv/9x; of a differen-
tiable function v(x), and

dv = %;(0v/0x;)dx; = d(v(x)). (5.3.4)

In this case dv is an exact differential and the Pfaffian equation is integrable
as it stands.

For a Lie group with generator U to act on a Pfaffian form, it must be
considered to act on the variables y, x and v, all initially considered to be
independent. Let T(a) = exp(aU) with

U= E{] gj (X7 Y, V)a/axj + Efl 7T (Xa Y, V)a/aYJ + C(Xv Y, V)@/av (535)
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For clarity of notation we will, in the next few lines, use the symbol ¢’
to signify variations carried out by the infinitesimal transformation with
generator U. The infinitesimal transformation of the y; is then

8 (vi) = ' mi(x,y,v). (5.3.6)

The infinitesimal transformation of the dx; and dv, in (5.3.1a) is given by
(5.2.5) in a form that does not assume integrability of the infinitesimal
displacements, i.e. by

§'(6%;) = da Ly (9&5(x)/Oxx) Oxc. (5.3.7)

Along with the x;, the v and the y; are variables whose values may change
infinitesimally. Consequently

8 (0x;) = 8 a3k (0&(x,y,Vv)/0xk)dxx + Xk (0&(x,y,V)/Oyk)dyk

+ (0&(x,y,v)/Ov)ov}, (5.3.8)
8 (6v) = 6" a{(9¢(x,y,Vv)/Ov)ov + Xx (OC(x,y,V)/Oxx)dxK

+ Xk (0C(x,y,v)/0yK)dyk}-

As an example of the foregoing results, consider the element of work dv,
defined by

dv — (y1dx1 + yadx2) = 0, (5.3.9a)

where the y; are understood to be arbitrary functions of the x’s. As a test
case, suppose that the generator of the transformation T(«) acting on the
variables x,y,v is

U=x3 0/0x1 +x2 0/0x2 +y1 0/0y1 +y2 0/0y2+v 0/dv. (5.3.9b)

The reader is invited to use (5.3.8) to show that this is the generator of a
transformation that leaves (5.3.9a) invariant.

We next turn to an investigation of the action of a continuous trans-
formation group on a metric. Not all metrics define separations between
points that are independent of the path taken between the points.! Path-
dependent metrics are termed non-integrable. However the metrics of pri-
mary interest here are integrable and the separation between points may
be written as ds, with ds defined by

ds? = 2¥gj;(x)dx; dx;. (5.3.10)
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An infinitesimal transformation of infinitesimal displacements dx; will
leave invariant the Euclidean metric

ds® = Bdx] (5.3.11a)
iff
S(dxf)? = B(dxj 4 6(dx;))* = B(dx;)?, (5.3.11b)
ie. iff
¥2dx;0(dx;) + d(dx;)? = 0. (5.3.11c)

For 6(dx;)? to vanish one must have
Y dxj §(dx;) = 0. (5.3.11d)
If the generator of the transformation is
U =73 &(x)0/0xi, (5.3.12a)
then
d(dx;) = do i (9&5(x)/Oxx) dx. (5.3.12b)

Inserting this into (5.3.11d) and requiring that the result vanish for all
values of da, one determines that the metric is left invariant by the trans-
formation with generator U if

Y 3k dxj dxy 9&(x)/0xk = 0. (5.3.13)

The case of two variables, when ds? = dx} + dx2, is instructive. One
then has

Ej dedeXkagj (X)/&Xk
= Xmdxl 651 (x)/@xl + XmdX2 851 (X)/8X2
+ dxodxy 852 (x)/8x1 + dxodxs 852 (X)/@Xg. (5314&)

The invariance condition (5.3.13) thus requires that

dx? 061 (x)/0x1 + dxidxg (01 (x)/0xa + 0 (x)/0x1)
+dx3 0&2(x)/9xe = 0. (5.3.14b)

Because dx; and dxs are independently variable, dx?, dx;dxs, and dx3 are
linearly independent. Consequently, (5.3.14) can vanish for all choices of
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dx; and dxq iff

061(x)/0x1 =0, 08 (x)/0x2 + 0§2(x)/0x1 =0, 0&(x)/0x2 = 0.
(5.3.15)
The first of these equations requires that & = &1 (x2), and the last requires
that & = & (x1). Consequently, the middle equation can be written

851 (Xg)/aXQ + 852(x1)/8x1 =0. (5316)

Since the first term in this is a function of x5 only, while the second is a
function of x; only, and x; and x5 are independently variable, one must
have

8{1 (Xg)/aXQ =C= —afg(xl)/axl, (5317)

where ¢ is an arbitrary constant. Solving these two differential equations
one obtains

& =a+cxe, & =b—cxy, (5.3.18)

where a and b are also arbitrary constants. It follows that the generator of
the group that leaves the metric dx? + dx3 invariant, is

U= fla/axl + 628/8X2 = (a—l— c Xg)a/axl + (b —C Xl)a/aXQ
=ad/0x1+bd/I0x2 + c(x2 0/0x1 — x10/0%2). (5.3.19)

As a, b, and c are arbitrary constants this generator is an arbitrary linear
combination of three generators

Ua = 8/8X1, Ub = 8/8X2, UC = (X28/6X1 — X18/8X2). (5320)

The first of these generates translations in the x; direction, the second
generates translations in the xo direction, and the third generates rota-
tions in the x;—=x9 plane. It will be noted that this analysis implies that
the Euclidean metric in the plane of the Cartesian coordinates (z, z2) is
invariant under three one-parameter Lie transformation groups acting on
(71, z2) — those carrying out translations and rotations in the plane. The
resulting three-parameter group here is of course the Euclidean group E(2)
investigated in Chapter 2.
A non-Euclidean metric

ds? = B% gj(x) dxidx;, (5.3.21)
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is invariant under the infinitesimal transformation with generator
U = X1'¢(x)0/ 0%, (5.3.22a)
such that
0(dxj) = da X (9&;(x) /0% ) dx, (5.3.22b)
if, to first-order in do one has ds’? = ds?, where ds’? is given by

Eij((]. + (50[U)gij (X))(dXi + daXy 6&/an ka)(de + 5a2m8§j/8xmdxm).
(5.3.220)

For this to vanish to first-order in d«, the following expression must vanish:

EiEj{(Ugij (x))dxidxj—i—gij (X)(dXi Ym 8§j/6xm de+de Yk 8&/8}(1( ka)}.
(5.3.22d)

Examples of the application of this result are developed in the exercises at
the end of the chapter.

5.4 Point Transformations of Derivatives

It was pointed out in Chapter 3 that a function f(t) and its derivative
df/dt may be varied independently. A variation in f determines a variation
in df. Because dt can be varied independently of variations in f and df,
the ratio df/dt can be varied independently of f. Thus one can investigate
variations in the derivative df/dt by investigating the effect of independent
variations of df and dt. We may, in particular, use the results of the previous
section to investigate infinitesimal transformations that convert dx; /dx2 to
0%} /6xb, ratios which we may also treat as derivatives dx;/dxs ~ df/dxy
and dx}/dx} ~ df/dx}. Transformations of a derivative such as df/dx,
which depend only upon variables x that define the position of a point are
termed point transformations. They move the points along curves, without
any reference to the slope of the curve other than that resulting from the
requirement df = 0.
An infinitesimal point transformation with generator

U = & (x)0/0x1 + &2(x)0/0xa (5.4.1)
produces variations in dx; and dxs, given by

0(dxq) = dx] — dxy = da ((0&1/0%1) dxq + (0&1/0%2) dxa), (5.42)
§(dxz) = dx — dxz = da ((9€2/0x1) dxy + (062/0x2) dxa).
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This implies
dXT = dx; + da ((851/8X1) dx; + (861/&(2) dX2),
dx§ = dxg + b ((652/8)(1) dxy + (852/&(2) ng).

(5.4.3a)

As the group properties of the transformation are governed by terms first-
order in the group parameter, it is sufficient to expand this through first-
order in da. To this order,

dxt/dxt = dxy /dxs + Sa &1 2,
with
&1,20 = 061/0x1 dxq /dxa + 0&1/0x2
(1 /dx0) (962 /051 dxa /dxo + D2 /Oxa).  (5.4.3b)
When dx; /dxs is replaced by df/dxa,

§172 = 851/8X1 df/ng + 851/8X2 - (df/dXQ)(6§2/8X1 df/dXQ + 862/8X2).
(5.4.3c)

Note that & 2 contains terms that depend upon the zero, first, and second
power of df/dxa.

One may use (5.4.3) to determine the one-parameter Lie groups of point
transformations whose action will leave invariant a derivative dx;/dxs. It
will be invariant iff £; o vanishes for all values of dx;/dxa. As (dx;/dx2)?,
(dx1/dxz), and (dx;/dx2)? are linearly independent, this requires

afl/axz =0,
851/8x1 - 852/8XQ = 0, (5.4.4)
652/(9)(1 =0.

The first of these equations implies that & must be a function of x; only,
and the last implies that & must be a function of xs only. The middle
equation therefore requires that

8§1(X1)/6X1 = 8§Q(X2)/8X2. (545)

Because x; and xo can be varied independently, this is only possible if each
of the two derivatives is equal to the same constant, say a. It follows that

LL=ax1+b, &E=axy+c. (546)
The corresponding generator of the transformations of x; and x5 is

U= (ax;+b)d/dx1 + (a x2 + ¢)d/0xa. (5.4.7)
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Thus U is an arbitrary linear combination of the three generators
U, =x10/0x1 + x2 9/0%x9, Up =0/0x1, U, = 0/0xa. (5.4.8)
They generate one-parameter groups of uniform scalings and translations:
(x1,%x2) — (e%x1,e%%2), x1 —=x1+0, X2 —Xo+7. (5.4.9)

As noted above, when x; is considered as a function, f(xs), the trans-
formation yielding (5.4.3) is said to be a point transformation. Then

08y /Ox1 dx1/dxa + 0& /0% — 0&/Of df /dxa + 0& /Ox2 = D&y /Dxa,
(5.4.10)
the total derivative of £ with respect to xo. Consequently,

§1,2 — 851/8f df/ng + 651/6X2 — (df/dxz)(ﬁfg/ﬁfdf/de + 6{2/6X2),
(5.4.11)
i.e.

51,2 = Dgl/DXQ — (df/ng)(ng/DXg)

5.5 Contact Transformations

Contact transformations appear in mechanics when one investigates the
motion of an object in contact with a surface on which it is able to roll
without slipping. In Fig. 5.5.1 the circular wheel of radius r rotates through
an angle df about its axis as it rolls along a straight wire. If the center
of the wheel advances a distance dx = rdf, no slipping has occurred. A
contact transformation preserves the form of this condition, converting it
to 0x’ = rd0’, and ultimately into dx* = rd0*. The equivalent equation

0x —160 =0 (5.5.1a)

A6

Fig. 5.5.1 Ax =rAd.
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is an example of a Pfaffian equation

5V — Zi Yi 5Xi = O (551b)

A transformation that converts the variables in (5.5.1b) to v*,yf, x¥, will
leave the equation invariant iff

ov' — By ox{ = p(v, yi,x1) (v — Biyidxi), (5.5.2)

with p # 0 identically. A contact transformation is a transformation that
transforms v and other variables in the Pfaffian equation (5.5.1b), while
leaving the equation invariant.
Equation (5.5.1a) requires that dx/d = r, a constant. It is a special
case of the more general equations
(5X1 — X3 (5X2 = 07
(5.5.3a,b)
dX1 — X3 dX2 =0.

The latter equation is integrable, and establishes that x; = f(x3) plus a
constant. In this case

0x1/0xg — dxq/dxe — df(x2)/dxs. (5.5.3¢)

A contact transformation will convert the derivative df(xz)/dxs into a
derivative df*(x%)/dx%, and depend upon df(x3)/dxs.

To determine the form of the generator of a contact transformation of
Egs. (5.5.3), let the generator be

U = & (x1, X2,%x3)0/0x1 + &2(x1, X2,%x3)0/0x2 + £3(x1, X2,%x3)0/0x3 (5.5.4)
It generates variations in dxi,dxs and x3 given by
d(dx1) = da Ty (0&1(x)/0xk) dx,
d(dxs) = da Ty (0€2(x)/0xy) dxy, (5.5.5a—¢)
d(x3) = dax &3(x).

To first-order in d« this infinitesimal transformation induces the variation
§(dx; — x3dxz) = dasS, with

S = 3k (061 (x)/O0xx )dxx — x3Xx (9€2(x)/0xk)dxk — &3(x) dxa
(5.5.6a,b)
= Aidxy + Axdxs + Asdxs.

In this last expression
Ay = 0&1(x)/0x1 — x3 0&2(x)/0x1,
Ag = 0¢1(x)/0x2 — x3 0 (x)/0x2 — &3(x), (5.5.6¢c—¢)
Az = 061 (x)/0x3 — x3 082(x)/0x3.
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Invariance requires that
S = p(x)(dx1 — x3dx2), (5.5.7)
because the dx’s are independent, invariance will ensue if
A — p(x), Az — —x3p(x), Az —0. (5.5.8a—c)
From (5.5.6) one thus obtains
061(x)/0x1 — x5 0&(x)/0x1 = p(x),
§3(x) = 061(x)/0x2 — x3 082(x)/0%x2 + x3p(x), (5.5.9a—)
0€1(x)/0x3 — x3 0&(x)/0x3 = 0.

As these equations are compatible with the assumption that p(x) is an
arbitrary function, they have an uncountable infinity of solutions. Thus
an uncountable infinity of Lie transformation groups will leave a derivative
dx; /dxs invariant if the transformations are allowed to functionally depend
upon the derivative itself. This result contrasts with the result of Sec. 5.4
above, where it was found that a derivative dx; /dxs is left invariant by just
three one-parameter groups that carry out point transformations.

Additional properties of contact transformations are uncovered in the
exercises at the end of the chapter.

In concluding the discussion in this section we would note that
derivative-dependent transformations play a more important, and simpler,
role in studies of partial differential equations than they do in studies
of ordinary differential equations. This will become evident in subsequent
chapters.

5.6 Invariance of an Ordinary Differential Equation
of First-Order under Point Transformations;
Extended Generators

For notational convenience, let dy/dx = yx and let the Lie generator that
acts on x and y be written

U =¢£(x,y)0/0x + n(x,y)0/dy. (5.6.1)
It determines an infinitesimal point transformation
X — x+0aé(xy), y—y+oanx,y), (5.6.2)
and an infinitesimal transformation that acts on yx. Let the latter be

Yx — Yx + da 0. (5.6.3)
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One can define an extended generator
U = U + 9% 8/9yx. (5.6.4)

It is the generator of a Lie group with operator exp(aU®)) which acts in
the space of yx, x, y. One then has, from (5.4.11),

n* = Dn/Dx — y,D&/Dx. (5.6.5)
= On/0x + yx(9n/dy — 0¢/0x) — y3 O/ dy.

Using Theorem 5.1.2 with U interpreted as UM, one sees that the
equation

yx —f(x,y) =0 (5.6.6)
is invariant under the action of a Lie group with extended generator U1
iff

UMD (y, —f(x,y)) =0 when y,—f(x,y)=0. (5.6.7a)
This requires that

* = (§(x,y)01/0x + 1(x,y)0f/0y) =0 when yx —f(x,y) =0.
(5.6.7b)
Consequently, for invariance of (5.6.6), one must have

on/ox 4 £(0n/dy — 0¢/0x) — £20¢ /0y — Uf = 0. (5.6.8)

One may use this analysis to determine the general form of the ODEs
v« = f(x,y) that are left invariant by the transformations of any one-
parameter group of physical interest. Consider, for example, the group of
rotations about the origin in the x—y plane. Let U be the rotation generator
U =xd/dy — y0/0x. In this case £ = —y,n = x. Using (5.6.5) one finds

= (1+y3). (5.6.9)

If UM is to generate an invariance transformation of the equation y, =
f(x,y), then (5.6.7) requires that (5.6.8) becomes

(1+f%) = Uf. (5.6.10)

To solve Eq. (5.6.10) we may change from x,y to r = /(x? + y?), and
0 = arctan(y/x), the canonical coordinates for U. Then U = 9/90. Letting

f(x,y) = f(rcos(d),rsin(f)) = F(r,0), (5.6.11)
Eq. (5.6.10) becomes
OF /00 = (1 + F?). (5.6.12)
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Its solution is
F = —cotan(f + ¢g); g an arbitrary function of r. (5.6.13)
To express F(r,0) as {(x,y) one may use the relations
cotan(f + g) = cos(f + g)/sin(0 + g),
cos(f + g) = cos(0) cos(g) — sin(f) sin(g), (5.6.14)
sin(f + g) = sin(f) cos(g) + cos(#) sin(g).
On setting cos(f) = x/r,sin(f) = y/r, one finds
f = —(ax — by)/(ay + bx), (5.6.15a)
with a, b functions of r such that
a(r)? +b(r)? = 1. (5.6.15b)
With this restriction, the equation
dy/dx = —(ax — by)/(ay + bx) (5.6.16)

states the form of the most general ODE that is invariant under the group
of rotations carried out by exp(aU), U = xd/dy —y9d/9x. U itself generates
the path curves defined locally by

dx/(—y) = dy/x = da, (5.6.17a)
or equivalently, by
df =da, r = const. (5.6.17b)
It follows that along any path curve generated by U,
dy/dx = —x/y, (5.6.184a)
and
xdx + ydy = 0 = d(r?/2). (5.6.18b)

Equation (5.6.18a) coincides with Eq. (5.6.16) if b = 0. In all other cases
the circular path curves, evolved by the action of exp(aU) on r = (x,y), do
not coincide with the solution curves of the differential equation (5.6.16).
Thus, when b # 0, in Eq. (5.6.16), rotations interconvert its solution curves.

Lie! showed that in such cases, the functions ¢ and 7 in the generator
U = £(x,y)0/0x + n(x,y)0/0y determine an integrating factor for the dif-
ferential equation yx = f(x,y). This discovery is discussed in Appendix A
of this chapter.
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5.7 Invariance of Second-Order Ordinary Differential
Equations under Point Transformations; Harmonic
Oscillators

In the previous section we saw that an infinitesimal point transformation
with parameter o and generator

U = {(x,y)9/0x +n(x,y)0/dy, (5.7.1)

induces a transformation of the derivative yx to yx + da n*. It also induces
a transformation of all higher order derivatives. The second derivative yxy
is altered to yxx + dan**. An argument parallel to that of Sec. 5.4 gives

7> = Dn*/Dx — yxx D§/Dx,
= O/ 0x + yxOn* [0y + yxxON* | Oyx — 3 (0§ /0% + yx 0§/0y),
= Nxx + YX(any - fXX) + Yi(nyy - 2£xy) - y)?: Syy
+ (ny = 2&)yxx — 3¥x Yxx &y (5.7.2ac)

The corresponding twice extended generator is
U® = U 4+ 7%8/0yx + 750/ Oy (5.7.3)
A second-order differential equation

g(xv}I?}IanXx) =0 (574)

is invariant under the transformation (x,y) — (exp(aU)x, exp(aU)y) iff
0= (UPg)[g0. (5.7.5)

As an application of (5.7.5), let us determine the point transformations
that leave invariant Newton’s equation of motion for a harmonic oscillator.
Let this equation of motion be

d?y/dt* +y = 0. (5.7.6)

Here y represents the position of an oscillating mass and dt corresponds
to an infinitesimal time interval. On setting U = £(t,y)9/0t + n(t,y)9/dy,
one requires

U@ (d%y/dt? +y) (5.7.7)
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to vanish identically, when (d%y/dt? + y) vanishes. Equations (5.7.2c) and
(5.7.6) then yield the determining equation

1+ 1 + ¥ ( 2y — &) + 31 Oy — 260y) = V0 Eyy — (1y — 260)y +3yiy & = 0.

(5.7.8)
Here, as required by (5.7.5), we have used (5.7.6) to replace yt; by —y. In
(5.7.8), £ and 7 are functions of y, t, which with y; are independently vari-
able. Because different powers of y; are linearly independent, the coefficient
of each power of y; in (5.7.8) must vanish. Consequently,

&y =0, Nyy — 26ty = 0,
20yt — & +3y& =0, n+me —y(ny —2&) =0.
To solve these equations, begin with (5.7.9a), from which follows
§=&o(t) + y&i(t). (5.7.9€)
It then follows from (5.7.9b) that

(5.7.9a—d)

Tyy = 206 (t)/0t. (5.7.9f)

Inserting these results in the remaining two equations one finds that the
solutions of the equations are linear combinations of eight independent solu-
tions:

n= ZCj 7’]‘]'7 f = ZCj Sj, (5710)
the cj being arbitrary constants of integration. The solutions may be given
the form

& =rc1 4 c3(—ycos(t)) + cq ycos(t) + c5 ysin(t)

+ cg(—ysin(t)) + c7 sin(2t) + cs cos(2t)
(5.7.11)
n=coy+es (1+y?)sin(t) +cs (1 —y?)sin(t)

+c5 (1 +y%) cos(t) + c6(1 — y?) cos(t)er ycos(2t) + cg(—ysin(2t)).

The resulting generator U = £0/0t 4+ nd/dy is thus of the form 3¢;Uj. As
there is no choice for the eight constants c, such that Xc, = 0, there are
eight linearly independent generators Uj:

Uy = 9/04,
Uy = y0/0y,
Uz = (1 +y?)sin(t)9/dy — ycos(t) 9/0t,
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Uy = (1 —y?)sin(t)9/dy + y cos(t) 9/ot,
Us = (1 +y?) cos(t)d/dy + ysin(t) §/0t,
Us = (1 — y?) cos(t)9/dy — ysin(t) /0,
Uz = ycos(2t)0/dy + sin(2t) 9/0t,

Usg = —ysin(2t)0/0y + cos(2t) 9/0t.

(5.7.12)

In our discussion of point transformations that leave a first-order ODE
invariant we found the generators contained arbitrary functions. In contrast,
we have just found that our second-order ODE admits point transforma-
tions with just eight linearly independent generators, U, none of which
contains an arbitrary function. Note however, that we did not obtain the
evolution generator of the oscillator given in Chapter 3; it is an explicit func-
tion of the momentum, p, which for (5.7.6), is just y;. If we had allowed
our generators in this section to depend upon y; as well as y and t, that
is, to be generators of contact transformations, Eq. (5.7.8) would not have
separated into four equations. We would not have obtained a finite number
of linearly independent generators each with no free functions. In the gen-
eral case, a second-order ODE is invariant under contact transformations
whose generators may depend upon arbitrary functions.

The harmonic oscillator is one of a small class of second-order ODEs
that are invariant under eight different one-parameter groups of point trans-
formations. This is the maximum number allowed any second-order ODE.?

5.8 The Commutator of Two Operators
The commutator
[U,V]=UV -VU (5.8.1)

of two operators U and V plays a central role in the study of Lie groups.
If [U,V] = 0, then UV = VU, and by definition, U and V commute.
From the definition, it follows that

[U,V] =—[V,U] (5.8.2)
and
[U; 4+ Uy, V] = [Uy, V] + [Ug, V] (5.8.3)
A variable c is a parameter if it commutes with U and V; then

[cU, V] = ¢[U, V] = [U,cV] = [U, Vie. (5.8.4)
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The operator identity
[[Ul, U2]7 Ug] + [[Ug, Ul}, UQ] + [[UQ, Ug}, Ul] =0 (585)
may be established by writing the left-hand side out in full and collecting
terms. It is known as Jacobi’s relation.
The following lemma states an important property of the commutator
of two first-order differential operators.:
Lemma 5.8.1. If U and V are first-order differential operators
U =3 &(x)0/0x:, V = X vj(x)0/0%;, (5.8.6)
defined by differentiable & (x) and vj(x), and f(x) is a twice differentiable
function of its arguments, then
[U, V]f(x) = Wi(x), (5.8.7a)
where
W = X wj(x)9/0x; (5.8.7b)
18 also a first-order differential operator.

The proof is direct. One has

(U, VIf(x)
= (% &(x)0/0x: B v5(x)0/0x; — X5 vj(x)0/0x; X &(x)0/0%:)f(x)

= Ei Zj (El (x)a/axi Uy (X)a/an — U (X)@/&Xj fl(X)a/aXI)f@()

— 5(6(x) Ovy(x)/0x; 0/0x; — vy(x) D& (x)/Dx; 0/9x)E(x)

+ Eizj(fi(x) Uj(X)a/aXi a/an — U (X) fi(X)a/an 8/8X1)f(x)

Because f(x) is twice differentiable the last line vanishes. On interchanging
summation indices in the second term of the previous equality one obtains

[U, V]f = WI, (5.8.8)
with
wj(x) = i (&i(x) Ouj(x)/0x; — vj(x) 0&(x)/0x1).
This result is often written
[U,V] =W, (5.8.9)

presupposing that the differential operators U, V, W are to be applied to
functions that are at least twice continuously differentiable.

In the Appendix B to this chapter it will be shown that a diffeomorphism
that transforms the U, V and W, of (5.8.9) to U’, V', W’ also transforms
[U’, V'] to W’. In short, diffeomorphisms do not alter the commutation rela-
tions of first-order differential operators.
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5.9 Invariance of Sets of ODEs. Constants of Motion

In this section we use the commutator of differential operators to develop
an alternative criterion for determining the generators of groups that leave
sets of first-order ODEs invariant. The commutator criterion will be used to
characterize the constants of motion of dynamical systems whose evolution
is governed by ordinary differential equations.

We begin with the set of autonomous ODEs

dxj/dt =fj(x),j=1,...,n, (5.9.1a)
or, the equivalent set
dt = dxy /f1(x) = dxo/f2(x) - - - = dxpn /Ta (x). (5.9.1b)
Then, if
V =15 §(x)0/0x;, (5.9.2)

the evolution operator exp(tV) acts on the x; to convert them from their
values at t = 0, to their values at t = t'.

If all the f’s are at least C' functions, then, except in regions where
(5.9.1) has singular points, local diffeomorphisms

x—y=Y(x), with yi=Yix),

' (5.9.3)
y—x=X(y), x=X(y)=Y"[),
will convert V to V! = 9/0y1, and (5.9.1b) to the canonical form
dy1/dt =1, dy;/dt=0, j=2,...,m, (5.9.4)
with solutions
yi—t=ci, yj=¢, j=2,...,m. (5.9.5)

As y; = Yj(x), the first relation in (5.9.5) establishes that Y;(x) =t + ¢;.
For j > 1, (5.9.5) establishes the relations Yj(x) = ¢;. If Egs. (5.9.1) govern
the time evolution of a system of bodies in motion, these Yj(x) are constants
of the motion or integrals of the motion.?

2 Yq(x) — t is sometimes called a time-dependent constant of motion. Constants of
motion Yj(x) are divided into two classes: isolating integrals and non-isolating integrals.
The distinction is addressed in Appendix C.
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To prepare for the statement of the theorem which follows, we append
to Egs. (5.9.2) the equation dt/dr = 1, and use the relation dt = dr to
replace (5.9.1b) by

dr = dt/1 = dx; /f1(x) = dxg/f2(x) - - - = dxpn/fn(x). (5.9.6)
The evolution operator of these equations will be taken to be exp(rVy),
V =0/0t+V = 0/0t + %;f;(x)0/0%;. (5.9.7)

Because the diffeomorphism that converts (5.9.1) to (5.9.4) is independent
of t, it converts (5.9.6) to

dt/dr =1, dyi/dr=1, dy;j/dr=0, j=2,...,m. (5.9.8)
Thus V; is converted to
V; =0/0t+ 9/0dy;. (5.9.9)

Vi acts on the solution y; —t = ¢y to give zero, and it acts on all the
other y; to give zero. It follows that if ¢(y,t) = c represents any solution
of (5.9.4), with or without explicit time dependence, then

Vi ¢(y,t) =0, (5.9.10a)
and

exp(rV}) 6(y,t) = B(y, ). (5.9.10b)

On transforming back to the x system, ¢(y,t) — ®(x,t), and one obtains
the corresponding relations

Vid(x, t) = 0, (5.9.11a)
and
exp(TVy)P(x,t) = P(x, 1), (5.9.11b)

where ®4(x,t) = ¢ defines the solution of (5.9.1) corresponding to y; —t =
c1, and the other ®; correspond to y; = c;j. Let us proceed:

Theorem 5.9.1. Let the solutions ®(x,t) = ¢ and ®(x) = ¢, of the equa-
tions

dx;/dt =1fj(x),j=1,...,n, x=(X1,...,Xn), (5.9.12)
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be at least twice differentiable. Let
Vi = 0/0t + 5t (x)0/0%, j=1,...,n. (5.9.13)
Require that
U = &(x,t)0/0t + T (x,4)0/0x, k=1,...,n (5.9.14)
satisfy the operator equation
[Ve, Ul = w(x, t) Vs, (5.9.15)

where w(x,t) is an arbitrary function. Then U is the generator of an invari-
ance group of Egs. (5.9.12).

Proof. Applying both sides of (5.9.15) to a function ®(x,t) or ®(x) which
defines a solution ® = ¢, and using the definition of the commutator,
Eq. (5.9.16) becomes

(ViU = Uy V)® = wi(x, t) V. (5.9.16)

The fact that for any solution, ® = ¢, Vi® = 0, requires that the right-hand
side of the equation, as well as UV ®, vanish, whence

Vi (UD) = 0. (5.9.17)

Thus U® is a solution of Egs. (5.9.12). Consequently, the one-
parameter family of functions exp(aU)® satisfies Egs. (5.9.12).
Q.E.D.

To exemplify the previous discussion, suppose n = 3 and that one wishes
to have transformations that will convert a given solution of (5.9.4), and
hence the differential Eqs. (5.9.1) from which it originated, into any other
solution. The solutions of (5.9.4) are y; —t = ¢1, y2 = c2, y3 = c3. To
convert a particular solution to a general solution one must be able to
change all three initial values c; through the complete allowed range. If
all three constants may range over all the reals, then transformations with
the generators exp(a; 9/0y;j) will have the effect of converting each c; to
CJ( = ¢j + a4, and thereby yield all other solutions. In this case one or more
of the yx might be an angular variable. If one of the constants, say ca, is
restricted to be nonnegative, the dilatation operator exp(ay29d/dys) will
convert the solution yo = co to exp(a)xa = ca, l.e. to y, = exp(—a)ca,
giving all allowed nonzero solutions if cy is nonzero. Such a situation would
arise if yo were to be a radial distance, r.
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One can distinguish the various possible cases if one knows the trans-
formation that puts the original differential equations into canonical form.
One can avoid this by solving the determining equations that arise from
the original differential equations themselves. The availability of computer
programs that set up and solve determining equations often make this the
most practical procedure. A basic mathematical discovery of Reid enables
some of these programs to produce series approximations to generators.4
This is particularly useful when one does not expect exact results in closed
form.5

Jacobi’s relation ensures that if U; and U, satisfy

[V.Ui] =1V, [V, Us] = 2V, (5.9.18)
then
Us = [Uy, Uy (5.9.19a)
satisfies
[V,Us] =0. (5.9.19b)

As a consequence, if V (or Vi) is the evolution operator of a set of ODEs,
knowing a Uy and a Us, which satisfy (5.9.18) and do not commute, allows
one to know the generator of another one-parameter invariance group of
the ODEs. This procedure may often be repeated. A set of operators
U, Usg, Us, ... obtained in this way generates groups that often provide
a great deal of information about the physical system whose evolution is
governed by V and U. These groups with multiple generators are the subject
of the next chapter.

5.10 Conclusion

This chapter has developed basic methods for uncovering and using invari-
ance properties of ordinary functions and equations, and of expressions
involving infinitesimal changes — metrics, Pfaffians and derivatives. Par-
ticular attention has been paid to invariance properties of systems governed
by ordinary differential equations.

Trajectories or solutions defined by a given set of ODEs may be con-
verted into one another by one-parameter transformation groups if the tra-
jectories or solutions are diffeomorphic. The groups are invariance groups
of the differential equations; they define intrinsic symmetries possessed by
the equations.
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Ordinary differential equations are left invariant by an uncountable
infinity of one-parameter transformation groups. These establish a host of
relations between solutions. One may choose among the groups according to
the purpose at hand. A common choice is to provide a set of one-parameter
groups sufficient to convert any given particular solution into all other solu-
tions that have diffeomorphic trajectories. Especially useful information
comes to light if a set of one-parameter groups comprise a many-parameter
group. Many-parameter groups are defined and explored in the next chapter.
Their mathematical properties will be found to restrict geometric interpre-
tations of the intrinsic symmetries of the differential equations.

For further information on the use of systematic group theoretic meth-
ods to solve ordinary differential equations the reader is referred to refer-
ences listed at the end of this chapter. The recent monographs of Bluman
and Kumei,® and Cantwell,” provide clear, useful, and extensive treatments
of the invariance properties of many differential equations important in sci-
ence and engineering. Further helpful monographs are also listed at the end
of the chapter.

Appendix A. Relation between Symmetries
and Intergrating Factors

As noted earlier, a first-order ODE dy/dx = f(x,y) may be written as
M(x,y) dx + N(x,y) dy = 0, (5.A.1)
and its family of solutions may be put in the form

P(x,y) =c, (5.A.2)

where c is a parameter. Both expressions avoid a distinction between inde-
pendent and dependent variables. From (5.A.2) it follows that

d¢ = 0¢/0x dx + 9¢ /Iy dy = 0. (5.A.3)
For both (5.A.1) and (5.A.3) to hold true it is necessary that
9¢/0x = A(x,y) M(x,y), 0¢/dy = A(x,y) N(x,y). (5.A.4)

A(x,y) is an integrating factor for Eq. (5.A.1), for multiplying (5.A.1) by
A(x,y) yields

A(x,y)(M(x,y)dx + N(x, y)dy) (5.A.5a)
= J¢/0x dx + 0¢/dy dy = d¢. (5.A.5D)
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It was shown in (5.1.13) that, if U = £(x,y)0/0x + n(x,y)9/0y is such
that

Ub(x,y) = £(5,)00/0x + 1(x,y)06/0y =1, (5.A.6)
then exp(aU) has the effect of converting a solution ¢(x,y) = c, into a
different solution ¢(x,y) = ¢’ with ¢/ = cexp(—a). We next show that
knowing such a U allows one to determine the integrating factor A(x,y).
Using (5.A.4) to eliminate the derivatives in (5.A.6) one obtains
Al y)(Ex y)M(x,y) +n(x y)N(x,y)) = 1. (5.A.7)
It follows that
A(x,y) = 1/(EM + nN). (5.A.8)

Thus, 1/(EM +nN) is an integrating factor of differential equation (5.A.1).

This connection between integrating factors for differential equations
and transformations that interconvert solutions of differential equations is
of considerable utility. Cohen’s monograph, The Lie Theory of One Param-
eter Groups,® contains an extensive tabulation of the invariance groups of
many types of first-order ordinary differential equations, together with their
integrating factors.

Appendix B. Proof That the Commutator of Lie Generators
is Invariant under Diffeomorphisms

Let T symbolize the change of variables defined by a diffeomorphism
xj — y; = Tx; = £(x), (5.B.1a)

for example,

2 0<x< o0 (5.B.1b)

x—y=Tx=x
The inverse transformation, symbolized by TV, is defined by
yj = x5 = Ty = ™ (y), (5.B.1c)
e.g.
y—ox=T"Yy =y/2 )<y <o (5.B.1d)

When the transformations of a diffeomorphism act on a function of the
x or y variables of (5.B.1), they, by definition, act on the variables x,y
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themselves. That is,

TG(x) = G(Tx) = G(y) = G(f(x)), (5.B.2a)
T™G(y) = G(T""y) = G(x) = G(E™ (). (5.B.2b)

Note that the transformations of a Lie group acting on an analytic function
g(x) obey (5.B.2a) and (5.B.2b) because®

exp(al)g(x) = T(a)g(x) = g(T(a)x). (5.B.3)

In an expression such as Tgj(x)ga(x), T is construed to act on the
compound expression, that is

Tg1(x)g2(x) = T(g1(x)g2(x)) = g1(Tx)g2(Tx). (5.B.4)
As a consequence one may use the identity T™"T = I to write
Tg1(x)ga(x) = Tg1(x)T™ Tga(x) = (Te1 (x)T™) Tga (%),
. (5.B.5)
= (Tg1(x)T™)g2(Tx).

To determine which form
U = Efj (X)@/@Xj (5B6)

takes when acting on the y variables of (5.B.1), we begin with the action of U
on xy, viz. Uxy, and use T to transform it to an action on the corresponding
y variable. Then

T(Uxy) = (TUT™)Tx (5.B.7a)

= (TUT™)yj = (TUT™)fy (x). (5.B.7b)

The first term in (5.B.7a) is evidently just Tk (x) = & (Tx). The first term
in (5.B.7b) represents the action of the transformed generator on yx. In

Sec. 5.7, we investigated the effect of a change of variables on a group
generator. Setting yix = xj. in Eqgs. (4.7.3)—(4.7.5) gives

511(}’) = UYk\x=finv(y) = (Ejfj (X)fk,j (X))‘X=fi“"(y)7 (5.B.8a)

& Some authors require (5.B.3) to be true, by definition, for any g(x). We have not done
so because, in physical applications, doing so can easily lead to error.
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where
fic,j (x) = Ofic(x)/0x;. (5.B.8b)
This establishes that the diffeomorphism x — y = Tx transforms
U =X &(x)0/0x; to
TUT™ =3 & (y)3/dyx. (5.B.9)

We are now ready to prove that the commutator of two Lie generators
is invariant under diffeomorphisms.

Theorem 5.B.1. Let
W =[U,V], (5.B.10a)
with
U=2%¢§(x)0/0x;, V=2X1(x)0/0%x;, W =X wk(x)0/0xx. (5.B.10b)
Let

U =TUT™, V' =TVT™, W =TwWT™, (5.B.11)
Then
W = [U,V']. (5.B.12)
Proof.
TWT™ = T[U, V]T"™ = T(UV — VU)T™
= TUT™TVT™ — TVT™TUT™ (5.B.13a—c)
= [TUT™, TVT™).
That is to say,
W = [U,V']. (5.B.14)

Q.E.D.

Appendix C. Isolating and Non-isolating Integrals of Motion

Roughly speaking, small errors in measurements lead to small errors in the
value of isolating integrals, and small errors in estimates of the value of
isolating integrals result in small errors in predicted motions. In contrast,
small errors in calculating or estimating non-isolating integrals can lead
to large errors in predicted motions. However, the difference in meaning
of small and large in these statements is subtle. We can here only briefly
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address this subtlety. In Eqs. (5.9.4), fixing the value of c¢;, and each of
the constants of motion, yx = Yi(x),k > 1, at a time t = to would com-
pletely fix the coordinates of the bodies in the space of the y’s, and in
the space of the x’s, at tg. As t varies, the point representing the state
of the system traces out a line, which is the trajectory of the system in
the space of the x’s or y’s. Each successive point on this line determines
a state of the system at successive points of time. Because all the yy are
related to the x’s by diffeomorphisms, the Yy (x) are single-valued functions.
As a consequence trajectories evolving from different points cannot cross.
Furthermore, except in the region of singular points of (5.9.1), infinitesi-
mal changes dx; in initial values x;l¢—o, will produce infinitesimal changes
in the constants of motion Yy(x). However, small finite changes Ax;li=o
may produce changes AYy|t—o that grow exponentially with the Axj|¢—o,
and small finite changes Ay;jli=o may produce changes in the Axy|i=o that
grow exponentially with the Ayj|¢—o. Under these circumstances, some tra-
jectories initially well separated may closely approach one another, then
recede — and in general wander about so much that they will pass through
any finite hypervolume of the space allowed for them by conservation of
energy, momentum, angular momentum, and any other isolating integrals.
An example is provided by the Henon and Heiles system,'! in which the
potential function is (x?+y?)/2+x%y —y3/3. In these cases knowing a value
of the corresponding constant of motion can tell little about the evolution
of the system. The constants so affected are the ones that are said to be
non-isolating.

The study of the stability and reliability of predictions based upon con-
stants of motion of systems involving three or more gravitationally interact-
ing bodies has a long history. For a discussion of the contributions made by
Jacobi, Bruns, Painleve, and Poincare in the nineteenth and early twentieth
century, the reader is referred to Whittaker’s monograph.'? These workers
established fundamental mathematical results and showed that constants
of motion other than those of energy, momentum, and angular momentum
would generally have limited use in making long range predictions, and
retrodictions, of planetary and lunar motions. In the mid twentieth century
further fundamental advances were made by Kolmogorov,'3 Arnold,** and
Moser.'® Treating the sun and planets as point masses it was shown, for
example, that for two planetary orbits whose planes intersect at low angles
there are stable constants of motion which predict the constancy of the
inclination.
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Exercises

1.

Is the equation dv — ydx = dc, with dc arbitrary, left invariant by a
non-denumerable, or a denumerable, infinity of one-parameter groups?

. What equations of the form (5.6.16) have path curves that are themselves

circles?

Determine the generators of the transformations that leave invariant the
space metrics obtained from (2.7.4) by setting dz = 0.

What is the action of each of the generators (5.7.12a-d) on the general
solution of the equation of motion: y — (A sin(t) + B cos(t)) = 07 Which
U’s generate a transformation that leaves a particular solution invariant?
For further information see Ref. 2.

Complete the solution of Egs. (5.7.9a—d) and compare your result with
(5.7.11).

Write down a set of first-order ODEs corresponding to the equation
d?x/dt? = 0. Obtain the determining equation for the point transfor-
mations that leave this equation invariant. Then use (5.9.16) to obtain
the same determining equation. What choice of the function w must
be made? Solve the determining equations. Show that the solution is a
linear combination of eight linearly independent U’s.
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CHAPTER 6

Lie Transformation Groups and Lie Algebras

In this chapter many-parameter groups are defined, and the concepts of Lie
group and Lie algebra are then developed along the lines initiated by Lie.!
The further topics selected are those most often needed in applied work.

6.1 Relation of Many-Parameter Lie Transformation Groups
to Lie Algebras

Suppose a succession of r different one-parameter transformation groups
with group parameters ay act on a set of variables x = (x1,...,Xy,). This
action may be expressed as

x — x' = exp(a,Uy) exp(a;—1U;—1) - - - exp(a2 Uz) exp(ay Uy )x.
=T(ar, ap—1, ..., 00, 1)X. (6.1.1a)
Here each
Uk = 5 & x(x)0/0%; (6.1.1b)

is the generator of a one-parameter transformation group in which
T(ak)x = exp(axUk)x. Let us label the ordered set of group parameters by

w=(ap,0p_1,...,02,01), (6.1.2a)
so T(ay,ay—1,...,a2,a1) becomes T(w). Then
x' = T(w)x, (6.1.2b)
and for j=1,...,n,
T(w)x; = xj
with
X = ®j(x;w). (6.1.2¢)
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We will write w = 0 iff all ayc = 0. If the operation of T(w) on x is that
of an r-parameter group, then for each x; the functions ®;(x;w) yield the
identity transformation, T(0), when every group parameter «j vanishes,
and one must have

Xj = @j(x;w)|w:0. (612d>

For T(w) to define a group, it is necessary that it has an inverse. Refer-
ring to (6.1.1) one sees that its inverse, T (w), is

T(w) = T(_alﬂ —Q2,...,—0Qr_1, _ar) (613&)

(the parameters are listed in reverse order because the operations must be
carried out in that order). Then

T(wi“)T(w)X = T(w)T(wi“)X =T0)x=Ix=x. (6.1.3b)

For T(w) to be the operator of a group, it is also necessary that the
action of two successive operations can be expressed as the operation of the
group, that is

T(w)T(w)x = T(w")x. (6.1.4a)
It requires that, for allk =1,...,r, one must have o = Qx(w’,w), with
af —wajasw—0, ap — agasw — 0. (6.1.4b)

Definition 6.1.1. A group is said to be a Lie group iff its composition
functions Qi (w’, w) are analytic functions in finite regions containing the
values of w’ and w that define identity transformations.

It follows that for Lie groups, the functions 2y can be expanded as a
!
regions in which the parameters are sufficiently smalJI.

To begin to develop an understanding of what is entailed when a group
is a Lie group, consider the case of a two-parameter transformation group
in which

convergent power series in the group parameters o; and «; within finite

x" = T(a2, a1)x = exp(azUs) exp(ay Uy )x, (6.1.5)
with x = (x1,x2). As the group-parameters approach zero,

T(Oég, ozl) — T(5a2, (50[1),
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Fig. 6.1.1a Action of two successive infinitesimal transformations.

and
x — (1 + (5042U2)(1 + (5&1U1)X,
= (1 + danUsg + da1 Uy + (50[15(12U2U1)X. (6.1.6a,b)

In Fig. 6.1.1a this transformation moves a point P with coordinates x =
(21,22) to P’ and then to P” with coordinates x’ = (z1 + 921,22+ 0z2). Note
that (6.1.6¢) contains all terms in the expansion of (6.1.6a) that are linear in
both da; and dao. In the same approximation, the inverse transformation is

T(—(SOél, —(50[2) = (]. - (50[1U1)(1 - (SOCQUQ)
= (1 —daUsy — a1 Uy + (50415042U1U2). (6.1.7)

In Fig. 6.1.1a, the inverse transformation carries P!/ to P/ and then to P.
Expanding T(—day, —daz)T(da, day) one obtains

14+ 0(da?, da3). (6.1.8)

If one carries out the general transformation T(8z2, ;)T (a2, a1)x, the
resulting operator must be able to be expressed as

T(v2,7) = exp(12Uz2) exp(y1U1), (6.1.9a)
with
11 = (a2, 01,02, 61), Y2 = Qaaz, a1, B2, B). (6.1.9b)

A fundamental property of Lie groups is exposed if, instead of following
the transformation (6.1.6) by its inverse, it is followed by

T(—(SOZQ, —(50&1) — (1 — (50[2U2)(1 — (5041U1)
= (1 —dasUy — a1 Ug + 50&160[2U2U1). (6110)
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Fig. 6.1.1b Action of two successive infinitesimal transformations followed by
the reverse of their inverse.

Figure 6.1.1b illustrates effect of the resulting transformation
T(—dag, —da1)T(dasg, day)x
— (1 — 50&2U2)(1 — 50&1U1)(1 + (50&2U2)(1 + (50(1U1)X. (6.1.11&)

Expanding the RHS of this, one finds that through terms first order in
daq and/or daa,

T(—éag, —(50&1)T((5a2, 6a1) — 1+ 5&150[2(U2U1 — UlUQ). (6111b)

For this to be expressed as an approximation to exp(y2Uz) exp(y1U1), the
commutator, [Us, U] = (U3Uy — UyUsy), must be expressible as a linear
combination of U; and Us:

[Us, U] = ¢3, Uy + 3, Us. (6.1.12)
Then (6.1.11) becomes an approximation to
exp(72Us) exp(71Uy), (6.1.13)
in which
Yo — day dag c%l, Y1 — daidae c%l.

The result obtained in this example is a special case of the following
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Theorem 6.1.1. The generators
U, =3 §e(x) 90/0%5, k=1,...,r, (6.1.14a)

of r one-parameter groups are the generators of an r-parameter Lie group
iff they obey the commutation relations

[Us, U] =2,C UL, k, A, p=1,...r, (6.1.14Db)

in which the c, are neither functions of the variables = nor of the group
parameters w.

The generators satisfy a further condition
([Uk,Uxl, Uu]l + [[UL, Uk, Uxl 4+ [[Ua, U,], U] = 0. (6.1.14c¢)

This condition, a Jacobi relation, is automatically satisfied because the Lie
generators U are first-derivative operators, and for this reason it is also
called the derivative condition.

Let us consider examples of operators that satisfy (6.1.14). In Euclidean
three-space, the generators of rotations may be taken to be

Rx =y 0/0z—20/dy, Ry=20/0x—x0/0z, R,=x0/dy—y 0/0x.

(6.1.15a)
They satisfy the commutation relations
[Rx,Ry] = —R,, [R,,R«] = —Ry, [Ry,R;] = —Rx. (6.1.15b)
The nonzero structure constants are
Coy =1, ¢ ,=-1, ¢, =-1 (6.1.15¢)
and
C;X = fc)z(y =1, c,=—-c, =1, C’Z‘y = fc; =1.

We have previously seen that each of the generators R annihilates the func-
tion x2+y2?+22, and that the operations of the corresponding one-parameter
groups carry out rotations and leave invariant the Euclidean metric in three-
space.
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The generators of the group SO(2,1) which leaves invariant the value
x? +y? — z? and the metric (dx? + dy? — dz?) are the R, given above, and

Sx=y0/0z+2z0/0y, Sy=1z0/0x+x0/0z. (6.1.16a)
Their commutation relations are
[Sx,Sy] = —R., [Rs,Sx] =Sy, [Sy,R.] =S« (6.1.16Db)

The nonzero structure constants are

z y X
oy =—1, =1, ¢, =1 (6.1.16¢)
and
z .z vy Ly o X X
Cox = —Cop =1, ¢, =—c,=-1, ¢, =—cj,=-1

Note how these differ from the commutation relations obeyed by the gen-
erators of the rotation group.

Lie used the results stated in (6.1.14) to determine all possible many-
parameter local Lie groups acting in spaces of one, two, and three variables.?
Consider, for example, the following set of generators of one-parameter
transformation groups acting on a single variable, x:

0/0x, x0/9x, x*d/dx, x>0/0x. (6.1.17)
By direct calculation,
[x* 9/0x,x" 8/x]f(x) = (a — b)x®TP~Y9/9xf (x), (6.1.18a)
ie.
[x* 9/0x,x" 9/8x] = (a — b)x@P~Dg/ox. (6.1.18b)
Consequently
[x?0/0x,x%0/0x] = —x10/0x, (6.1.18c¢)
and
[x 0/0x,x* 9/0x] = —2x* 9/0x. (6.1.18d)

It follows that xd/0x, x9/0x are generators of a two-parameter group,
but that x?0/0x, x39/0x are not. Relations (6.1.18) make it evident that
there is no r-parameter group which contains amongst its generators both
x20/0x and x30/0x; this is simply because their commutator yields x*0/0x
and this then gives rise to a commutator producing x°9/0x, ad infinitum.
However, the operators 9/0x, and x"9/0x are generators of a two-parameter
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group. Note also that the operators 0/9x, x9/0x, x>0/0x are generators of
a three-parameter group.

These results have an immediate consequence. Suppose that the mem-
bers of a set of generators are operators U,y = &.(x)0/0x whose £,(x)
have power series expansions beginning with x*. The previous discussion
establishes that there is no r-parameter transformation group which con-
tains as generators both U(y) and Uy, and so forth. Lie used extensions
from this observation to construct a wide variety of many-parameter groups
transforming many variables.3

In the previous examples, the commutator of two group generators is
itself a group generator, rather than the more general linear combination
of generators allowed by the theorem. However, it is easily shown that if a
set of r generators U is closed under commutation, then any set of r gener-
ators U’ obtained by taking independent linear combinations of U, is also
closed under commutation. As a consequence, a set of linearly independent
linear combinations of generators of a group may themselves be considered
generators of a group.

6.2 The Differential Equations That Define
Many-Parameter Groups

In Chapter 4 it was shown that a one-parameter transformation group
acting on n variables x; is defined by a set of n first-order ODEs,

Oxi/0a =&(x), i=1,2,...,n, (6.2.1a)
and that the &(x) define a group generator
U =73 &(x)0/0x;. (6.2.1b)
At first glance, one might suspect that an analogous set
0xi/0cy = &(x), 1=1,2,...,n, j=1,2,... (6.2.1c)
would define a many-parameter group with generators
U; =3 &j(x) 0/0x;. (6.2.1d)

However, these equations are not sufficiently restrictive; they impose no
connection between the one-parameter groups defined for each value of j.
Many-parameter groups can be defined by coupled first-order equations

(‘3Xi/6aj = Ci,j (X, 1,09, .. ) (622&)
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As shown in the appendix, for such equations to define a many-parameter
group they must be further restricted. First of all, one must have

Gij(x,w) = B uik(x) A (w), (6.2.2b)
so that the defining differential equations are of the form
0%i /00y = Bk i (x) Aij(w). (6.2.2¢)
For this set of partial differential equations to be integrable, one must have
32Xi/3aj Oay, = 82Xi/6am 0. (6.2.2d)
This requires that
Sk O(uik (x) Ak (w))/Oom = Ek O(uik(x) Akm (w))/ ;. (6.2.2¢)

These requirements are certainly satisfied if the ¢; j(x,w) are analytic func-
tions of their arguments. Using them Lie established his First Fundamental

Theorem?:

Theorem 6.2.1. If the uy(x) are linearly independent analytic functions,
the equations

0xi/00y = Xk uik(x)A\j(w), i=1,...,n, jk=1,...r, (6.2.3a)
and
Ty O(uik(x) Akj(w))/0am = Ex O(uik(x) Akm(w))/00y, (6.2.3b)
determine an r-parameter group whose generators are
Uk = X ujk(x) 0/0x;. (6.2.3¢)

The transformations of the group x; — XJ{ are defined by XJf = Oj(x; )
in which the ®;(x; o) are analytic functions of their arguments in regions
surrounding (x;0).

We have previously dealt with a case in which the region does not include
all of the space: the transformation x’ = x/(1 — ax) which is not defined
when ax = 1. Its generator is U = u(x) 0/0x, where u(x) is the analytic
function x2.

Because the functions £(x) defining the generators of Lie groups are
assumed to be analytic functions they may always be approximated by
power series. The commutation relations of the generators may be deter-
mined from a knowledge of terms in the series that are of low order. This
property of Lie transformation groups is, as expected, a great help in applied
work.?
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The operator of an r-parameter Lie group with generators U, can be
put in the form

S(ar, o) = exp(Zy @, Uy) (6.2.4a)
as well in the form

T(a1, ) = exp(a1Uy) exp(azUsz) - - -exp(a, Uy)
= II,; exp(a, Uy), (6.2.4b)

not to mention a variety of other forms. The first form is particularly useful
when we deal with minuscule values of the parameters.

If the generators of a group do not commute, different orderings of the
operations in (6.2.4b) will have different actions. A number of formulae,
known as Baker—Campbell-Hausdorff relations, use commutation relations
among the group generators to interrelate these.~8 Commutation relations
of the group generators may also, in some cases, be used to express the oper-
ators S(ay, o), or T(aq,ay), as products of one-parameter group operators
exp(a, Uy ), in which not all the U, are different. Operators of the rotation
group are, for example, commonly put in the form

T(v, 8, @) = exp(7Us) exp(8U2) exp(aUs), (6.2.5)

where the 7, 3, a are Euler’s angles of rotation.”
Group operators of the form exp(X, «,Uy) avoid complications pro-
duced by different orderings in the form IT,; exp(a,Uy).

6.3 Real Lie Algebras

In this section we investigate properties of group generators that make it
possible to simplify and systematize much of the study of Lie groups that
is important in physical applications.

We begin with a set of generators U,, that satisfy the condition

U, Un] =%, CLU,, rAp=1,...,1, (6.3.1a)
and the Jacobi relation
[(Uk, Ual, U] + [[Uy, Ugl, Ux] + [[Ux, UL, Uy] = 0. (6.3.1b)

As before, the c, are neither functions of the variables x, nor of the group
parameters w. The r different U’s are required to be linearly independent,
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that is, they do not satisfy any condition of the form
c1Up +coUg + -+ ¢, U, =0. (6310)

One may imagine the U, to be represented by basis vectors u, of a linear
algebra with, e.g.

U1 ~ U1 (1,0,0,...)7 UQ ~ Uy = (071,07...), etc. (632&)

The general element of the algebra would then be U = Ya, u, ~ ¥a,U,,
with the a,, being the scalars of the algebra. Commutation is the compositon
operator of the algebra. The scalars i, are restricted by the requirement

Cl)fn = 7Cl;)\7 (632b)
which is a direct consequence of the fact that
[Ux, Ux] = —[Us, Ual. (6.3.2¢)

The reader is invited to show that the Jacobi relation implies that the ¢!
obey the further restrictions

Yu(chp cun ¢y Cha T Chy Cng) = 0. (6.3.2d)

Matrix multiplication with a square matrix M will convert a vector
U = >a,u, to

U = MU, (6.3.3)

which will be a vector of the Lie algebra if the elements m;; of M are scalars.
The vector U’ will represent a linearly independent set of generators U’
if the determinant of M is nonzero. It is then easy to show that (6.3.1a)
implies

(U, Us =2, () Uy, s p=1,...,1. (6.3.4)

The structure constants are not, in general, identical to those in (6.3.1a).

The U’s satisfy all the laws of a linear algebra — if one considers the
0 vector to be a U as well; henceforth it will be denoted Ugy. We shall use
bold face type to denote Lie generators when we wish to emphasize their
linear-algebraic, vectorial, properties.

A linear algebra whose elements satisfy (6.3.1) and (6.3.2) is said to be
a Lie algebra. 1t is a real Lie algebra if no element of the algebra is allowed
to take on complex values. The ¢!, are termed the structure constants of
the Lie algebra.

The rank of a Lie algebra is the maximum number of its generators that
commute amongst themselves. If no generator other than Uy commute with
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another, the rank is 1. A Lie algebra, all generators of which commute with
one another, is termed Abelian. All the structure constants of an Abelian
Lie algebra are zero.

Lie algebras with identical structure constants are said to be isomorphic.
The freedom represented by the transformation from (6.3.1a) to (6.3.4)
indicates that two Lie algebras of the same dimension, r, may be isomorphic
though their structure constants are different. A method for determining
whether Lie algebras are isomorphic, devised by Killing, is discussed in
Sec. 6.6. It is extensively developed by Cartan and Dynkin and used to
classify Lie algebras. The methodology is outlined in the Sec. 6.7, and the
classification of Lie algebras and groups is outlined in the appendix.

6.4 Relations between Commutation Relations and the
Action of Transformation Groups: Some Examples

We begin this section with a brief study of the effect of transformations of
variables upon the action of a Lie transformation group. Suppose one has
a set of generators

Uk :Ej,ka(Z) 8/8zj, k= 1,...,1‘7 (641)

in which the &1 are C¥ functions. If one subjects the Uy to a Ck diffeo-
morphism

zj — ZJ{ = fj(z2), ZJ{ — 75 = fjinv(z'), (6.4.2a,b)

then
Uk — Uy, =55 ({1 (2') 9/0z. (6.4.3)

In this, as usual, the Cj”k(z’ ) are obtained by using the inverse transforma-
tion, (6.4.2b), to replace z by 7z’ in Uxz; = Uyfj(z). Now let us consider the
transformation from z to z’ passively, that is let us consider it to define
a change from one local coordinate system z to another z’. Such a pas-
sive change in coordinates affects only the coordinate labels in Fig. 6.4.1.
Consequently, one expects that

if [Uy, Uy = X, C%, Uy, then [U},U}] =%, C*, U, (6.4.4)

then and the structure constants remaining unchanged. In short, diffeomor-
phisms do not alter commutation relations.



180 Dynamical Symmetry

Fyle

2.0

L P'

r P
1.5+

P

1.0

L P

P

Fyle
0.5

r x/e
0.0 L L L L L L L J

b 0.5 1.0 1.5 2.0

x'/e

Fig. 6.4.1 Commutation diagram with second local coordinate.

This fact profoundly influences the physical interpretation of symmetry
groups. Consider, for example, the commutation relations

[Ry.Ry] = —R,, [RuRe] =—Ry, [Ry,R,] =Ry (6.4.5)

which are satisfied by the generators (6.1.15a) of the rotation group in
Euclidean three-space. Let

x —x/a, y—y/b, z—z/c (6.4.6)
This transformation converts spheres defined by
x? +y? 422 =12 (6.4.7)
to ellipsoids defined by
(x/a)? + (y/b)? + (z/c)? = 1*. (6.4.8)
It converts the generators R to generators such as

Rl = (y/b) 0/0(z/c) — (z/c) 0/0(y/b) = (c¢/b)yd/0z — (b/c)z0/dy.
(6.4.9)
The reader can verify that if a, b, ¢ are all nonzero, the commutation rela-
tions (6.4.5) are also satisfied by the R’. The R’ are generators of a group
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whose operator carries points on each ellipsoid into points on the ellipsoid,
in exactly the same manner that the operator generated by the R carries
points on a sphere into points on a sphere.

Lie transformation groups generated by two different sets of gener-
ators with isomorphic commutation relations are said to be locally iso-
morphic because, for some (finite) range of the group parameters, the
actions T(aq,ay)x and T'(aq,ay)y of the two groups can be put in one-
to-one correspondence. Locally isomorphic groups are globally isomorphic
if the one-to-one correspondence persists for all allowed values of the group
parameters. SO(3) and SU(2) are locally isomorphic, but not globally iso-
morphic. Different realizations of a group are produced when different group
generators produce globally isomorphic groups. The R and the R’ of the
previous paragraph are generators of different realizations of SO(3). Both
SO(3) and SU(2) groups appear in a variety of realizations in physics and
chemistry, some quite surprising.

All group parameters are allowed, in principle, to range through all the
reals, but, as is the case for one-parameter groups, it may happen that, for
any one-parameter subgroup, a group parameter and the same parameter
mod some number, e.g. 27 or 47, will give rise to the same transformation.
One may, for convenience, then restrict the range of the group parameter so
that the effect of the group operation is not repeated. The group parameter,
say «, can then be contained within a compact region, e.g. —7m < a < 7.
Such a one-parameter group is termed a compact one-parameter group.
A one-parameter group that is not compact is termed noncompact. The
group parameter of a noncompact group ranges over an interval which may
or may not contain all the real numbers, examples being —oo <a <oo and
—7 <a <m. The group SO(2,1) contains a compact one-parameter subgroup,
and two noncompact one-parameter subgroups. In the realization given
above, exp(aR,) is the operator of a compact subgroup whose operation is
the same for o = 7 as it is for « = —7. On the other hand, the operators
exp(Sx) and exp(vS,) do not repeat their action as their group parameters
range through all the real numbers. The group SO(3) contains only compact
one-parameter subgroups.

If all one-parameter groups contained in a many-parameter group
are compact, the many-parameter group is termed compact. If a many-
parameter group contains one or more noncompact one-parameter groups,
the many-parameter group is noncompact. The groups SO(n) are, for all
values of n, compact. The groups SO(p,q) are noncompact for nonzero
p and q.
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The structure constants of the Lie algebra of SO(3) are different from
the structure constants of the Lie algebra of SO(2,1). This is an exam-
ple of a general truth: the commutation relations of a real Lie algebra
determine whether the corresponding Lie group is compact or noncom-
pact. Thus, rather surprisingly, the compactness or noncompactness of a
Lie group is determined by relationships among its infinitesimal trans-
formations. Subtleties may however be involved, as the following example
demonstrates.

The projective group in one variable, say t, has generators

d/0t, t0/dt, t20/ot. (6.4.10)
The general transformation of the group can be given the form
t =t = (t +a1)/(ast + ag). (6.4.11)
The identity transformation occurs when a; = —aj/ag, s = —as/ag, and
ag = 1/ag. The linear combinations of the generators (6.4.10),
Uy = (1/2)(1 —t*) 9/0t, Uz = (1/2)(1 +t*) 9/0k, (6.4.12)

together with Uy = t0/0%, obey the commutation relations
[U1,Ug] =Us, [Ug2,Us] =-Uy, [Us,Uy]=—Us. (6.4.13)

The group is therefore locally isomorphic to SO(2,1), and the generator of
the compact subgroup is Usz. As the real line —oco < t < oo is an open
interval it is rather surprising to find that a group that carries it into itself
contains a compact subgroup, which, as we shall see, can carry any point
on the line to any other point on the line.

The transformation (6.4.11), like that generated by t20/dt, undergoes
a sudden change in sign from 00 to £(—00) when ast + ag passes through
zero. In Chapter 2 we saw that a stereographic projection from the plane
onto the sphere projects onto the South pole of the sphere all points whose
(x,y) coordinates in the plane are +oco. Let us consider the corresponding
projection of the line of t onto a unit circle. Set

x=2t/(t24+1), y=(1-t3)/t>+1). (6.4.14)
Then x2 4+ y? = 1, and one may set x = sin(f), y = cos(f). Consequently
t =tan(/2), dt = (df/2)sec*(0/2). (6.4.15)

Figure 6.4.2 depicts the relation between t and 6. For —co < t < oo one
has a diffeomorphism that maps t,dt to 8, df respectively with 6 lying in
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Fig. 6.4.2 Stereographic projection of t from the real line onto a unit circle.

the open interval —m < 6 < 7. However 6 also remains real over the closed
interval —7 < 6 < 7 with § = —7 representing the same point as § = 7.
The projection converts the U; to the V; defined below:

U; — y(y0/0x — x0/dy) — cos(0)0/90 = V1,
U; — —x(y0/9x — x0/0y) — —sin(0)9/90 = Vo, (6.4.16)
Us — —(y9/0x — xd/dy) — —9/06 = V3.

V1 vanishes when § = +7/2, and V3 vanishes when 6 = 0, 7. This has
the consequence (c.f. the exercises) that the finite transformations generated
by V1 and Vs cannot carry 6 out of the open interval —7m < 6 < 7. How-
ever, V3 has no singular point, and exp(yV3) carries 6 to 6 — +, which can
become +.

The V’s obey commutation relations isomorphic to those of the U’s,
but they obey them for all real values of 6, a range which includes values
of 6 in the compact interval m < 6 < 7. This interval corresponds to the
interval —oo < t < oo, with —oo being identified with +o0. (Extending the
interval by adding the point at § = +7 is termed a one-point compacti-
fication of the interval). Commutation relations express relations between
infinitesimal transformations that move points over infinitesimal regions.
Crudely speaking, an infinitesimal interval contains a continuum of points,
and removing or adding a point is unnoticeable in so far as an infinitesi-
mal transformation is concerned. In this case, the point added at § = +7
corresponds to t = Fo0o. As the commutation relations are insensitive to
such trickery, the three-parameter group generated by 9/0t, t0/0t, t20/0t.
contains a compact subgroup, isomorphic to that in the group generated
by U1, UQ, U3.
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The commutation relations that determine the Lie algebra of a com-
pact Lie group do not determine the length of the compact interval over
which the group parameters range before causing the action of the group
to repeat. This allows different Lie groups to arise from Lie algebras that
have the same structure constants. The groups SO(3) and SU(2) provide an
example.

The generators of the ordinary rotation group and those of the spin 1/2
rotation group have isomorphic commutation relations. For the ordinary
rotation group, the Euler angles in the rotation operator®

T(v, B, a) = exp(7Us) exp(B8U2) exp(aUs) (6.4.17)

range over the intervals 0 < a < 27, 0 < B < m, 0 < v < 27 without
bringing a point back to itself. The group is a realization of the abstract
Lie group SO(3). However, if half-integer spin vectors are being rotated,
the action of exp(yUs) only repeats when the group parameter v moves
over a range of 47 or greater. The standard range of the parameter is 0 <
v < 4m. The spin 1/2 rotation group is a realization of the abstract group
SU(2), rather than the abstract group SO(3). SO(3) and SU(2) are locally
isomorphic, but not globally isomorphic Lie groups. In short, isomorphic
Lie algebras yield locally isomorphic Lie groups, but do not necessarily yield
globally isomorphic Lie groups.

We conclude this section with several examples of physical interest. The
linear symplectic group Sp(2R) has a realization with generators

Uy = (q 9/0q—p 0/9p)/2,
Uz =(q9/0p+p 8/0q)/2, (6.4.18)
Uz = (p 9/0q—q 0/9p)/2.

The three operators exp(a;Uj) carry out canonical transformations in the
phase space of (p,q). The generators satisfy the commutation relations

[U1,Us] = =Us, [Uz,Us] =Uy, [Us,Us] =0, (6.4.19)

Now refer back to Egs. (6.1.16a) and set up the correspondences Uy ~ Sy,
U; ~ Sy, Us ~ R,. On comparing the commutation relations (6.1.16b)
with (6.4.19) one sees that the structure constants of the two Lie alge-
bras are identical. The Lie groups are consequently locally isomorphic.
However

Us = (p 8/0q—q 9/9p)/2, (6.4.20a)
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while
R, = (x 9/0y —y 0/0x), (6.4.20b)
S0
exp(aUs) = exp(a’Us), o =a+4nm, (6.4.20c)
while
exp(aR,) = exp(a’R,), o =a+2nm, (6.4.20d)

where n is an integer. Thus the groups are not globally isomorphic.

It is usually assumed that physical time runs continuously from an indef-
inite past through the present to an indefinite future: —oco < t < oo, or
even —oo < t < co. One expects that when exp(a 9/0t) acts on t to give
t' =t + «, one must allow « the full range —co < a < co. However, even
in Newtonian mechanics, if one is not careful this view can lead to incon-
sistencies. In Chapter 5 we found eight generators of one-parameter groups
that leave invariant Newton’s equation of motion for a harmonic oscillator.
The commutation relations of three of these generators,

U, = 8/0t, (6.4.21a)
Uy = (1 +y?) cos(t) 9/dy +y sin(t) 90, (6.4.21b)
Us = (1 +y?)sin(t) /dy —y cos(t) 8/0t, (6.4.21¢)
are
[Us,Uy] = —Us, [Uz,Us]=-Uy, [Uy,Uy] =—Us. (6.4.21d)

These are the commutation relations of the compact groups SO(3) and
SU(2). Each solution x = Asin(t) + Bcos(t) is converted into itself by the
transformation t — t' = t + 2. Thus, 9/0t is the generator of a compact
group, which is in fact, SO(3).1° In so far as the oscillator is concerned, t
and t + 27 are indistinguishable.

In quantum mechanics one deals with the operations of matrices M
that act on the coefficients c; of a linear combination of wave functions,
¢; ¥j(x), where the x are electronic coordinates. The matrix elements mjy
may be functions of parameters, R, such as nuclear coordinates. One may,
for example, be dealing with an eigenvalue problem Hyp,yp = Ev, ¢ =
Yicjej(x). If H is a matrix whose elements, Hj;(R) =< ;(x)[Hop |¥5(x) >,
are functions of a set of parameters R, one obtains an eigenvalue equation
of the form

(HR)-E)C=0, C=(c1,c2,Cn)- (6.4.22)
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As one varies the parameters, the coefficients c; vary. It is a general property
of such linear equations, that E may be left invariant by transformations of
the general real linear group Gl(n, R) of real transformations, if the ¢; and
the matrix elements Hjx(R) are real variables. This group contains both
SO(n) and SU(n) subgroups. If complex variables are involved the group
is GL(n, C), which also has SO(n) and SU(n)subgroups. In both cases the
SU(n) subgroups have operators that vary some c;’s at half the rate the
Hjx(R) are varied.!! This has the consequence that varying the R through
a cycle that returns the matrix elements to their initial values can cause
the ¢’s to return to the negative of their initial values! Aharonov and Bohm
were the first to notice this phenomenon in a physical context.'? In chem-
ical systems with degenerate molecular wavefunctions, similar phase shifts
are found to be produced by cyclic nuclear motions. These can produce
surprising effects when potential energy curves or surfaces E(R) and E'(R)
become degenerate at crossings or intersections.!® Berry'# discovered that
similar, but more varied, phase shifts occur in systems governed by the
time-dependent analog of (6.4.22),

(H(R) — i 8/0t)C = 0. (6.4.23)

6.5 Transitivity

A transformation group acts transitively in a space or on a manifold if every
point of the space or manifold can be carried into every other point. A group
that fails this criterion, acts intransitively in the space or on the manifold.
Transitivity is a property that is not determined by commutation relations
alone, it depends upon the realization of the group, the functional form of
the & k(z) in the group generators Uy = X; & k(z) 0/0z;. The translation
subgroup of the Euclidean group E(3) in three-dimensional Euclidean space
acts transitively in the space because it can move any point in the space
to any other point in the space. The SO(3) group that carries out rota-
tions about the origin acts transitively on the surface of a sphere centered
at the origin. However this group acts intransitively in three-dimensional
Euclidean space because it cannot move points from one sphere centered at
the origin to points on a concentric sphere of different radius. This exempli-
fies a general observation: a group that acts transitively in a space S cannot
simply move points about in a subspace of S. If S is a space whose points
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are determined by assigning values to n independent variables, x;, a group
that acts transitively in the space is consequently able to change the value
of any function f(x1,X2,...,X,) defined at each point P in the space. Such
a group cannot leave invariant any function or manifold defined within S by
such functions. It can leave metrics and coordinate differences invariant. As
an example, the group of translations x — x4+ a,y — y+ b,z — z+ ¢ acts
transitively in the space of (x,y,z), and it leaves invariant the Euclidean
distance between two points P; and P, or any function depending only
upon xi — Xz, y1 — ¥2, 21 — Z2.

The most useful dynamical groups and Lie algebras contain operations
that act transitively on the space of solutions of dynamical equations. They
often act intransitively on the space of variables in which the solutions are
defined. Thus, for example, solutions of Hamilton’s equations are defined in
the phase space of the variables p,q, E and t. Transformations that carry
solutions of the equations into solutions of the same energy leave invariant
the expression H(p,q) — E. This expression defines a submanifold in the
space of p,q, E and t. In Chapters 7-9 many-parameter groups that trans-
form solutions of ODEs into solutions will be used to uncover many proper-
ties of the equations of classical dynamics. This will provide the foundation
for our subsequent investigations of Schrodinger’s and Maxwell’s equations.
The following sections of this chapter are primarily devoted to providing
mathematical tools that help uncover consequences of group structure.

6.6 Complex Lie Algebras

In quantum mechanics one deals with complex extensions of real Lie alge-
bras. The generators of the complex extension of a real Lie algebra are
allowed to be functions of complex variables. In the linear combinations
3 C, Uy, the ¢, are allowed to be complex numbers, as are structure con-
stants. In the Lie groups generated by the operators of a complex Lie alge-
bra, the group parameters are also allowed to be complex variables.

As a first example of the consequences of the complexification of a Lie
algebra, consider the effect on the rotation generators, (6.1.15a), by replac-
ing z with i t. The operators then become

R, = —i(yd/0t+t0/dy), R =i(td/0x+x0/dt), R,=x0/dy—yd/0x.
(6.6.1)
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Note the similarity to the SO(2,1) generators of (6.1.16), viz

Sx=y 0/0z+2z9/0y, Sy, =z0/0x+x0/0z, R,=x0/0y—y 0/0x.
(6.6.2)

The operators of (6.6.1) generate one-parameter groups which leave invari-
ant x? + y? — t2; the operators of (6.6.2) generate one-parameter groups
which leave x? 4 y? — 72
The key commutation relations among the generators in (6.6.1) are

invariant.

[R;UR;] = _RZa [RZ7R;<] = _R;a [R;m RZ} = _R;c (663)

These are isomorphic to the commutation relations obeyed by the original
rotation generators, and all the structure constants associated with (6.1.15)
are the same as those associated with (6.6.3). They are not the same as
the structure constants associated with the SO(2,1) generators in (6.1.16).
When complexification is allowed, the commutation relations of Lie algebra
of SO(2,1) and that of SO(3) can be made isomorphic, to have the same
structure constants. The same may be said of the commutation relations
of SO(p,q) and SO(p + q). The corresponding inhomogenous groups are
similarly affected.

6.7 The Cartan—Killing Form; Labeling and Shift Operators

Because both complexification and changing the basis of a Lie algebra can
change its commutation relations, it is helpful to have a way of determining
properties of the algebra that are basis independent. A tool that does this
was invented by Killing.!> The Cartan—Killing form is a matrix (and second
rank tensor) with elements

gik = g5 = 2u 2,0, ¢, (6.7.1a)
Using the Einstein summation convention this is
gik = 8kj = ¢, Ciiy- (6.7.1b)

Cartan'® proved that if the determinant of this matriz is nonzero, the
algebra contains operators that satisfy commutation relations of the form

[Uo,Us] =k Uy, [Up,U_]=—-kU_, (6.7.2)

where k is a constant. If the labeling operator Uy has eigenfunctions, the
etgenvalues of the labeling operator may be used to label the eigenfunctions.
The shift operators then shift this eigenvalue by +k.
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As a first example of these observations, consider the Lie algebra of the
groups SO(3) and SU(2). We have seen that their commutation relations
may be chosen to be

[Ry.Ry] = —R,, [RusRe] = —Ry, [Ry,R,] = —Ru (6.7.3a)

Renaming Rx,Ry,R, as Ui, Us, Us, respectively, the nonzero structure
constants are

3 2 _ 1

clg=—1, c5 =-1, c3=—1, (6.7.3b)
3 _ 3 _ 1 2 _ 2 1 r _ 1 _ 1

Cy1 = —Cip =1, €3 = —C33 =1, Cz9= —Cy3 = 1.

and Consequently,

g =ch, cf, = cfy cfy + ¢ty cfy = (=1)(1) + (1)(~1) = -2

. ) v o _ .2 3 3 2

g12 = €y, Cy,, = Cj3 Cyy + Cyp Co3 = 0, (6.7.4)
N ) v _ .3 1 1 3 _

822 = Cy,, Cy;, = Cpy Cz3 + Ca3 Cpy = —2.

Similarly, one finds that gz3 = —2,g13 = ge3 = 0. The Killing form is thus

-2 0 0
0 -2 0]. (6.7.5)
0 0 -2

The corresponding determinant has value —8, so the three generators U
may be used to construct a labeling operator and a pair of shift operators.

The inhomogeneous group ISO(3) has in addition to the rotation gen-
erators Uy, Us, Us, the translation generators Uy = 9x,Us = dy, Ug = 0z,
which commute among themselves. Their commutation relations with the
rotation generators give rise to the nonzero structure constants:

6 _1_ _.6 5 _ _1— _b 6 _ _1— _6
Cog =1 =—cpp, c3y=—1=—cy, cfy=—1=—c5,

4 4 5 5 4 4 (6.7.6)
G35 = 1 = —C3, g =1=—CG1, o6 = —1 = —Cgo.

Using these one finds that the only nonzero elements of the 6 x 6 dimen-
sional Killing form for ISO(3) are those of its SO(3) subgroup, the diagonal
elements in (6.7.5). The determinant of the form is thus zero.

The class of groups termed semi-simple all have Killing forms whose
determinant is nonzero. This class, defined in Appendix B, includes the
groups SO(p,q), SO(p+q), and groups locally isomorphic to them, but not
ISO(p,q), ISO(p + q).
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The structure constants of the Lie algebra of the angular momentum
operators L; are —ih/27 times those of the generators R; of the rotation
group SO(3). The determinant of the Killing form is consequently 8(h/2m)3.
If we let L, be the labeling operator, the shift operators are

Ly =Ly +iLy = —i(Rx +iRy),

L_ =L, —iL, = —i(Ry — iRy), (677.0)
and
[L,,Li] =L, [L,L_]=-L_. (6.7.7¢,d)
It follows that
LL, =Ly(L,+1), L,L_=L_(L,—1). (6.7.7¢.f)
The spherical harmonics Y, (6, ¢) satisfy
L, Yy, = mh/27)Y i, (6.7.8)

with [ a nonnegative integer, and m an integer. Equations (6.6.7c,d) imply
that

Lo(Ls o) = (m 1) (0/27) (L Vi), (6.7.9)
L,(L_Yn) = (m—1)(h/27)(L_Yim).

Consequently, if LY}, does not vanish, it has eigenvalue (m+1)(h/27); on

the other hand, if L_Y7,, does not vanish, it has eigenvalue (m—1)(h/2m). If

the Yy, are those defined by Condon and Shortley,'” an elegant argument'®

establishes

LiYim = viim Yimsr = (L(1+1) — m(m + 1)2(0/27) Y ima1, (6.7.10a)

L Y =v imYim1=(11+1)—m(m—1)Y2(h/27)Y}m_1. (6.7.10b)

These relations imply that
L+Yl,l = 0, L,Yu =0. (6710C)

As a consequence, m can only take on the 2] + 1 integer values that begin
with —/ and run through to +I.

In the general case, the allowed range of the eigenvalues of a labeling
operator may be finite or infinite, and the eigenvalues need not be integers.
The generators of the group SU(2) obey the same commutation relations
as those of SO(3), but in contrast to SO(3) the labeling operator of SU(2)
may have half-integer, as well as integer eigenvalues.
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6.8 Casimir Operators

Though no generator of a group may commute with all generators of the
group, there may be polynomial functions of the generators that commute
with all of them. Since the importance of this fact was first recognized by
the Dutch physicist Casimir,'” these polynomial functions of generators are
called Casimir operators. The best example known is the Casimir operator
of SO(3), the total angular momentum operator, L2, of quantum mechanics,
whose eigenvalues are [(I + 1)(h/2m).2

The rotation group in four-space has a quadratic Casimir operator and
a quartic one. Let the six generators of the group be Ujs, Usg, Usy, Uiy,
U247 and U34 with

Ugr = x.0/0x) — x00/0%. (6.8.1a)

Define
R = (Uz3, Us1, Ur2) = (Rx, Ry, Ry), (6.8.1b)
A = (U14, U24, U34) = (Ax7Ay,AZ). (6.8.1C)

The Casimir operators may then be taken to be
C;=—-(A-A+R-R), C,=(-AR)? (6.8.2)

These Casimir operators of SO(4) play prominent roles in later chapters.
If one lets the generators of the Lorentz group be components of R and

T = (V147 V247 V34) = (TX7 Tya TZ)7 Vﬁ)\ = Xf;a/aXA“v‘XAa/axm, X4 = Ctv
(6.8.3)
then the quadratic and quartic Casimir operators are

C; = (T-T-R-R), Cy=(-T-R)% (6.8.4)

A semi-simple group of rank r possesses r independent Casimir operators.?’

The spherical harmonics are perhaps the most used among the special
functions of mathematical physics. If a Lie group, or its subgroups, has
labeling and shift operators as well as Casimir operators, these operators
may be used to greatly simplify investigations of any function that can
be made an eigenfunction of the labeling and Casimir operators. Sharp?!

22 established that the theory of a wide variety of special

and Wigner
functions of mathematical physics can be simplifed in this manner. The
economy of thought that results is quite marvelous. In this connection
the reader is invited to compare Watson’s Theory of Bessel Functions®

with Sharp’s discussion of Bessel functions.?! Vilenkin’s monograph on the
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special functions?* approaches the subject from a similar group theoretic
standpoint.

The generators of a Lie group need not be first-order differential opera-
tors. They may be differential operators of order greater than one, opera-
tors of integration, matrices, etc. All continuous groups whose composition
functions satisfy Definition 6.1 are Lie groups.

6.9 Groups That Vary the Parameters
of Transformation Groups

The part of the theory of Lie groups that deals only with the action of the
operators upon themselves is known as the theory of abstract Lie groups.
During these actions of the abstract group only the group parameters «
vary. Operators of these abstract groups may be considered to act on the
group parameters. If a1, as are group parameters, and b is not contained in
the space of the a’s, then exp(b(ay 9/0as — ay 9/0ay)) is a such operator.

Many properties of a transformation group depend only upon properties
of its parameter space, the space the parameters sweep through as they
vary. There are several different ways of defining such groups.?® The theory
of topological groups is based on an analysis of parameter groups.? If a
group has no generators which commute with all its generators, the adjoint
group can be specially revealing. Adjoint groups also play a central role in
the classification of Lie algebras. The generators of the adjoint group are
defined to be

Is=X % ajx 050/00x, ajx= c}‘s. (6.9.1)

As an example, consider the transformations of the rotation group SO(3)
with operator of the form

exp(asRs) exp(a2Rz2) exp(ai1Rq) (6.9.2)

the R’s being those defined in Egs. (6.7.3). Using the structure constants
in (6.7.3) to evaluate (6.9.1), one finds that the generators of the adjoint
group are given by

Fl = aga/aag — a38/8a2, FQ = aga/aal — ala/aag,
Fg = alf)/@ag — a28/8a1. (693)

Though the adjoint group of the rotation group acts in a space of three
dimensions, in most cases adjoint groups act in spaces of higher dimen-
sions than does the group upon which they are based. Rotations in a four-
dimensional space with coordinates (x1, X2, x3,x4) lead to a six-dimensional
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space of group parameters: the group SO(4) is a six-parameter group. The
adjoint group of SO(4) has the generators (6.9.3), and three additional
generators:

F4 = 0156/(90[6 - 046(9/6065,
F5 = a68/8a4 - a48/8a6, (694)
FG = 046/(9&5 - 045(9/6044.

The SO(3,1) Lorentz group of spacetime also has a six-dimensional param-
eter space and an adjoint group with six generators. The generators of the
Poincare group, an ISO(3) group, are those of the Lorentz group supple-
mented with the generators of four translations in spacetime. The parameter
space of the adjoint group is therefore ten-dimensional.

6.10 Lie Symmetries Induced from Observations

We have seen that differential equations define Lie groups of one or more
parameters, that Lie groups interconvert solutions of the differential equa-
tions of the natural and physical sciences, and that Lie groups define intrin-
sic symmetries of these differential equations. Relationships uncovered by
Lie theory are found to be expressed in corresponding relationships between
physical observations. Intrinsic symmetries thereby become symmetries in
the natural world. These symmetries may not even be possible in three-
dimensional Euclidean space. Their geometric interpretation involves fur-
ther considerations, and is not necessarily implied by a differential equation
itself or its physical interpretation.

What can be said about the reverse process of inducing mathematical
connections from observations which establish group theoretic connections
between observables? One must face the fact that the operations of a Lie
transformation group, for example, SO(3), have an infinite number of real-
izations as differential operators. The space of continuous variables upon
which they act is far from fully determined by the knowledge that observa-
tions are connected by operations of the group.

The operations of a Lie group may be operations of the group upon a
variety of variables, or operations on a variety of differential (and integral)
operators that operate on such variables. The operations of a Lie group can
also be represented by matrices acting on vectors — vectors that may be
conceived of in a wide variety of ways. And, as we have seen, associated
with each r-parameter Lie transformation group, T(w)x are groups whose
operators, like those of the adjoint group, act on the group parameters
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of the transformation group. The dimension of the parameter space of an
r-parameter group is r, and r is commonly greater than the dimension of
the physical space in which the transformation group is conceived to act.
Thus, e.g. the Poincare group acts on the four variables of spacetime, or the
eight variables of the corresponding phase space, but its parameter group
is ten-dimensional.

Russell once, and famously, said, “Mathematicians do not know what
they are talking about, nor whether what they are saying is true.”2?” As
coauthor with Whitehead of Principia Mathematica,?® Russell presumably
knew what he was talking about, but was not explicitly talking about the
theory of Lie groups, so Eddington added the following, “and a group the-
oretician is a supermathematician who does not know what he is doing.”2°

Natural scientists are supposed to know what they are doing — but pre-
suppositions, sometimes unrecognized, occur beneath every theory. Newton
supposed that mass is an intrinsic property of the object, independent of
its velocity or acceleration. He presupposed that physical space was con-
tinuous as well as three-dimensional. And he presupposed that time flowed
continuously from a distant past, through the present, and into the future.
These presuppositions allowed him to define arbitrarily small changes in
spacetime, and instantaneous velocities dx/dt, accelerations d(dx/dt)/dt,
momenta p = mdx/dt, and their rate of change dp/dt. Observers equipped
with clocks and measuring sticks were able to approximately measure each
of these and give physical meaning. Classical mechanics developed as a the-
ory based on the physical existence of continuous chains of causes f(x, t)dt,
and effects dq, dp, evolving in spacetime. Several centuries after Newton,
Noether realized that these presuppositions implied the conservation laws
mentioned in Chapter 1, and their connection to Lie symmetries became
evident.

Measurement errors always swamp any attempt to measure arbitrar-
ily small changes such as dx; and dt, so the continuity of space and time
remains a hypothesis. And even in classical mechanics, simple, even separa-
ble, systems can smoothly evolve into unstable states, whose further evolu-
tion can be greatly altered by small perturbations. A tossed claw hammer,
or any asymmetric top rotating about its intermediate axis, provides an
intriguing example of such behavior. It is now well known that the classical
equations of motion for systems of three or more bodies can develop a vari-
ety of instabilities, some of which lead to effectively unpredictable motions.

Electromagnetic theory, relativity theory, and quantum theory, all retain
the presupposition of continuous spacetime: the dynamical equations of
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all are differential equations involving operators such as 9/0x;, and 0/0t.
However, in quantum theory the continuous evolution of causal chains in a
continuous spacetime is replaced by the conception of the continuous space-
time evolution of wave functions, ¢, 9", which determine the probabilities
that an observable will be found to have a given eigenvalue.

There are times in the evolution of any science when presuppositions
are challenged for good reason, and conjecture is required. After Gell-
Mann proposed SU(3) as a symmetry group interrelating the properties
of baryons, there was a period when theoretical physicists conjectured that
properties of the (infinitely) stable elementary particles, the short lived
elementary particles observed in high-energy collisions, as well as the prop-
erties assumed for quarks are the physical expressions of structure found
in a great variety of groups. It is however one thing to find group struc-
ture, and another to find the underlying space of variables upon which the
group acts, or to distinguish transformation groups from their parameter
groups, which as we have seen often have higher dimensionality. Current
attempts to provide unifying theories of physical phenomena have led to
proposals that the observed relationships are consequences of symmetries
expressed in multidimensional spaces with discontinuities such as strings
and wormholes.°

6.11 Conclusion

Lie established the result that every many-parameter transformation group
whose generators are first-order differential operators is defined by a
restricted class of first-order partial differential equations. He showed that
first-order differential operators are those of a many-parameter transforma-
tion group iff they are closed under commutation.

The commutator of two operators is the noncommutative multiplica-
tion operation used to define Lie algebras: operators that are closed under
commutation are, together with scalars, the elementary objects of a Lie
algebra.

Individual Lie groups are characterized by Lie-algebraic properties of
their generators, and the intervals over which the group parameters range —
the topology of their parameter space. If one is only concerned with the
interaction of the operators upon each other, their characterization as
abstract topological groups is complete.

Each differential equation of the sciences is invariant under the action of
a Lie transformation group; its solutions are interconverted by the group. It
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is now known that partial differential equations can be invariant under the
action of continuous transformation groups whose generators are differential
operators of order greater than one.* Each particular transformation group
can also be realized in a great number of ways. These truths have the con-
sequence that Lie groups have greater relevance to the natural sciences
than expected. When relations between observations are expressions of
Lie symmetries, this freedom of interpretation also allows one to consis-
tently conceive the Lie symmetries as geometric symmetries in a variety of
spaces — Euclidean three-space, Newtonian spacetime, Hamiltonian phase
spaces, Lorentzian spacetime, Einsteinian spacetimes with mass dependent
metrics, the spaces of string theories, etc.

Appendix A. Definition of Lie Groups by
Partial Differential Equations

In this appendix we give proofs of two of Lie’s basic theorems. The starting
point is more general than that in Sec. 6.1, because it is not assumed that
a many-parameter group can be expressed as a product of one-parameter
groups.
We first establish the conditions that a set of first-order partial differ-
ential equations
Ox!/0a, = & (X', @), (6.A.1)
must satisfy, to define a many-parameter Lie transformation group of vari-
ables x = (x1,X2,...,Xn). Let
xi = x| =fi(x;a), i=1,...,n (6.A.2a)
define a transformation T(a)x depending upon r independent, continuously
variable, parameters

a=(Op,0p_1,...,02,a1). (6.A.2b)

Let the identity transformation be given, by setting o = 0. Denoting the
succession of two transformations by T(5) T(«), we wish to establish the
form of the differential Eqs. (6.A.1) that will ensure

T(8) T(er) = T(v), (6.A.3a)
with v = v(a, 8), i.e.
Ve =Yl B), w=1,...,1. (6.A.3D)

2These are introduced in Chapter 9.
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If the first of two transformations is x’ = f(x; «), and the second is x” =
f(x'; ), then

x" = f(f(x;a), 8) = f(x,7). (6.A.3c)

The first key question is What restrictions do these requirements impose
on differential equations that define infinitesimal transformations and group
generators? In his paper of 1880,! Lie showed that this question could be
answered by considering one of the transformations to be infinitesimal. The
reader will find it rewarding to consult this paper: in it Lie first considers
a number of examples involving transformations of one or two variables.
He then derives his general theorems by explicitly considering the effects of
variations of every pair of the group parameters. In the derivation below,
this restriction is removed.?®

Let
T(a)x = X' = f(x; a), (6.A.4a)
and
T(6a)T(a)x = T(a + da)x. (6.A.4b)
Define
T(6a)T(a)x — T(a)x = 6%/, (6.A.4c)
and
T(a + da)x — T(a)x = dx’. (6.A.4d)

The composition stated in (6.A.4b) requires that §x’ = dx’. Given (6.A.3b),
this can only occur if

da = vy(a, da), (6.A.5)
ie.
da,, = vx(a, da).
Now Eq. (6.A.4a) requires that
dx] = X, (0fi(x"; @) /) da,;, and (6.A.6a)
Equation (6.A.5) requires that
5, = SA((06(X'; 0)/00x)laco)Por = Saunn ()00, (6.A.6b)
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Because 0x! = dx{, it must also be true that
Yauin (x)day = B (0fi (x5 ) /Oa) dag, (6.A.7)

a relation in which the day and dea,; are related by (6.A.5). The latter
requires that

o = Yi(a, 0), (6.A.8a)
and hence, that
ay + da, = ve(a, 0a). (6.A.8b)
Let
ver(a) = (9y(a, 5)/95x)|s=o0- (6.A.92)
Then
ay + day, = o + X vea (@) day, (6.A.9b)
and consequently
da,, = 3y vea(@) day. (6.A.10)

This linear relation between the da’s and the da’s can be solved for the
latter, if the determinant of the v, ) does not vanish. If this were not true
the r group parameters would not all be independent. Thus the requirement
that the group parameters are independent requires that the determinant,
det(via()), be nonzero. One then has

day = Xy wak(a)day, (6.A.11a)
where the w), satisfy
2,.; Wirk V) = 5)\7>\/. (6A11b)

Here 0, is the Kronecker delta. If the wy, and the v,y are considered to

be elements of r X r matrices, w and v, then (6.A.11b) states that wy = 1.

The existence of w implies the existence of its inverse, v, and vice versa.
Using (6.A.11) one can express (6.A.6a) as

dxi = Byuin(x) was(a) do, (6.A.12a)
s0

0xi /0, = Lyuix(x) wa(a). (6.A.12b)
Consequently, in the differential Egs. (6.A.1) one must have

Gin(X', @) = Tauin(x') wak(a@). (6.A.13a)
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This implies:
The differential equations defining a many-parameter group must be of
the form

0x![0a,; = Tyuin(X') wak(e), i=1,...,n, A\ k=1,...,r. (6.A.13b)

This result states a necessary, but not sufficient, condition that must be
satisfied if the differential equations are to define a many-parameter group.
The problem is that it may or may not be possible to integrate them, and
so, for each value of k, determine the transformations of a one-parameter
group with parameter «,. For Egs. (6.A.13b) to be integrable it is necessary
and sufficient that

0*x!/0a, Oay, = 07! /0, 0. (6.A.14)
This requires that
0 Gin(x',0) /00, —  &,(x @) /et =0, (6.A.15a)
with
&iv(X ) = Dauin(X') wa (). (6.A.15b)

When these conditions are satisfied, one obtains:

Lie’s First Fundamental Theorem. A set of integrable differential equa-
tions of the form

0x;/0c, = Tpuip(X)wpr(a), i=1,...,n, p,k=1,...,r, (6.A.16a)
defines an r-parameter continuous group with generators
Up = Ziuip(x)xi, (6A16b)

where the w,.(a) are elements of an invertible r x r matric.

The following paragraphs show that this theorem implies a further the-
orem which states that the generators of a many-parameter transformation
group are closed under commutation. It is derived by applying the integra-
bilty conditions to the right-hand side of (6.A.16a).

For each pair of values of p and «, the integrabily conditions yield the
equation

S (Oip (x') /Oty wpr (@) + 1ip(x") Owpr (@) /Ocx)
=3, (0u;,(x') /0 wop (@) + wip(x") 0w,y (@) /Oa) = 0. (6.A.17a)
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This may be rearranged to read
B0y (x") /0oy wpn(a) — Ep0usy(x)/Oanwpy (@)
=3, ui, (x") (Owpp (@) /Oy, — Owpr(a) /Ocyy,).  (6.A.17D)

Let us first deal with the derivatives in the first line of (6.A.17b). As the
a’s vary and produce variations in the x’s, the resulting local changes in
the uj,(x’) are given by

Ou;,(x')/0ar = X5 Ousp(x') /0x; O] /Oars. (6.A.18a)
As (6.A.16a) requires
0,/ 90y = Tgtis (X o (@),
one has
Ouip(x")/0ar = 3y Bo Ouip(x) /0X] vy (X) wor (). (6.A.18b)

The appearance of both u;,(x’) and uj,(x’) suggests that (6.A.18b) may be
used to establish relations between several generators. Applying (6.A.18b)
to the first sum in (6.A.17b), by setting 7 = p, yields

¥,0uip(x) /0y, wpr (@) = Xy By Bj j6 (X') Oiy(x') /0% wop (@) wpr(a).
(6.A.19a)
Applying (6.A.18b) to the second sum in (6.A.17b), by setting 7 = &, yields

00 (%) /001 w5 (0) = 2,8 By i (x) Dt (%) /5] i (0) ().
(6.A.19b)
Much of the following analysis involves reorganizing terms in multiple sums.
This may be accomplished by altering summation indices. We begin this
process by interchanging the summation indices p and o in (6.A.19b),
obtaining

Yo Bp{(Ej wjp(x) Qi (x')/0x) wp (@) wepla)}. (6.A.19¢)

Subtracting it from (6.A.19a) yields the following expression for the first
line in (6.A.17b):

DB {2 (uj0 (x') Ouip(x') /0% — Wip(x") Qi (x)/0x)) fwap () wpr ().
(6.A.19d)
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Referring to Eq. (5.8.9) of Sec. 5.8, the reader will find that the expression
enclosed in curly brackets is the coefficient of x{ defined by the commutator
of two generators U, = Yjuj, (x)x{, and U, = Zju;,(x’)x{. That is, one can
write

Uy, Uy) = {25 (w0 (x') 93, (x') /0%, — wip(x) iy (x')/0x])}x]. (6.A.20)

1

With this observation in mind, let us proceed.

We first rename the summation indices p and ¢ in (6.A.19d) by attach-
ing primes to them. In the second line of (6.A.17b) we also change the
summation index, from p to 7. Equation (6.A.17b) then becomes

5 S {4 (g0 () Dy ()5, — i (<) i () /) () e}
= Y i, (X) (Owrp (@) /O — Owri () /Ocry,). (6.A.21)

The terms wy7), (@)wyr(a) on the left-hand side of this expression may be
removed with the aid of the general relation (6.A.11b): multiplying (6.A.21)
by Ve and v, and then summing over 1 and k converts (6.A.21) to

Zj(ujg(x’)xg ui,(x') — ujp(x')xg Uiy (X)) = Sruir (x) Cgp(oz), (6.A.22a)

where
Cr () = 8,5, (0wr () /O — Owry () /Oy ) Ve (@) Visp (). (6.A.22D)

In (6.A.22a) we have a relation in which the x’s and the o’s can in
principle be varied independently. The reader is invited to use this freedom
and a power series expansion of the C7 (a), to show that for (6.A.22a) to
hold true for any choice of the x’s and a’s, each C7 ,(«) must be independent
of the a’s, and may be replaced by a constant, c;,.

Having established this, one may replace (6.A.22) by

2 (o (x)x5 1, (%) — 15, (x')x] uip (%)) = X7 uir (x')c (6.A.23a)

op:
with each
e, = LNk (0wrp(a)/Oa — Owre(a)/Oay)Vus (o) Vip(ar).  (6.A.23b)

a constant.

As the right-hand side of (6.A.23a) is a sum of the coeflicient func-
and the left-hand side is
the corresponding coefficient of the x; defined by the commutator of

tions uir(x') of generators U, = Xu,(x)x}

19
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U, = Yjuj0 (x)x, and U, = Zju;,(x')x], we have obtained:

Lie’s Second Fundamental Theorem. The generators U, of an
r-parameter group satisfy the relations

U5, Up] =%5¢;, Ury 0, p, 7=1,...,1. (6.A.24)

Lie’s Third Fundamental Theorem, the proof of which is suggested in
Sec. 6.3, states that:
The structure constants cg, satisfy the relation

Yu(chs ¢+l Cho + ¢y cg) = 0. (6.A.25)

The converse of the Second Fundamental Theorem was stated in
Theorem 6.1.1 above. For derivations of the converse of each of the the-
orems, the reader is referred to Eisenhart’s book.3!

Appendix B. Classification of Lie Algebras and Lie Groups?3!

Two Lie algebras with the same set of structure constants are, from an
abstract algebraic standpoint, identical, and are classified as such. Lie alge-
bras may be classified in a variety of ways, and each classification has a
counterpart in the classification of Lie groups. It is customary in classi-
fying Lie algebras to eliminate the zero operator, Uy, from consideration.
This should be kept in mind in reading the material in this section.

A Lie algebra and its corresponding group are said to be Abelian if all its
generators commute, i.e. [U,, Uy] = 0 for the generators U in the algebra.
If a subset of the generators of an algebra commute among themselves
they constitute a Abelian gruop, subalgebra. The generators of an Abelian
subalgebra constitute the center of the whole algebra.

We move on to a consideration of further properties of Lie algebras
important in their classification. Each of the properties defined will be illus-
trated in the exercises.

If the operator A of a Lie algebra can be separated into two subalgebras
B, C such that none of the generators in B are contained in C and wvice
versa, and that the generators in B commute with those in C, then the Lie
algebra A is a direct sum of the ideals B and C. This is written

A=BasC. (6.B.1)
With some abuse of notation one may write the conditions as

B,B]=B, [C,C]=C, [B,C]=0. (6.B.2)
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The corresponding group operator, Tp, is then a direct product of the
subgroup operators Ty and T¢. This relationship is expressed as

Ty =T ® Tc. (6.B.3)

An example of two such commuting algebras is provided by the operators
y10/0z1 — 210/0y1 and y20/079 — 720/Jy2, which may be considered to be
generators of a two-parameter group that rotates two different particles in
the y—z plane.

A Lie algebra A is a semidirect sum of the subalgebras B and C if

[B,B]=B, [C,C]=C, [B,C]=B. (6.B.4)
This may be written
A =B ¢,C, (6.B.5)

with the subalgebra B placed to the left of @s. The corresponding group
operator, Ty, is termed a semidirect product of the subgroup operators Ty
and T¢. This can be expressed as

Ta=Tp ®s Tc. (6.B.6)

The subalgebra B is termed a ideal or normal subalgebra. If an ideal does
not contain Uy, the ideal is a proper ideal.

A Lie algebra is said to be simple if it contains no proper ideals. A Lie
algebra is semi-simple if it contains no Abelian ideals other than Uy. A Lie
algebra is semi-simple iff the determinant of its Killing form is nonzero.

A Lie algebra A" of dimension r is a solvable Lie algebra if it possesses
a chain of subgroups A¥ such that

A'DAZDO AT DA (6.B.7)

The term solvable was introduced by Lie. In his investigations of ordi-
nary differential equations he established that if an ordinary differential
equation of order R is left invariant by a solvable group of order r whose
generators are first-order differential operators U, then the order of the
differential equation may be reduced to R — r without carrying out any
integrations.3

The Levi-Malcev theorem shows that every Lie algebra A may be
expressed as a semidirect sum of a solvable Lie algebra S, and a semi-

simple Lie algebra S,
A =S, & Se. (6.B.8)

Every Lie group may be expressed as the corresponding semidirect product.
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Further information on the classification of Lie algebras and groups will
be found in Gilmore’s monograph, which contains extensive tables of groups
and their subgroups.3

Exercises.

1. Let Ry, Ry, R, be generators of rotations on the sphere. Find the commu-
tation relations of the three operators R, = (Rx +Ry), Rm = (Rx —Ry),
R,. Determine the Killing form.

2. Let U = t20/0t, which, as we have seen, generates finite transformations
that have singularities. Determine the action of U on 6 = 2arctan(t), the
form of the corresponding V = v0/96, and the finite transformations of
0 that it generates. Is V the generator of a compact group?

3. Let Rjk = xj 0/0xx — xx /0%, and define U; = (Raz + R14)/2, Uy =
(R31 + R24)/2, Us = (ng + R34)/2.

(a) Show that the U’s obey the commutation relations of SO(3) and
SU(2).

(b) Prove that the U’s generate a transformation group whoes opera-
tions leave invariant the hyperspheres defined by x7 +x3 +x3 +x3 =
2.

(c) Show that, acting on this sphere, the group is SU(2).

(d) Change the Rjs to Sju = xj 0/0x4 + x4 0/0%j, then show that
operators of the form V; = (Raz + Ri4)/2, Vo = (Rs1 + Re4)/2,
Vs = (Ri2 + Rs4)/2 do not generate SU(2) groups.

4. Use the invariant ds? of the Lorentz realization of SO(3,1) to establish
the form of the manifolds in spacetime that are left invariant by trans-
formations of the group.

5. Construct the generators of an SO(3,1) group that leaves invariant a
unit sphere. Hint: cf. Egs. (5.1.9).

6. Let L = (Lg,Ly,L,), p = —iV. Do p and L commute with L? + p2?
With L-p?

7. Let

Uy = 0/0x, Us—=x0/dx, Us=(x2/2)d/x.
Show that
[U1,Ug] = Uy, [Uy, Ug]=2Us, [Us,Uy] =—Us,.

Then establish that

1 4 _ 1 3 _ o _
Cig=1=—Cy1, Ch3=2=—C3, ¢35 =
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and that all other ¢’s vanish. Show that in the Killing form,

g1 =0, gi2=0, gi3=-3, gw2=05 ga3=0, g33=0.

Evaluate the determinant of the form, and determine whether the group

is semi-simple.

Acting in two-dimensional Euclidean space, the Euclidean group E(2)

has generators

U; =9/0x, Us=9/dy, Us=x0/0y —yd/ox.

Show that

_ 1 _ 1 2 _ _ 2
clo =0, cp3=—1=—cgy, ¢35 =—-1=—cis,

and that all other c¢’s vanish. Show that the Killing form is

0 0 O
0 0 O
0 0 -2

9. Let

dx/da = Ax, dx/db =Bx.

Let A, B respectively be linear and quadratic functions of a,b. In what
cases can the equations define a two-parameter group?
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CHAPTER 7

Dynamical Symmetry in Hamiltonian Mechanics

This chapter generalizes and extends the discussion of the Hamiltonian
mechanics introduced in Chapter 3. Because Hamiltonian mechanics inher-
its certain general invariance properties from Newtonian mechanics, we
begin with a brief discussion of the latter.

7.1 General Invariance Properties of Newtonian Mechanics

Let a set of point masses mj,j = 1,...,n, have position vectors r; =
(x,¥j,2;) in a Cartesian frame of reference, X,Y,Z. If their velocity vec-
tors are vj = (Vxj, Vyj, Vz), then their momentum vectors are pj = (pxj,
Pyi> Pzj) = (mj Vxj, mj Vyj, m;j v,;). Newton’s first law states that if no force
is acting on the masses, then for each mass, m;,

dpj/dt = 0. (7.1.1)
If the masses are constant, (7.1.1) reduces to
m; de/dt =0. (712)

Newton’s second law requires the change of momenta, pj, to be due the
action of quantifiable forces, Fj = Fy;j, Fy;, Fy;, such that

dp;j/dt = d*(myr;)/dt* = F;. (7.1.3)

Newton’s third law states that if particle i exerts a force Fj; on particle j,
then particle j exerts a force Fj; on particle i, with

Fji = —Fij. (7.1.4)

In an isolated system of interacting particles, the total force, F;, acting on
particle j is 3; Fjj, so the total force, ;3; Fj;, acting between all particles

207
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is zero. From this it follows that the total momentum of the system is
conserved:

X5 dpj/dt = dQ(Ejmjrj)/dtQ =0. (7.1.5)

Newton proved that spherically symmetric masses of total mass m; behave
as point masses of mass m; when acted on by external inverse square law
forces, such as his force of gravity.

Equations (7.1.3) are second-order ordinary differential equations. A
knowledge of the F;, and initial position and initial velocity vectors, is
therefore sufficient to predict the motions in a classical mechanical system.
This quite amazing feature of Newtonian mechanics withstood all experi-
mental tests and challenges until the advent of quantum theory.

Newton’s equations of motion for a system of interacting particles, are
left invariant by a group of transformations that relates measurements made
by two observers moving with constant relative velocity using clocks that
agree on time intervals. The equations are invariant under the passive trans-
formation t — t’ =t — (£) to. They are invariant under passive coordinate
transformations that convert one Cartesian system with axes (X,Y,Z) to
another with axes (X’,Y’,Z’), if the two origins are moving with relative
velocity —(=£) (vxo, Vyo, V20), and at time t = 0, have origins whose posi-
tion vectors differ by —(=+) xo, yo, zo. The two systems of axes may differ
in orientation. Measurements of positions and velocities in the two systems
are related by the active transformations

t —t' =t to, (7.1.6a)
ry — I'J{ =r; % (X0,¥0,20), (7.1.6Db)
r) = +R(x;,y5,%) (7.1.6¢)
where R is a rotation matrix. The transformation
Vi — VJ{ = vj % (Vx0, Vy0, V20), (7.1.6d)
also converts rj to
1) = 1j + (tvx0, Vy0, V40)- (7.1.6e)

The transformations (7.1.4a—e) are those of the Lie transformation
group termed the Galilei group.! From a purely mathematical standpoint,
the transformations of the group may be active or passive ones. From a
physical standpoint, the transformations must relate measurements made
in one reference system to those in another by passive transformations of
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coordinates. If one were to use an active physical interpretation of the
group’s action, one would need to apply the transformations to physical
particles moving with respect to a single set of position and time coor-
dinates. This would require the application of forces to accelerate and/or
decelerate the particles. The particles, together with the required measuring
sticks and clocks, would no longer constitute an isolated system. To turn the
system into an isolated one requires making the experimenter part of the
system — a problem which still vexes quantum theory. However, because of
conceptual simplicity, one commonly uses active transformations to math-
ematically interconvert solutions of a given equation of motion.

The Galilei group is a ten-parameter group whose passive operations on
a (t, r) coordinate system may be summarized by

t—t' =t+7, r—r1 =R(a,B,7)r+ vot+ro, (7.1.7)

where R(a, 3, v) is a rotation operator. The group parameters may be 7, a,
0, v, and the six components of vy and rg. The generators of the subgroup
that does not depend on vy may be

To = 8/313, T1 = 8/8}(, T2 = 8/8y, T3 = 8/8Z, (718)

R1 =yd/0z —20/0y, Rg=120/0x—x0/0z, Rs=x0/0y —y0/ox.

Ri1, Ra, Rs, and the T’s generate an E(3) group of point transformations
that acts in the Euclidean space of (X, Y, Z). Ty generates an E(1) group
that shifts the value of t, the independent variable in Newton’s equations.
Together, the seven operators generate E(3) x E(1). The generators of
the passive transformations corresponding to (7.1.6d,e), act on both r and
v =dr/dt, and are

Ki =t0/0x+ 0/0vx, Kao=1t0/0y+9/0vy, Ksz=1t0/0z+ 0/0v,.
(7.1.9)

These generate one-parameter groups whose parameters are, respectively,
the vxo, Vyo, Vyo, components of vg.

A space whose points are carried into one another by the group of
translations and rotations is continuous, and is said to be homogeneous
and isotropic. Newtonian time is continuous, homogeneous, and isotropic.
These continuity properties make the calculus physically relevant, and make
it possible for Newtonian physical causality to be continuous.

There are also discrete transformations that leave Newton’s equations
invariant. For isolated systems, Eqgs. (7.1.1) and (7.1.2), are invariant under
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the combined passive time-reversal and space-inversion whose active form is
t— —t, 15— —Ij. (7.1.10)

If the forces in Eq. (7.1.3) are time-independent, the equation is time-
reversal invariant. If F; is an odd function of the r’s, Eq. (7.1.3) is also
space-inversion invariant. Transformations such as

X-=Y, Y—=X, Z-— -7, (7.1.11)

which convert a right-handed coordinate system into a left-handed one,
leave all of Newton’s equations invariant if the forces Fj(ri,...,r,) are
invariant under the corresponding active transformations of the r;.

The conversion of the space, time, and velocity transformations of the
Galilei group to transformations in phase space will be discussed in Sec. 7.6
below.

7.2 Relationship of Phase Space to Abstract
Symplectic Space

This section further develops and generalizes Sec. 3.5, which introduced a
geometric view of the Hamiltonian mechanics of systems with one q and
one p. Such systems are, for historical reasons, said to have one degree of
freedom, which they do have in position space.

We begin the treatment of Hamiltonian systems with n degrees of free-
dom by classifying the coordinates into two sets of n variables

q:(Q1,~-~aQn)7 p:(p17'-~7pn)~ (721)

At this point, the q’s and p’s are considered to be mathematical symbols
whose physical interpretations have yet to be supplied. To generalize the
discussion of Hamiltonian mechanics in Chapter 3, we consider transforma-
tions of the combined sets of variables (q, p) to sets (q’,p’) in which

a4 — qi = Qj(a,p), p;j — P =Pj(q,p). (7.2.2)
These give rise to the active local transformations

dgi — dqg; = Bk (0Qs/dqdqx + 0Qi/Opidpi) = Lk (aidqx + bikdpx),
dp; — dpJ{ = Ek(an/aqk dqx + an/apk dpx) = Ek(cjk dgk + ejk dpx),
(7.2.3)
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with
0Qi/0qx = aj, 0Qi/0pk = bik, OP;/0qx = cjx, OP;j/0px = ejk.
A point S is considered to lie at the terminus of a Cartesian vector

S:(ql7"'7qu7pl7---7pn)7 (724&)

the vector sum of
a=(q1,--,qn,0,...,0) (7.2.4D)
and

P = (O""7Oap17"'apn)'

The original dq’s and dp’s are components of 2n-dimensional displacement

vectors,
ds = (dqy,...,dqn,dp1,...,dp,) = dq + dp. (7.2.4¢)
The pair of orthogonal unit vectors of Sec. 3.5 may generalized to a set of 2n
orthogonal unit vectors which we denote i1,...,i, and ji,....jn- Eq. (7.2.3)
then state
dg; — dq; = Y (aik dax + bix dpk) = ds, (7.2.5a)

dpj — dp; = Zk(cjx dax + eji dpi) = ds.

The coeflicients a;; and by, represent the components of the local displace-
ment vectors on the unit vectors of the reference system:

ajx = dqj - i, b = dpj{ - jk,

.. . (7.2.6)
Cjk = dqj Sk, e = dpj - Jk-

The vectors dq and dp have a common origin at the point Sy and together
define a two-plane. Figure 7.2.1a is an attempt to depict two such planes
that are produced as Sy moves in a space of dimension greater than two.
In Chapter 3, transformations which convert Hamilton’s equations of
motion into Hamilton’s equations of motion were characterized analyti-
cally with the aid of Poisson brackets, and geometrically by oriented areas
defined with the aid of the wedge product analog of the vector cross prod-
uct. To generalize these concepts to 2n dimensions, one first of all defines
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Fig. 7.2.1 Motion of the plane containing dq and dp.
the Poisson bracket {A(q,p), B(q,p)} of functions A(q,p) and B(q,p) by
{A, B} = %,(0A/dq; 9B/dp; — OB/dq; OA/dp;). (7.2.7)

As will be explained in Sec. 7.4 below, it is necessary to evaluate multiple
Poisson brackets involving three functions, e.g. {{A(q,p),B(q,p)}, C(q,p)}-
This requires that the functions possess second derivatives. As it will be
necessary that the resulting derivatives are themselves continuous functions,
we henceforth require all functions of the ¢’s and p’s to be C2.

The transformations (7.2.2) are defined to be symplectic if

Yk (0Qi/0qx OP;/0px — OP;/dqy 0Q;/Ipxk) = 6ij,
Y (0Qi/0qx 0Qj/0px — 0Qj/0qx 9Qi/dpk) = 0, (7.2.8)
Y« (OP;/0qx OP;/0px — OP;/0qx OP;i/dpx) = 0.
In the Poisson bracket notation these equations become
{ai,pj} =0y, {ai,qj} =0, {pi,pi} =0. (7.2.9)
One gives a geometric interpretation to the equations with the aid of the
wedge product defined in Chapter 3. At the points Sg and S} the vectors

dq and dp, and the vectors dq’ and dp’ define local wedge products whose
magnitude is twice the area of the plane triangle obtained by connecting
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their termini. The transformation of q and p moves Sg to S/, and in the
process

dgAdp — dq’ Adp'. (7.2.10)

If dgx A dpy is the wedge product in the local qx—px subplane at s, and
dak A dpx is the wedge product in the local qj—pj subplane at s’, then (cf.
the exercises), Eq. (7.2.9) imply that

dgAdp = Z(qu Adpk), (7.2.11a)
k
and that at s/,
dg' Adp’ = (dqi A dpy). (7.2.11b)
k

In the coordinate system at, say s, Eq. (7.2.9) imply
dgAdp =dq Adp'. (7.2.11c)

The most direct physical interpretations of symplectic transformations
develop when one is dealing with Cartesian variables x;, and momentum
variables defined by pxj = mjdx;j/dt = mjvj. The Poisson bracket of two
functions A, B is then defined using Eqgs. (7.2.7) and (7.2.9), with q; = x;
and p; = pxj as the independent variables in (7.2.7). When generalized
coordinates are used, one begins with the Cartesian position coordinates,
makes transformations to new coordinates qj, and then determines their
conjugate momenta, p;j. If the system has potential energy function V(q),
the determination of the new conjugate momenta is most simply done if
one uses the transformation from x’s to q’s to transform the kinetic energy,
T, of the system from T(m;, dx;/dt) to T(mj, qj, qj), where qj = dq;/dt.
The Lagrangian, L, is then T — V(q), and Lagrange’s equations are

OL(my, g5, q;)/dq; = dj, (7.2.12a)
pj = OL(my, g5, qj)/9q;. (7.2.12b)

For the assumed form of L, Eq. (7.2.12b) determines the momenta p; cor-
responding to the g;. In Appendix A it is proved that the p; so defined are
canonical conjugates of the q;. The proof is prefaced by, and depends upon,
Thomson and Tait’s direct derivation of Lagrange’s equations of motion
from Newton’s.?

In the discussion of the Hamiltonian mechanics in Sec. 3.7, the phase

space of Hamiltonian mechanics differs from symplectic space, because in
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physics one must consider scale changes q — aq, p — bp, that need not
be the scale changes q — aq, p — a~'p, which leave the wedge product
dg A dp invariant. The same arguments that were applied to shifts from
clockwise directed, to counterclockwise directed, two-dimensional wedge
products, also apply to (7.2.11a). Thus, we adopt the following.

Definition of the Hamiltonian Phase Space

The phase space of 2n canonically conjugate variables q, and p, is the space
containing all points that are carried into one another by diffeomorphisms
that leave invariant

|dg A dp], (7.2.13)

or multiply it by a positive constant.

7.3 Hamilton’s Equations in PQ Space. Constants
of Motion

Hamilton’s equations of motion determine the evolution of congugate posi-
tion and momentum variables in a system with a known Hamiltonian func-
tion. In this section it is assumed that the Hamiltonian, H(p,q), is not a
function of time. Systems with time dependent Hamiltonians will be con-
sidered in Sec. 7.5 below.

We begin by deriving Hamilton’s equations from Lagrange’s equations
of the second kind (cf. Appendix A). For fixed values of the masses, m;, L is
assumed to be a function only of the q; and qJ{ and not an explicit function
of t. Consequently

dL = (9L/dq; dq; + OL/dd] daj). (7.3.1)
J
Using Eq. (7.2.12) one obtains

dL = Z (p} daj + pj ddj). (7.3.2)
J

The second term on the rhs of this relation may be expressed as

d{> pid | =D qdp; (7.3.3)
J J

Using this, one converts (7.3.2) to

diL- Z pid; | = Z (pj dgj — qj dpj). (7.3.4)
j j
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On defining

H=—-|L-) pd]. (7.3.5)
J

Equation (7.3.4) can be written as

dH =" (¢} dp; — pj dq). (7.3.6)
j

The fact that dH is a function of the dp’s and dq’s suggests that it might
be useful to convert H in (7.3.5) to a function of ¢’s and p’s. This is done
by defining Hamilton’s function, H, by

H(q,p) = (Z pjVi — L) lv—g(a,p)- (7.3.7)
It has
dH =) (9H(q, p)/dp; dp; + OH(q, p)/dq; day). (7.3.8)
i
Comparing this with (7.3.6) one observes that dH and dH become identi-
cal if

OH(q,p)/dpj = q;, OH(q,p)/dq; = —p;. (7.3.92)
Choosing this to be so, one obtains Hamilton’s equations of motion
dq;/dt = OH(q,p)/dp;, dp;/dt = —0H(q, p)/Jq;. (7.3.9b)

As H is a function only of q,p,
dH = > "(9H(q, p)/dp;dp; + OH(q, p)/dqidq;), (7.3.10a)
and so
dH/dt = Z(dqj/dt dp;/dt — dq;/dt dp;/dt) = 0. (7.3.10b)
Now (7.3.7) can be expressed as

H(q,p) = 2T — (T = V))lv=g(a.p) = T(P,a) + V(). (7.3.11)

The value of H(q,p) is thus the mechanical energy, E, of the system.
Equation (7.3.10b) then states that the energy of the system with the
Hamiltonian of (7.3.11) does not change with time.
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Using Poisson bracket notation, Hamilton’s equations (7.3.9b) become

dqgj/dt = {q;, H}, dp;/dt = {p;, H}, (7.3.12)

or, equivalently

de/dt = _{H7 qj}7 dpj/dt = _{vaj}‘
These last relations imply that one can identify {—H, -}, a first-order differ-

ential operator, as the generator of a one-parameter Lie group whose group
parameter is t. It follows directly that

qj = exp(t{—H, })ay = Qj(t), pj=-exp(t{—H, })p; =Pj(t). (7.3.13)
Differentiating q_]f and p_g with respect to t, one checks that they satisfy
Hamilton’s equations, that is, Qi(t) and Pj(t) are the solutions of the
equations of motion that develop as q; and p; evolve. One may term
exp(t{—H,-}) the evolution operator of the system with Hamiltonian H,
and call {—H, -} its evolution generator. Then t is the group parameter of
the evolution group.

Equations (7.3.12) may be considered to be special cases of the relation

df(q, p,t)/dt = {f, H} + Of/dt, (7.3.14)

which applies when the evolution of q and p is governed by Hamilton’s
equations with Hamiltonian H. If f(q,p) is not an explicit function of time,
and

{H,£(a,p)} =0, (7.3.15a)
it follows that

df/dt = 0. (7.3.15b)

The function f(q,p) is then said to be a constant of the motion of the
system with Hamiltonian H. The constants of motion of a Hamiltonian
may be different for different values of E, or different ranges of E. Stated
definitively, f(q, p) is a constant of motion when H(q, p) = E, iff

0={—H, }H|g_g. (7.3.15¢)

It follows that, if f(q,p) is a constant of motion, it is invariant under the
one-parameter evolution group generated by {—H, -}. Because (7.4.15¢) can
also be expressed as

0 = ({f(a,p), -}H(a, p))ln=E, (7.3.15d)

it also follows that {f(q,p), -} generates a one-parameter Lie group which
leaves H(q,p) invariant for this value of E.
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The function q;(H-E) provides an example of a trivial constant of
motion. For this,

{f, H} = qi{(H-E), H} + {q:, H}(H-E) = p: (H-E). (7.3.16)

This vanishes for all values of E, simply because H-E is a factor of f. This
is of little import. The physically interesting cases arise when f does not
directly contain H-E, but contains a factor that substitutions convert to
H-E. The situation is then similar to that illustrated in Fig. 5.1.1.

7.4 Poisson Bracket Operators

From the previous remarks it is apparent that, because Poisson bracket
operators generate one-parameter Lie groups, they play a fundamental
role in associating Lie transformation groups with symmetries in Hamil-
tonian mechanics. In fact, because they will be so ubiquitous throughout
the book, we will often abbreviate Poisson bracket as PB. This section
will deal, first of all, with the connection of PB operators to operators in
position space. It will then be shown that PB operators are Lie genera-
tors of one-parameter groups of canonical transformations in phase space.
Thereafter, PB Lie algebras will be defined and related to Lie algebras of
PB operators.
To begin, we note that one has the operator relations

8/8qk = *{pk, ‘}, 3/8pk = {qk, } (7.4.1)

As an example of the application of these correspondences, consider the
generator of rotations in the q;—q; plane of position space

Rij = (4:i0/0q; — q;0/9q). (7.4.2a)
On replacing each 0/0qx in R;j by —pxk, one finds
Rij — —(aip; — qjpi) = —Lyj;, (7.4.2b)

where Li; = qipj — qjpi represents the angular momentum of a particle
moving in the gi—q; plane. The full PB operator obtained from —Ljj is

{=Lij, -} = (ai0/0q; — q;0/9aq;) + (pi9/Ip; — p;0/Ipi). (7.4.2¢c)

It is a Lie generator of rotations in the two orthogonal two-planes g;—q; and
pi—p; in phase space. On identifying px with mvi, one sees that (7.4.2¢c) is
also the first extension of (q; 0/0q; — q; 9/0q;).
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In the general case, to convert a Lie generator, > & (q)0/dqx of point
transformations in position space, Q, to a PB operator that acts in the
phase space PQ, one first associates the position space operator with a
function of q,p by letting

Y &(@d/0ax — D &la)(=pr) = = > éla)pr. (74.3a)

One then associates this function with a Lie operator in phase space by
letting

= &l@) pe— {= ) &l@p. ), (7.4.3b)

The correspondences setup in (7.4.3) are also two-way correspondences
in the following sense: a function f(q,p) of the form — > &c(q) px gives
rise to the PB operator {— > & (q)pk, -} and to a position space operator
>~ &k(a)0/0qx.

Only Lie generators of point transformations q — q = g(q) yield
Poisson bracket operators whose position space part is of the form
> &k (q)0/0qx; they correspond to functions f(q, p) that are linear in the
momenta px. If f(q, p) is not linear in the p’s, then {f(q,p),-} will contain
terms whose action on the q’s is a function of the p’s. As will be seen in
Chapter 8, some of the generators of transformations that convert Kepler
orbits into Kepler orbits have this property. The following paragraphs deal
with properties of PB operators of the general form {f(q,p),-}. Each func-
tion of positions and momenta determines a PB operator that has both
physical and geometric interpretations.

One may show by direct calculation that if A, B and X are C2? functions
of the ’s and p’s, then Poisson brackets obey the Jacobi relation

{A{B,X}} +{X,{A,B}} + {B,{X,A}} =0. (7.4.4)

This enables one to quickly establish that PB operators are generators of
canonical transformations. Let

q — af = exp(afA, -})ai,  p; — P} = exp(a{A, })p;. (7.4.5a)
Expanding {q;,p}} in powers of a one obtains
{af, i} = {ai, i} + o{{A ai}, pj} + ofai, {A,pj}} + O(e?).  (7.4.5b)

The sum of the terms multiplying o can be rewriten as

{ai {Apit} = {pis A aity = {ai {A, pit )+ {ps {ai Ady. (7:4:5¢)
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From Jacobi’s relation one sees that adding {A, {p;, qi}} to this gives zero.
As {pj,qi} is a number, {A, {p;, qi}} has the value zero. Consequently

{ai, {A, pi}} + {pj, {ai, A}} =0, (7.4.5d)

and

Using the properties of Lie transformation groups established in previ-
ous chapters, one sees that (7.4.5e) holds to all orders in «. Applying the
same argument to {qf,q}} and {p{, p}}, one finds that they vanish. Thus, if
A(q, p) is a C? function, {A,-} generates canonical transformations.

We next prove the following relation between the PB’s of C? functions
and PB operators:

If
{A,B} =C, (7.4.6a)
then
[{A, }{B.}X(q,p) = {C,-}X(a,p). (7.4.6b)

This is a direct consequence of Jacobi’s relation amongst A B and X, since
the relation can be rewritten as

{A{B, X} = {B,{A,X}} = —{X,{A,B}} = {{A,B},X}. (7.4.7)

As the lhs is [{A, -}, {B,-}]X, and the rhs is {{A, B}, -}X, the relationship
of (7.4.6) follows.

The reader may prove that if A, B and C are functions that satisfy the
Jacobi relation

{A,{B,C}} + {C,{A,B}} + {B,{C,A}} =0, (7.4.8a)
then {A,-}, {B,-} and {C, -} satisfy the Jacobi relation
H{Aa '}v {Ba H? {Ca }] + [[{Ca '}a {Av }]a {Ba }]

If a finite set of C? functions f;(q,p) satisfies (7.4.8a) and
{fi, 5} = ckfi, (7.4.8¢)

then

{3, {6, 3 =D el {fi, - (7.4.8d)
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It follows from the general definition of Lie algebras (cf. Chapter 6,
Appendix C), that

1. If r linearly independent operators, {f;, -}, satisfy (7.4.8d), and the f; are
C? functions, then the {f;, -} are elements of a Lie algebra with composi-
tion operation [, |, and they generate an r-parameter Lie transformation
group.

2. The f; are elements of a Poisson bracket Lie algebra whose composition
operation is {, }, each giving rise to a function exp(w;f;). The group
which the f; generate is termed a function group.

3. The commutator and PB Lie algebras are formally isomorphic.

However, if any fi is a constant, then {f;, -} = 0, and c}‘] {fx, } =0, arela-
tion that also results if c% = 0. An example can be found in Sec. 7.7 below.
It will be further investigated in the discussion of the quantum mechanical
Correspondence Principle in Chapter 9.

In this and the following chapters we will make use of Lie algebras
defined by (7.4.8¢), as well as those defined by (7.4.8d).

7.5 Hamiltonian Dynamical Symmetries in PQ Space

For a system with n Cartesian q’s and n conjugate p’s, the equation
H(p,q) —E =0, (7.5.1)

defines a manifold in a 2n-dimensional phase space, PQ space. For each
value of E it requires 2n — 1 numbers to fix a point in the manifold.
Hamilton’s equations of motion define evolution trajectories on these
(2n — 1)-dimensional hypersurfaces. The manifold defined by (7.5.1) pos-
sesses Euclidean geometric symmetries. Furthermore it possesses symplec-
tic geometric symmetries expressed by a dynamical group. The operations
of the latter leave Hamilton’s equations invariant, and define dynamical
symmetries.

We have seen that each constant of motion u(q, p) determines a Poisson
bracket operator U = {u, -} that satisfies

0 = UH(q, p)|a=E; (7.5.2a)
and that, if UH can not contain H — E as a factor, then U also satisfies
UH(q,p) = 0. (7.5.2b)

Each U generates a one-parameter Lie group that transforms evolution
trajectories into one another or into themselves. All such transformations
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carry points on the hypersurface of fixed energy into points on the same
hypersurface.

If one knows two constants of the motion, u; and ug, then Uy = {uy, -},
and Uy = {uy, -} satisfy

UiH(q,p)[n=k =0, UzH(q,p)lu=k = 0. (7.5.3)
Then (cf. the exercises) [Uy,Us] satisfies
[U1, UzJH(q, p)[u=£ = 0. (7.5.4)

If [Uy, Usg] is not identically zero, then ug = {u;,uz} is a further constant
of the motion. If a set of r linearly independent constants of motion, uj, is
closed under the PB operation, they generate an r-parameter Lie function
group.

Each u, defines a PB operator U. If a set of r constants of motion,
uj, provides a set of PB operators, Uj, that are linearly independent and
closed under commutation, they generate an r-parameter Lie transforma-
tion group. For the given value of E, the operations of this dynamical group
convert, solutions of Hamilton’s equations into solutions. The group is the
classical mechanical analog of a quantum mechanical degeneracy group,
whose operations interconvert wave functions of the same energy.

As illustrated below, knowing the constants of motion, u, of a system
enables one to solve problems involving systems with Hamiltonians H' =
H+f(u). Constants of motion and the groups they determine can also imply
a variety of revealing connections between the dynamics of a system and
its geometrical properties in phase space.

Let

S =1(S1,---+Sn,Sn+1,---552n) = (Q1, -+ sAns P1s---5Dn)s (7.5.5)
be a vector whose components are conjugate q,p variables in this phase—
space. The components may be, but are not necessarily, Cartesian. Suppose
that s is a vector from the origin to a point p, in the Hamiltonian hyper-
surface defined by H(p, q) = E. If ux = uxk(s) is a constant of motion, then
at p, each group generator, Uy = {uy, -}, and infinitesimal parameter, dcy,
determines an infinitesimal displacement, dsy = day Uys, defined by

s — s+ 6y Uxs + O(dai) (7.5.6)

This may be imagined to lie in the hypersurface defined by H(q,p) =E. If
one lets Asy = Uygs, the components of Asy are just the functions &xm(s)
in the generator Ux =Y &km(s) 0/0sm:

ASk = (gkla ey gkna gknJrlv cee 7'£k2n)~ (757)
The finite vector Asy is tangent to the hypersurface at p,.
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Because the generators are linearly independent, the Asy are linearly
independent. They may be used to establish a local coordinate system at
p,- If, for a fixed value of s, the tangent vectors Asy associated with each
generator, including s itself, all transform as Cartesian vectors, then the
Asyk may be transferred to the origin of s and used to set up a Cartesian
coordinate system there. Evaluating these vectors at a particular time, tg,
provides a set of fixed vectors to which motions of p, may be referred.

When the constants of motion u; transform as components of a Carte-
sian vector, they can also provide a fixed Cartesian coordinate system.
When the coordinate system provided by these fixed vectors, or by the
tangent vectors, is Cartesian, one is best able to use one’s geometric intu-
ition to guide investigations of the dynamics governed by the equations of
motion.

Harmonic oscillators with Hamiltonian

H = (p} + i +p3 + a3)/2 = Hi(a1,p1) + Ha(a2, p2) (7.5.8a)

provide examples of the foregoing general remarks. The physical system
with this Hamiltonian may be considered to be a mass moving in the qiqs
Euclidean plane, or two masses moving on a line. In either case, Hamilton’s
equations of motion are

dqi/dt = p1, dpi/dt = —au, (7.5.8b)
dqQ/dt = P2, dpg/dt = —(2. (7580)

One may assume qi, q2, p1, P2 to be coordinates in a four-dimensional
phase space, and define Cartesian vectors

s = (d1,92,P1,P2) = (51,52,53,54) (7.5.9a)

in the space. If s is a radius vector that stretches from the origin to a point
defined by H = E, then, for the Hamiltonian (7.5.8), all such points satisfy
the relation

(81,82,83,84)'(81,82,S3,S4) = 2E, (759b)

and the length of s is v/2E. For each value of E, the equation H = E then
defines an S(3) hypersphere of radius v/2E. The surface of each such hyper-
sphere is a three-dimensional manifold, a space allowing three orthonor-
mal local Cartesian coordinates at each of its points. Though the manifold
defined by H — E=0 has O(4) symmetry, we have yet to determine the
dynamical symmetries of the system.
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The solutions of (7.5.8b,c) depend upon the four initial values of the q’s
and p’s at to = 0; q1(0), p1(0), q2(0), and p2(0). They are

q1 = q1(0)cos(t) + p1(0)sin(t), p1 = p1(0)cos(t) — q1(0)sin(t),
d2 = qz2(0)cos(t) + p2(0)sin(t), p2 = p2(0)cos(t) — q2(0)sin(t).
(7.5.10)

The simple relations of (7.5.8) and (7.5.10) imply a host of geometrical
and dynamical connections. These are the subject of the remainder of this
section.

In the four-dimensional Euclidean space of (qi, g2, p1, p2), there are
six mutually orthogonal two-planes that pass through the origin — the
planes of (qi, q2), (P1, P2), (41, P1), (42, P2), (P1, d2), and (p2, q1). For
given initial values, Egs. (7.5.10) determine the motion of points in each
of these two-planes. One may project the motion in (q1, p1) and (q2, p2)
onto a common g-p plane. Figure 7.5.1 depicts the result if q;(0) = 1,
p1(0) =4, q2(0) = 2, and p2(0) = 3.

To determine the constants of motion u(p, q) of the oscillator and their
implications, we seek functions u(p, q) annihilated by the PB operator of the
Hamiltonian (7.5.8a). In this case, one procedure is to solve the equations
that result when u(q, p) is expanded in power series in the p’s and ¢’s.

q1

Fig. 7.5.1 Projection to trajectories of isotropic oscillator onto position space.



224 Dynamical Symmetry

One lets

u= Z lenlmgngqunl p?l qIQnQ sz, (7511&)

and requires

Z Cmynymans {H, a7 Py a3 pa*} = 0. (7.5.11Db)

The solving of (7.5.11b) is investigated in the exercises. One finds it has
no solutions that are linear combinations of the p’s and ¢’s. It has three
independent solutions that are quadratic functions of the positions and
momenta, functions that, together with H, are constants of motion. Letting
S1 = (q1,p1), and S = (qg2,p2), these constants of the motion may be
chosen to be

(H1 — HQ) = (Sl, 'Sl — SQ, 'SQ)/Z, (7.5.12&)
(P1p2 + d192) = S1 - So, (7.5.12b)

and the vector S; X Sa , with value (qip2 — p1qz2). If the coordinates are
those of a single particle, then

Sl X SQ = L12, (7.5.120)

i.e. its angular momentum.

In determining the Lie algebras defined by the constants of motion, it
is convenient to begin by multiplying the functions in (7.5.12) by constants
a, b and c respectively. The constants can then be chosen so as to put the
Lie algebra in an easily recognizable form. In this way, one finds that the
three functions

w = (p1p2 + q192)/2, ue = (Hi —Hz)/2, u3z = (q1p2 —q2p1)/2,
(7.5.13a)

satisfy the Poisson Bracket relations
{ug,u2} = —u3, {uz, w1} =—uz, {ug,us}=—uy. (7.5.13b)
One also finds that
ui 4 uj +uj = (H/2)% (7.5.13c)
The initial values of these constants of motion are
(p1(0)p2(0) + q1(0)q2(0))/2, (E1 —E2)/2, Li12(0)/2, E*/4. (7.5.14)

Adding any of the constants of motion to H gives a new Hamiltonian
function H'. The motions determined by H' may be obtained from those
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determined by the original Hamiltonian. In the simplest case,

H =H+ cu; = c1Hy 4+ coHs, (7515&)
with

c1=14¢/2, ca=1-¢c/2. (7.5.15Db)
This eliminates the energy degeneracy E; = Eq, without altering the form
of the solutions of (7.5.11). One may (see below) determine the motions
when H’ is H+ cus or H + cuz by making use of transformations generated

by the PB operators of uj, us and us, These are the linearly independent
operators

Uy ={w, -} = (=1/2)(p2 9/0aq1 + p1 9/0q2 — q2 8/9p1 — a1 0/9p2),

Uz = {u2,-} = (=1/2)(p1 9/9q1 — p2 9/9q2 — a1 9/9p1 + a2 9/Ip2),

Us = {us,-} = (—=1/2)(q1 9/0q2 — q2 8/dq1 + p1 9/0p2 — p2 9/0p1).
(7.5.16)

They satisfy the commutation relations of the commutator Lie algebra
[Uy,Us) = —Us, [U3,Uy] = —Us, [Uy,Us]=-Uy, (7.5.17a)

with Casimir invariant

U? + U2 + U2, (7.5.17b)

The operators Uy, Us, Uz each generate a one-parameter group of trans-
formations, exp(axUy), which produces invariance transformations of the
equations of motion, each necessarily a one-parameter group of symplec-
tic transformations. The commutation relations establish that the resulting
three-parameter group is a linear symplectic group Sp(2).

If an isotropic oscillator with Hamiltonian H is affected by an outside
source that gives it angular momentum, ¢ (qipz — qa2p1), then H' can be
expressed as

H' = H + 2cus. (7.5.18a)

The resulting trajectories in the qip1 and qop2 subspaces are no longer
independent. However, acting on H' with the group operator exp(asUs)
one finds

H' = H + 2c¢(u3 cos(az) + uy sin(az)). (7.5.18Db)

These become Hamiltonians of the form (7.5.15a) if ap = 7.
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All of the {U,-}’s necessarily commute with the evolution generator
{—H,-} = {2u4, -} = p10/0a1 + p20/0q2 — 410/0p1 — 420/0ps. (7.5.19)

The group generated by {—H,-} could, in the abstract, be any one-
parameter Lie group, but as we know, it generates symplectic transfor-
mations, the group is always a realization of Sp(1). In analogy to Uy, Ug
and Us, we defined Uy to be {—H,-}/2. The group generated by the four
U’s is then Sp(2) x Sp(1). The quadratic Casimir invariant of the Sp(2)
groups is equal to the square of the generator of the Sp(1) group. It is the
symplectic group Sp(2) x Sp(1) that defines dynamical symmetries of the
oscillator.

As noted earlier, the Hamiltonian (7.5.8a) has evident four-dimensional
rotational symmetry. Let us investigate the relationship between its SO(4)
symmetry group and the Sp(2) x Sp(1) symplectic group uncovered to this
point. To this end, we let

Jij = 10/ 0sj — 5,0/ Os;, (7.5.20)

be the generator of rotations in the i—j plane of the four-space in which the
Hamiltonian is defined. Six of the Jj; are linearly independent. Together they
generate rotations of the SO(4) group that leaves invariant the Hamiltonian
(7.5.8a). Inspecting (7.5.16) and (7.5.18) one finds that

Ui =—(Jua+J23)/2, Uz =—J2a+J31)/2, Uz = (Js34+J12)/2,
(7.5.21a)
and

Uy = (J31 — J2a)/2. (7.5.21b)

Note that each U is composed of two rotation generators that commute.
Equations (7.5.21) allow one to connect the operations of the symplectic
group Sp(2) x Sp(1) generated by the U’s, to operations of the group that
leaves H invariant.

In addition to these U’s, there are two linear combinations of the rota-
tion generators (7.5.20), which annihilate H but do not generate canonical
transformations. These are

Vo = (J14 — ng)/Q, V3 = (J34 — J12)/2. (7522)
Let us re-label Uy, which equals {—H, -}/2, and call it V;. Then
[V1,Va] = =V3, [V3,Vi]=—-Vqy, [Vy,V3]=-V;. (7.5.23)

Though Vo H=0 and V3 H=0, the operators V3, V3 generate neither
symplectic transformations nor transformations that convert solutions of



Dynamical Symmetry in Hamiltonian Mechanics 227

the equations of motion (7.5.8b,c) into solutions. However, they do commute
with the three U’s in (7.5.21a) that generate the invariance group of these
equations!

As each U is a linear combination of two commuting rotation generators,
each generates finite transformations that are the product of two rotation
transformations, and one has

exp(a1Uy) = exp((—a1/2)J23) exp(—(a1/2)J14), (7.5.24a)
exp(agUs) = exp(—(aa/2)J31) exp(—(aa/2)J24),  (7.5.24b)

and

exp(a3zUs) = exp((as/2)J12) exp((as/2)J34), (7.5.24¢)

where each ay is a group parameter. The evolution operator is
exp(t{—H,-}) = exp(2tUy4) = exp(tJs1) exp(—tJa4). (7.5.24d)

In SO(4), the operator of each one-parameter rotation subgroup with gen-
erator J;; and group parameter -y is expressed as exp(y;j Jij), and in each
case the parameter ranges over an interval of 27 before the transformation
repeats. In contrast, the finite transformations generated by the Sp(2) gen-
erators Uy, Uy, and Us return a point in the phase space to itself only after
the group parameters oy range through 4m. For the same reason, t in the
operator exp(tUy) must range through 47 to return a point in the phase
space to itself.
The four generators U have the following action on s:

U1S = (—p2/2,—p1/2,492/2,q1/2) = (—s4/2, —83/2,82/2,81/2) = Asg,
UsS = (—p1/2,p2/2,a1/2, —q2/2) = (—83/2,84/2,51/2, —82/2) = Asy,
UsS = (q2/2, —q1/2,p2/2, —p1/2) = (52/2, —s1/2,84/2, —s3/2) = Ass,

UsS = (—p1/2,-P2/2,a1/2,0q2/2) = (—83/2, —54/2,581/2,52/2) = Asy.
(7.5.25a-d)

At a point p, on the three-dimensional hypersurface of the hypersphere,
the linearly independent vectors dsiy = €Uygs can provide axes for a local
coordinate system determined by the constants of motion. The correspond-
ing finite tangent vectors Asy,k = 1,2, 3, provide local systems of coordi-
nates in the four-dimensional space. The infinitesimal version of Asy points
in the direction in which p, will evolve.

The length of each of the the vectors As;, Asy and Asg is \/E/\/i
The vector dot products with each other are all zero, so they are mutually
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orthogonal. The rotation generator in the phase space is Lijz = {L12, -} =
{2us,-}. As L12As; = Asg and Lij2Asy; = —Asy, the operator exp(asliz)
carries out rotations in the plane defined by As;, Ass, rotations about an
axis along Asjs. Consequently, at every point pg the unit tangent vectors
i(s) = (V2/VE)Asy, j(s) = (vV2/VE)Ass, and k(s) = (v/2/VE)Ass, pro-
vide the basis for a local Cartesian coordinate bybtem Wthh can be used to
describe infinitesimal displacements in the hypersurface. The vector Asy,
has the following components on these axes:

©S;-S3/(V2E), onj: (E; —Ey)/(V2E), onk: Lis/(V2E).
(7.5.26)

It follows that the orientation of trajectories on the hypersurface is deter-
mined by the three constants of motion whose value is fixed by the initial
values of the positions and momenta as per (7.5.6). For a given value of
s, say sg, unit vectors Iy, Jo and Ky that define a set of axes parallel
to i(so), j(so) and k(sg) can be set up at the center of the hypersphere.
The initial position vector, so, when divided by its length, v/2E, provides a
fourth unit vector, hg, orthogonal to all the others. To sum up, the three
constants of motion have determined PB operators whose tangent vectors,
together with sg, define a natural global Cartesian coordinate system in
phase space.

Figure 7.5.2a depicts the unit vectors i, j of a local axis system tan-
gent to the surface of an ordinary sphere at sy the terminus of the radius
vector sg. This set of axes is analogous to the axes at the surface of our
hypersphere. The unit vector h lies along the extension of the radius vector
to the point. In Fig. 7.5.2b, I, J and h axes that are parallel to the i, j
and h axes of Fig. 7.5.2a have been set up at the center of the sphere.
The components of any radius vector s on the I, J and h axes are clearly
identical with its components on the h, i and j axes.

The operator exp(a;Uy) moves a point p., on the hypersphere defined
by (7.5.9b) to a one-parameter family of points, each of which may be
considered a new initial point. Evolving these with exp(a4Uy) one obtains a
one-parameter family of trajectories in phase space, trajectories that depict
solutions to the equations of motion, (7.5.8b,c). Because [Uy,U;] = 0, the
result is the same as that obtained if the initial point is first evolved, then
transformed by exp(a;U;). The operators exp(asUs) and exp(aszUs) act
analogously, altogether generating a three-parameter family of trajectories
and solutions. Because the three Uy commute with H, all of the solutions
have the same energy. It can be proved that this three-parameter family
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i(0)

(a) (b)

Fig. 7.5.2 (a) Radius vector Sa and unit tangent vectors. (b) Tangent vectors
translated to origin of Sa.

contains all the solutions of the equations of motion which have a common
energy.

In the foregoing we have used the Lie generators {u;, -} to define coor-
dinate systems and motions in the four-dimensional phase space. An alter-
native approach is suggested by the fact that {us, -} is a rotation generator
divided by two. Relations (7.5.8) imply that

{us, i} =z, {us, w2} = —uy, (7.5.27)

as would be expected if {us, -} generates rotations of a Cartesian two-vector
[u1, ug]. However,

exp(az{us, -})ur = cos(as/2)w + sin(asz/2)us, (75.28)

exp(ag{us, - })uz = cos(as/2)us — sin(as/2)u;. o
Because the group parameter a3 must range through 47 in order to cycle
u; and ug back to their initial point, the operation of exp(ag{us,-}) may
be considered to move a point with coordinates uy, ug, around the girdle
of a Mobius band. The same argument can be applied to the action of
exp(ag{ug,-}) on us, u, and that of exp(ag{uy,-}) on uz, us. The space
of uy, ug, uz is not Euclidean, and uy, up, uz cannot be considered to be
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components of a vector in a Fuclidean three-space. Furthermore, though
ui 4+ uj +u3 = (H/2)? = (E/2)?, (7.5.29)

the manifold defined by this equation is not a sphere. To sum up: the
constants of motion uj, ug, and us do not provide a coordinate system
as intuitively useful as that provided by the tangent vectors of the PB
operators they determine. In Chapter 8, we will find that just the reverse
is true in Kepler systems.

7.6 Hamilton’s Equations in Classical PQET Space;
Conservation Laws Arising From Galilei Invariance

In this section, time t will be considered to be a coordinate, rather than
a parameter. It is shown in Appendix B that the momentum variable con-
jugate to t is —E, the negative of an energy. The resulting phase space
is termed PQET space. When Hamiltonian mechanics is extended to this
space one replaces t by an evolution parameter, which we shall denote by 7.
It is an independent variable that ranges through all the real numbers, and
is used to define the Lagrangian function that determines Hamiltonian func-
tions in PQET space. In nonrelativistic Hamiltonian mechanics in PQET
space it is presupposed that, though different particles have different P, Q
coordinates, the coordinates p; and g;, may all be observed simultaneously
at time t. The corresponding variable E is represents the total energy of a
system. With these presuppositions, there is only one t coordinate and one
E coordinate. The Poisson bracket, {A, B}, of two functions A(P,Q,E,t),
B(P,Q,E,t) is therefore defined by

>-1(0A/dq; 0B/Op;—0B/dq; OA/dp;) — (0A /0t OB/OE — OB /0t OA JOE).
(7.6.1a)

It is often convenient to set t = qo and —E = pg. When this is done,
{A,B} =37 (0A/dq; OB/0p;—0B/dq; OA /dp;). (7.6.1b)

For a Hamiltonian system defined in PQET space, the Hamiltonian func-
tion, H, may, as in Appendix B, be derived from a time-dependent
Lagrangian. Let

W(P,Q,E,t) = H(P,Q,t) — E. (7.6.2a)
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Then Hamilton’s equations of motion in PQET space are

dqj/dT = OW/dp;, dpj/dr = —9W /dq;,

(7.6.2b—e)
dt/dr = OW/9(-E), d(-E)/dr = —0W/dt.
If f = F(P,Q,E,t), one has the general relation
df/dr = {f, W}. (7.6.3)

Applying this to a system with a time-independent Hamiltonian, one
obtains

dqj/dr = OW/0pj, dpj/dr = —90W/0q;

dt/dr =1, dE/dr = 0. (7.64a-d)
It follows that At = A7, so if the motion is not periodic
t = 7 + const (7.6.4¢)
and the motion is periodic,
t — const = (7)modT, (7.6.4f)

where T is the period. This case was studied in Sec. 3.3.

Lagrange’s equations of motion inherit the Galilei invariance of
Newton’s equations of motion for isolated systems of particles. Let us inves-
tigate the manner in which this invariance is passed on to Hamilton’s equa-
tions of motion in PQET space. Using (7.4.3), one finds that the generators
of the passive group given in (7.1.8) become the following PB operators in
PQET space:

Ty =09/0t — {-E,}, (7.6.5a)
Tx = 0/0qx — {—Dpx, -}, etc., (7.6.5b)

and

ny = (lxa/a(ly - an/ach
— {—(axpPy — ayPx), '} = (ax9/9qy — qy0/0qx)
+ (px0/0py — py0/0px), etc. (7.6.5¢)

To express the active transformations determined by these operators for
a system with n ¢’s, and n p’s, define the position and momentum vectors



232 Dynamical Symmetry

of particle i by

di = (Axis dyi, dzi)s  Pi = (Pxi» Pyi» Pzi)- (7.6.6)

The total momentum vector is p = > _p;. The operators
Vi = (0/00x,0/0431.0/00:5). Vi = (9/0pxi/Opyi/0p).  (7.6.7)

generate active translations of the position and momentum of particle i in
PQET space. The corresponding many-particle operators are

Va=) Va4, Vp=> Vg (7.6.8)

These, together with p, enable one to express the effects of active Galilei
transformations on a many-particle system.

a. It follows immediately from (7.6.5a) that
(H-E,E} =0 if 0H/dt =0, (7.6.92)

the energy of a system is conserved if its Hamiltonian is time-translation
mvariant.
b. Equation (7.6.5b) implies that

{H,p} =0 if V{H=0, (7.6.9b)

i.e. the total momentum of a system is conserved if its Hamiltonian is
space-translation invariant.

c. The total angular momentum of the system is L = )" qixp;, and the
vector operator that generates the active rotations that result from rota-
tions of the coordinate system is R = {L, -}. Equation (7.6.5¢) requires
that

{H,L} =0 if RH=0, (7.6.9¢)

i.e. the angular momentum of a system is conserved if its Hamiltonian
s rotation invariant.

Though Newton’s equations are invariant under the passive transforma-
tion v — v + vg, the same is not true of Hamilton’s equations in PQ space
because kinetic energies are not invariant under the transformation. As the
operators Ky, Ky, K, depend upon t, they determine operators that act in
PQET space. For this reason one must formulate the Hamiltonian analog
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of Newtonian Galilei transformations as transformations in PQET space.
For

Ky = t0/0qx + 0/0vx,
one finds
Ky — {(—tpx + max), -} =t 9/0qx + px 0/OE +m 9/dpx, (7.6.10a)

etc. These components of the vector operator K do not annihilate p - p/2m.
However, H — E is invariant under transformations generated by an operator
of active transformations closely related to K. To see this, let

Ki = _tpl —+ m;q;, (7610b)
and
u=-Y K (7.6.10¢c)

Now, let m = Y mj, then p = > m;q;/m is the vector from the origin to
the center of mass of the system. Also let Y tp;=tP, where P is the total
momentum vector of the system. Then

u=—mp + tP. (7.6.10d)
The PB operator determined by u is
U={u,}=> (p0/IE+tVg +mVy). (7.6.10e)

The components of U, PB operators that one may denote by Uy, U, and
U,, are the active forms of the generators K, K, and K,, of the Galilei
group. U generates the transformations

exp(vp - U)g; = q; + vo t = exp(vo - K)q;, (7.6.11a)
and
exp(vo - U)p; = p; + vom. (7.6.11b)

Thus exp(vo-U) has the same effect as exp(vo-K) on q and v. One finds
that

exp(vo- UE=E+» vo-p;+(1/2) Y mivo - v, (7.6.11c)

and

exp(vyp - U) Z pi-Pi/2m; = Zvo -p;+ (1/2) Zmivo-v(). (7.6.11d)
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Consequently, if

H=3 pi-pi/2mi+) Y vlla —ql). (7.6.12a)
then
UH-E)=0. (7.6.12b)

Thus, though observers in systems moving at constant velocity with respect
to each other will assign different values to E and H, they will agree that
H =E.

7.7 Time-dependent Constants of Motion;
Dynamical Groups That Act Transitively

A function G(p,q,E,t) defined in PQET space, is a time-dependent con-
stant of motion in a system with Hamiltonian H(p,q) if

0={H—E,CGlu_p—o. (7.7.1a)
Now
{E,-} = 9/0%, (7.7.1b)
so (7.7.1a) is equivalent to requiring that
{H,-}G - 0G/0t =0, (7.7.1c)

on the manifold in PQET space defined by H(q, p) — E = 0. The function u
of the previous paragraph is an example of a time-dependent vector constant
of motion. If H-E in (7.7.1a) is replaced by (H-E)f, with f any Cs function
of the dynamical variables, then a function G that satisfies (7.7.1a) will also
satisfy

0= {(H—-E)f,C}u_po. (7.7.1d)

This turns out to be a useful property of Hamiltonian systems and constants
of motion in PQET space.

Harmonic oscillators provide one of the simplest examples of physically
important time-dependent constants of motion. To investigate them for a
one-dimensional oscillator, suppose that H = (p? 4+ q2)/2. Then

{H, -} =qd/dp — pd/dq. (7.7.2)

Let u(p,q,E,t) be a prospective constant of motion, and expand it in a power
series. Setting

u=>q"p" gav(t, E), (7.7.3)
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one requires that
{H—-E,u} = (q9/0p — pd/0q)u+ 0u/ot =0 (7.7.4)

when H = E. The first term in the expansion of u that gives a nontrivial
result is u; = q g10(t,E) + p go1(t,E). The equation that u; must satisfy is

(q0/8p — pd/dq)u; — duy /dt
= (g01 — 0g10/0t)q — (g10 + dgo1/Ot)p =0.  (7.7.5a)

Because q, p are independently variable, (7.7.5a) requires that

go1 = 8g10/8t, 8g01/8t = —810- (775b)

These equations have two linearly independent solutions. To simplify the
subsequent transformation of our results to quantum mechanics, we allow
these solutions to be complex, and choose them to be

g10+ = exp(it), gio— = exp(—it). (7.7.6a)
Then
go1+ = iexp(it), go1— = —iexp(—it). (7.7.6b)
These yield the constants of motion
(q+ip)exp(it) = ut (7.7.7a)
and
(q —ip)exp(—it) = u_. (7.7.7b)
One has
{H, }ut = Juy /0t = iuy, (7.7.8a)
{H, }u_ =9Ju_/0t = —iu_. (7.7.8b)

The two time-dependent constants of motion satisfy
{uy,u_} =2i. (7.7.9)
The PB operators obtained from them are
Uy = {uy, } = exp(it)(9/dp — i0/0q — i(q + ip)d/OE), (7.7.10a)
and
U_ ={u_, -} = exp(—it)9/0p +i0/dq + i(q — ip)0/OE). (7.7.10b)
When acting only in PQ space,

Uy — exp(it)(0/0p — 10/0q), U~ — exp(—it)(9/9p +i0/9q).
(7.7.11a,b)
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In both PQ and PQET space,
[Uy,U_]=0. (7.7.12)

Thus U4 and U_ commute. Since {1, -} = 0, this result is compatible with
relations (7.4.8).

Integrating the infinitesimal transformations defined by the generators
U, and U_, (cf. Sec. 4.5), one finds the finite transformations produced by
the operators exp(a4Uy):

p— p+ajexp(it), q— q—iagexp(it), (7.7.13)
E—E—-ioqyuy, H—H-—-iajuy;

p — p+a_exp(—it), q— q+ia_exp(—it), (7.7.13b)
E—-E+ia_u., H—H+ia_u_.
At t =0, the transformations of p, q and E become
Po — Po+ a4, do—qo—iay, Eo— Eg—iag(qo+ipe); (7.7.14a)
Po—DPo+a_, qo— qo+ia_, Eg— Eg+ia_(qo—ipo). (7.7.14b)
Equation (7.7.12) states that U, and U_ commute, so
exp(atUy)exp(a_U_) = exp(at+Us + a_U_). (7.7.15)

To express the right-hand side of (7.7.15) in terms of real variables we let
the linear combination of PB generators be re-expressed as

o {(a+ip)exp(it), -} + a—{(q — ip)exp(—it), -}. (7.7.16)
Define
a=ap+a_, B=i(oy —a_), (7.7.17a)
Ua = qeos(t) — psin(t), ug = qgsin(t) + pcos(t), (7.7.17b)
and
Ua = {ta, -}, Us = {us,}. (7.7.17¢)
Then

exp(a+Uy +a_U_) = exp(aU, + SUg)

(7.7.18)
= exp(aUq)exp(BUg) = T(a, B).
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T(a, 8) carries out real transformations that may be obtained from the
composition of the two transformations (7.7.13). Evaluating the action of
T(a, 8) at t = 0, one finds that it carries out the conversions

po— Pot+a, qo—qo+B, Eo— Eo+apo+Bao+(a® #2)/2. (7.7.18)

Using T(a,0) and T(0,3), one is able to independently shift the two
initial values qo and pg, so the operations of the group can convert any
solution of the equations of motion into any other solution. Using the defi-
nition of transitivity in Chapter 5, the group is seen to act transitively on
the space of solutions.

The generators U, and Ug satisfy the commutation relations

[{H,-},Us] =Us, [{H,-},Us] =Uqs, [Uqa,Ugl=0. (7.7.19)

The corresponding group, denoted N(3), is called the Heisenberg group.

To apply the results of this section to the oscillator of Sec. 7.6, with
H = H; + Hj, as defined in (7.5.8a), one uses operators T(«;, (1) and
T(ag,B2) to carry out the operations of (7.7.19) in the subspaces of pi,
q1, E1 and pe, q2, E2. This enables one to independently change each of
the four initial values pi(0), q1(0), p2(0), q2(0), and thereby change Ej,
Es and E. The operations of the two Heisenberg groups carried out by
T(a1,01),T(az2,02), combined with the operations of the degeneracy group,
produce a subgroup of Sp(3) that acts transitively on the space of solutions
of the oscillator equations of motion (7.5.8b,c).

For classical harmonic oscillators, knowing a dynamical group that acts
transitively is of little practical value. For more complex systems, knowing
analogous groups can be very revealing, and of great utility — even if the
required group generators are only approximately known. For this reason,
as well as conceptual reasons previously set forth, we will often be working
with Hamiltonian dynamics and symmetries in PQET space, or with their
quantum mechanical analogs.

Subsequent chapters will also make much use of the PB operators
defined in this chapter, the commutator Lie algebras they define, and the
corresponding Poisson bracket Lie algebras. Chapter 9 establishes quantum
mechanical versions of a number of results contained in this chapter.

7.8 The Symplectic Groups Sp(2n,r)

The PB operators determined by quadratic functions of conjugate q’s and
p’s generate symplectic transformation groups that act linearly in phase
space. If there are n real q’s and n real p’s, these groups are realizations of
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the group Sp(2n,r). The following Lie generators provide a basis for the Lie
algebra of Sp(2n,r) when i and j run from 1 to n:

{af/2,-} = @id/dps, {p{/2,-} = —pi0/dq;,
{aipi, -} = pi9/0pi — @i0/9as,  {aip;, -} = p;0/9pi — 49/ g,
{ajpi, -} = pi0/9p; — q;0/0q;,  {aiqj, -} = ai9/Ip; + q;0/Ipi,
{pipj; -} = —(pi0/9q; + p;0/0q;).
The commutator and PB Lie algebras obtained from the functions above

are isomorphic. Table 7.1 below gives Poisson bracket relations that are
sufficient to determine the Lie algebras of both types of symplectic groups.

(7.8.1)

Sp(2n,r) has n(2n + 1) generators and possesses the following subgroup

chains:?
Sp(2n,r) D U(n) D SU(n) D SO(n), (78.2)
Sp(2n,r) D SL(n,r) X R D SL(n,r) D SO(n).
Writing 2n =2a + 2b, with a and b integers, one also has
Sp(2a + 2b,r) D U(a,b) D SU(a,b) D SO(a,b), (78.3)

Sp(2a + 2b,r) D Sp(2a,r) X Sp(2b, r).

Numerous group—subgroup chains of SO(n) and SO(a,b) are tabulated in
Ref. 2.

The group N(3) of the previous section is a symplectic group though the
functions determining that its PB generators are not quadratic in p,q,E,t.

Nonlinear transformations can convert the transformations of an
Sp(2n,r) group that acts linearly in phase space into those of Sp(2n,r)
groups that act nonlinearly. This enables Sp(2n,r) to take on a particu-
larly important role in Hamiltonian dynamics. An example of a nonlinear
realization of Sp(2n,r) will be found in Chapter 8.

Table 7.1. The Poisson Brackets {A, B}

A\B  q?/2  p/2  ap aip; ajpi aigj PiDj
a?/2 0 dipi q? 0 qiqj 0 qip;
pZ/2 0 —p?  —Dpipj 0 —q;pi 0

qiPi 0 —qiP; q;pi —qiqj PiPj
qipj 0 q4jPj — diPi —af p?
qjpi 0 -7 py

Q14 0 q;Pj+diPi
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7.9 Generalizations of Symplectic Groups That Have
an Infinite Number of One-parameter Groups

If one generalizes the concept of closure used in defining Lie groups so as
to allow an infinite set of generators, two different generalizations may be
used. One may allow either a countable or uncountable infinite set.

For transformation groups of the first type one requires

[U;, U] = Z CE Uy. (7.9.1)
"

An example is provided when one begins to compose transformations from
one-parameter groups generated by PB operators of polynomial functions
of the ’s and p’s of order greater than three.

Generalizations of the second type arise when generators U of one-
parameter groups depend upon a continuous parameter, say «. Varying the
parameter develops a one-parameter family of transformation groups. If

[U(a),U(a)] = @(a, /', a”")U("), o =A(a,d), (7.9.2)

the transformations are said to belong to an infinite group. If the U(a) are
Poisson bracket operators, the resulting group is a symplectic one. As an
example of this generalization, let u(a) = p exp(aq). Then

U(a) = exp(aq)(apd/dp — 0/0q), (7.9.3)
and

[U(a), U(a)] = (o — a’)exp((e ')q)((a + a')pd/dp — 0/9q)
= (a—a")U(a o).

In this case, the function A is (a4 /) and the function ® is (o — o).

The commutation relations (7.9.2) must be generalized when one is com-
posing one-parameter groups whose generators differ by more than a single
continuous parameter. This is necessary, for example, when one wishes to
compose the one-parameter groups generated by (7.9.3a) with those gener-
ated by {—p, -} = 9/0q.

Though infinite dimensional symplectic groups will not be utilized in
subsequent chapters, infinite dimensional groups in general, play an impor-
tant role in the study of partial differential equations whose solutions
depend upon arbitrary functions rather than arbitrary constants.
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Appendix A. Lagrange’s Equations and the Definition
of Phase Space

The equations of Lagrange and of Hamilton directly formulate the evolution
of kinetic energies, potential energies and work, rather than the evolution
of positions and momenta alone. Both treat Cartesian coordinates x; on
the same footing as generalized coordinates qj, related to the Cartesian
coordinates by C? transformations

Xi :Xl(q)7 q= (qlanv"'vqn)' (7A1)

Using Cartesian coordinates, (x1, X2, X3), and velocity components v; =
dx; /dt, the kinetic energy of a mass point in an inertial Cartesian coordinate
system is m(v? + v3 + v3)/2. For a system with n particles and 3n, or 2n,
Cartesian coordinates, it is convenient to associate a mass m; with each
degree of freedom, keeping in mind that some of the m; have the same
value. If the masses are constant, and f; is the component of the force
acting on m;, Newton’s equations of motion are then

mi(dvi/dt) :fi, 1= 1,2.... (7A2)
The total kinetic energy of the system is
T=) mvi/2 (7.A.3a)

To investigate the evolution of the kinetic energy under the action of forces,
one considers dT/dt. As

dT/dt = myv; dvi/dt, (7.A.3b)
Newton’s equations imply
dT/dt =" fivi. (7.A.3c)
One then has the well known relation,
dT =) fidx; = dW, (7.A.3d)

where dW is the element of work done by all the forces during the displace-
ments dx.

Lagrange’s equations are obtained by determining the way in which
relations (7.A.3b—d) are altered when one replaces Cartesian coordinates
and velocities by generalized coordinates and their time derivatives.



Dynamical Symmetry in Hamiltonian Mechanics 241

The simplest derivation of Lagrange’s equations from Newton’s equa-
tions, appears to be that provided by Thompson and Tait.? It begins with
the transformation of coordinates defined by (7.A.1), which implies that

dx; = Z(aXi/an')d% = Z(dxi/d%) dg;. (7.A.4a)

This is used to express the element of work in (7A.3d) as
dW =>" £ Y (0Xi/0q)dg; = Y F; da;, (7.A.4b)
i i i
where

Here, and hereafter, each of the generalized coordinates q; are considered
independently variable, so each F; becomes the local component of the force
that acts in the direction of dgq;.

The connection between the F; and the f; is put to use in converting
the left-hand side of (7.A.2) to an expression analogous to (7.A.3c), one
in which the q; and their time derivatives replace the x; and their time
derivatives. To begin, for each value of i in Newton’s equations (7.A.2),
multiply both sides by dx;/dg;, to obtain

mi(dvi/dt)dxi/dqj = fidXi/qu'. (7.A.5)

The term multiplying m; on the left-hand side of this may be re-expressed
as

d/dt(v; dxi/dq;) — vi(d/dt)dx;/dg;. (7.A.6a)
Now (cf. the exercises) it can be shown that
dx;i/dq; = (dx;/dt)/(dg;/dt). (7.A.6b)
On writing qj for dq;/dt, (7A.6a) can thus be re-expressed as
(d/dt)(vidvi/dqg) — vidv;/dq;j, (7.A.6¢)
and as
(d/d6)(d(v?/2)/dd]) — (d(v?/2)/das). (7.A.6d)

Using (7.A.6d) to replace the coefficient of m; in the left-hand side of
(7.A.5), Eq. (7.A.5) becomes

V2
mi [(d/dt) (d( = )) —d(/2)/dq

= fidXi/de. (7A7)
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Summing this over i yields

(d/dt)(d(mivi/2))  d(mivi/2)\ _
Z( aq T g )FJ. (7.A.8a)
Thus,
(d/dt)dT/0d; — 0T /dq; = F. (7.A.8D)

These equations, Lagrange’s equations of the first kind, are valid for all
coordinate systems that can be defined by Egs. (7.A.1). If the forces are
derivable from a potential, V(q), then

Fj = —0V(q)/0q;, (7.A.9a)
and, on defining
L(q,q") = T(q.q') = V(q), (7.A.9b)
(7.A.8b) becomes
d(0L/dq;)/dt — OL/dq; = 0. (7.A.9¢)

These are Lagrange’s equations of the second kind.
To utilize Lagrange’s equations it is necessary to express T as a function
of the ¢’s and their time derivatives. Using (7.A.1) one finds

T=(1/2)> Y gxla)dd, (7.A.10)
j k

with

gik(a) = Z m; 0X;/0q; 0Xi/0qx.

The variables,
pj = 0T /dq; = 9L/ dd;, (7.A.11)

are the canonical momenta of the system.

We next show that the p; and q;j are, in fact, members of canonically
conjugate sets of variables. Let the Cartesian positions and momenta be
denoted by xi and 7, with m; = myvy. Using Poisson brackets defined
using derivatives with respect to xx and 7y, one has

{ai, pj} = {a:,0T/q;}, (7.A.12a)
= {a:,0 Y (myev}/2)/0q]} = {ai, Y myviedvie/daj}. (7.A.12b)
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Hence
{ai,pi} = {ai, D me dvi/daf}. (7.A.12¢)
As in (7.A.6b), one has
dvi./dqj = dxi/dg;. (7.A.12d)
Consequently,
{ai,pi} = {ai, Y mc dya/da;}- (7.A.12)

Because dyk/dq; can be expressed as a function of the x’s only, for the
Poisson bracket on the right-hand side of (7.A.12¢) one has

{ai, Y medxie/dag} = Y _{ai, mfdxac/da
k k
= Z(Z 0qi/Oxm Om/O0mm) dxi/dq;.  (7.A.12f)
k m

Only the terms dmy/0my, with k = m are nonvanishing, so

{ai,pj} = Zaqi/axmdxm/dqj = qui/dxmdxm/dqj = dq;/dg;.

h " (7.A.12g)
Thus
{ai, pj} = 03 (7.A.13a)
Similar, but shorter, analyses establish that
{ai, g5} = 0= {pi, pj}- (7.A.13b,c)

To sum up, for a transformation from Cartesian coordinates to gener-
alized coordinates, qj, the momenta p; conjugate to the q; are given by
(7.A.11), as claimed.

Appendix B. The Variable Conjugate to Time
in PQET Space

We wish to establish that in PQET space, the variable conjugate to t is —E.
Following Lanczos,® we begin the argument with Hamilton’s variational
derivation of Lagrange’s equations. Let L(mj,qj,q’j,t) be the Lagrangian
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function of a system of masses mj, with position coordinates qj;, and velocity
coordinates qj = dq;/dt. The integral

to
S E/ L(mj,q;,q’,t) dt, (7.B.1)

t1

has the dimensions of an action, and represents a total action developed
as the masses move between times t; and to. Hamilton established that
Lagrange’s equations result if one requires that, as t evolves, the point
with coordinates qj, qu , describes a path through the space of positions and
velocities which makes S an extremum. Put more precisely, the motions
are such that §S = 0 if the position functions qj(t), and velocity func-
tions qj(t) = dq;(t)/dt, are subjected to infinitesimal variations, dq;(t),
dqj(t) = d(dq;(t))/dt, at all values of t between t; and t2. The variations
are restricted by the requirement that they vanish at t; and ts:

dq;(t1) = dq;(t2) = 0 = dq;(t1) = dq;(t2). (7.B.2)

Thus, one requires

to
5S = / (L(mj, q; + 0, o} + 6y, £) — L(my, qj, ', ) dt, (7.B.3a)

t1

= /tz > ((9L/8q;)dq; + (9L/ddf)ds) dt = 0. (7.B.3b)

Integrating the second term by parts enables one to express this as

2
58 = Y@L/l + [ SO(0L/0a) — (a/at)(OL/06))scydt = 0.
t1
(7.B.4)
As (7B.2) requires that the variation vanishes at t; and t2, the first term
must vanish, one has

t2
0S = / Z((@L/@qj) — (d/dt)(@L/@qJ{))éqjdt =0. (7.B.5)
t1
The integral vanishes iff for each value of j, Lagrange’s equations
(d/dt)(@L/(‘?qJ{) 0L/0q; =0 (7.B.6)

are satisfied.

The momentum conjugate to each g; is p; = 9L/ 3qu . If L is not a func-
tion of t, the Hamiltonian, H, corresponding to it is obtained by expressing
the function

H=2 qip; — L(mj, g, q}, 1), (7.B.7)

as a function of the q’s and p’s.
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To determine the applications of this derivation to motions in PQET
space, we change the variable of integration in (7.B.1). The evolu-
tion parameter t is replaced by an evolution parameter 7, and t is
replaced by t’, a new independent dynamical variable. To this end we
let dt — (dt/dr)dr = t/dr, and replace d/dt by (1/t')d/dr. If we write

= dq;/dr, then ¢} = q' /t’. Supposing that L does not depend explicitly
upon t, and writing

L' (mj, g5, qf' /t') = t'L(my, q5, ¢} /t'), (7.B.8a)
(7.B.1) becomes

S/E/ L'(mj, q5,qj /t")dT. (7.B.8b)

1
The Lagrangian L’ depends upon the generalized coordinates g; t’, and the
generalized velocities q;'. As L’ is not a function of t, the variable conjugate
to t is a constant of motion. Using the S’ and L’ of (7.B.8), one finds
Eq. (7.B.6) replaced by

(d/dr)(dL/ aq)") — AL /dq; = 0, (7.B.9)

The momenta conjugate to the qj are p{ = dL'/0q{’, and the momentum
conjugate to t’ is

pl, = oL’ /ot (7.B.10)
Thus

=L -t ((qf /t"*)OL/0d)) (7.B.11a)
=L-— Z /' /t')OL/dq]) (7.B.11b)
=L-> ¢joL/od (7.B.11c)
=L-) dqjp; (7.B.11d)
= —H — —H(q,p). (7.B.11e)

Consequently
p, — —E, (7.B.11f)

and —E is the variable conjugate to t.
To define functions W(p, q, E, t) that are generalizations of H(p, q) —E,
one begins by defining a generalized kinetic energy that is allowed to be a
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function of generalized coordinates q, t, and generalized velocities dq/dt

and dt/d7r. One then defines a generalized Lagrangian T — V(q) and pro-

ceeds as in (7.B.10) to determine the generalized momenta conjugate to the
coordinates q and t. W(p, q, E, t) is then defined by the same process that
converts (7.B.11a) to (7.B.11e).

Exercises

1.

In matrix notation, (7.2.3) may be expressed as ds’ = Mds", with
M composed from n x n submatrices A, B, C and E, with the upper
left sub-matrix, A, having elements aj;, the upper right submatrix, B,
having elements bj;, and the lower left and right sub-matrices, C, E
having elements c;;, e;; respectively. What relations between the matrix
elements are required by Egs. (7.2.8)?

2. a) Produce plots, analogous to Fig. 7.5.1, of trajectories in a common
q—q plane and a common p—p plane. b) Plot motions implied by (7.5.10)
in each of the six two-planes.
3. Show that uy,us,us satisfy Eq. (7.5.11b).
4. Expand (7.5.11b), collect terms that multiply the same powers of each
q and p, and determine the relations that the coefficients ¢ must satisfy
when H is given by (7.5.8a).
5. Derive (7.2.11) from (7.2.9).
6. Derive (7.7.5a) from (7.7.4).
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CHAPTER 8

Symmetries of Classical Keplerian Motion

In recent years it has become possible to turn Kepler’s intuitions of the
“music of the spheres” into a mathematically and physically sound under-
standing of the dynamical symmetries of classical Keplerian motion. A few
of their consequences were pointed out in Chapter 1. This chapter develops
their conceptual underpinnings.

8.1 Newtonian Mechanics of Planetary Motion

Let GmM/r? be the magnitude of the gravitational force attracting a spher-
ically symmetrical planet of mass m, and the sun of mass M, with G
being the universal constant of gravitation, and r the distance between
the centers of mass of the two bodies. The reduced mass of the planet is
@ =Mm/(M + m). If one defines Kk = GmM /. = G(m + M), and r is the
vector from the center of mass of the sun to the center of mass of the planet,
then Newton’s equation for the motion of the center of mass of the planet
reduces to

dv/dt = —f(r)r, (8.1.1)
with
v =dr/dt, f(r)=r/r>.
Kepler’s three laws of motion are direct consequences of dynamical sym-
metries of this equation.
We first deduce the scaling symmetry that underlies Kepler’s law of
periodic times. Let T represent a measure of time, and R a position vector
of length R. Suppose t — T/ = aT, R — R’ = bR, and k — &' = ck.

Equation (8.1.1) with T = t, R = r, is invariant under such a transforma-
tion if a’c/b® = 1. Because the masses of the planets are small compared

247
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to the mass of the sun, x is nearly the same for all, so one may in good
approximation set ¢ = 1. For such systems, a?/b? = 1, and the time and dis-
tance scalings must produce the approximate relation (T’/T)? = (R//R)3.
As the planetary orbits are all ellipses of small eccentricity, they may be
approximated by circles of radii R and R’. Letting T and T’ be the period
of time it takes for two planets with orbital radii R and R/, to traverse such
a circle, one obtains Kepler’s law of periodic times:

(T'/T)* = (R'/R)3. (8.1.2)

A discussion of the accuracy of this relation will be found in Ref. 1 at the
end of the chapter. The exact law will be derived below.

We next consider time-independent properties of planetary orbits that
are consequences of two different vector constants of motion of Keplerian
systems. Subsequent sections of the chapter will investigate the way in
which these constants of motion are related to dynamical symmetries.

Taking the cross product of (8.1.1) with r, one obtains

rxdv/dt=—f(r) r xr=0. (8.1.3)
Now
d(r x v)/dt = (v X v) + (r x dv/dt) = (r X dv/dt). (8.1.4a)
It then follows from (8.1.3) that
d(r x v)/dt = 0. (8.1.4b)
Hence,
h=rxv (8.1.4c)

is a vector that remains constant as r and v evolve. It has a length, h,
given by

h? = (h-h) =% — (r-v)2 (8.1.4d)
From (8.1.4¢) it follows that
r X dr = hdt, (8.1.5a)

so r and dr lie in a fixed plane perpendicular to h. This plane contains
the center of mass of the planet and that of the sun. In every time interval
At = [dt, the area swept out by the radius vector r has the same value,

/(r(t) x dr(t))/2 = hAt/2. (8.1.5b)

This implies Kepler’s law of equal areas: a line from the sun to the planet
sweeps out equal areas in equal times. This law may also be considered to
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arise from the constancy of the angular momentum vector of the planet,
L=rXp, p=puv. (8.1.6)

Integrating (8.1.5b) over an entire period of length T, the area swept
out is an ellipse of area mA,Ay, where 2A, is length of its major axis, and
2A}, is the length of its minor axis. Consequently, for an elliptical orbit,

T = 27A.Ap /h. (8.1.7)

Kepler systems possess a further vector constant of motion.2 We shall
see that it and L together determine the dynamical symmetry of every
Keplerian manifold defined by H = E, and provide the initial conditions
that determine motion upon it. To uncover this vector, take the vector
cross-product of h with the equation of motion, (8.1.1), to obtain

h x dv/dt = —(rk/r*) h X r. (8.1.8a)
Because h is constant, this implies that
d(hxv)/dt = —(k/r®) hx r. (8.1.8b)
Using the identity
(axb)xc=(c-ab—a(c-b)
to expand
hxr=(rxdr/dt) Xr,
one obtains
h x r = r’dr/dt — r(r - dr/dt) = r3d(r/r)/dt. (8.1.8¢)
Thus (8.1.8b) becomes

d(h x v)/dt = —kd(r/r)/dt. (8.1.8d)
Consequently
d((h X v) + kr/r)/dt = 0, (8.1.8¢)
and the vector
b= (h X v)+«sr/r, (8.1.9a)

is a constant of the motion.
By expanding h X v one may obtain an alternative expression for b.
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Letting v = |v|, one finds
b= (r v)v+ (k/r —v)r. (8.1.9b)

This vector is perpendicular to h (and L = ph) because both v - h and
r - h vanish. The constancy of its components was known to Laplace and to
Hamilton.? Soon after Gibbs?* introduced the concept of vector they were
assembled into one. Today, b and vectors proportional to it, are commonly
called Runge-Lenz vectors.®

From initial measurements of a planet’s, or comet’s, position and veloc-
ity vectors, observers can determine h and b in their frame of reference
and make them the basis of a new right-handed frame of reference that is
particularly adapted to describing the motion of the body. To this end, one
translates and rotates one’s original coordinate system, putting the origin of
the new system at the center of mass, and supposing the plane of the orbit
is the x—y plane. Letting the x axis and unit vector i lie on the major axis of
the orbit, one may choose its positive direction to be that from the center
of mass to aphelion. Then one may set the z axis along h = r X v. If the
motion is counter-clockwise, one chooses k = h/h, if clockwise, k = —h/h.
Then if ¢ = hxb, one has j = c¢/c. It is also convenient to shift the origin
of clock time so that at t = 0 the planet is at perihelion. This frame of ref-
erence is used in Figs. 8.1.1. The planet’s initial coordinates are x = xg,
y = 0 and z = 0. Its initial velocities are vy = 0, vy, = vg and v, = 0. These
values define the further initial values

= fxol, B = u(v3/2 - k/Ixol); (8.1.100)
and
h =(0,0,h,), h,=x¢ vo; (8.1.10b)
b = (by,0,0), by =xo(k/|x0| — v3); (8.1.10c)
c=(0,cy,0), ¢y =Dbyh,. (8.1.10d)

At perihelion, vZ > /|xq|, so by is positive, and b points toward aphelion.
In the Exercises one finds that for an orbit with eccentricity €, and semilatus
rectum A,

|b| = ek, (8.1.10e)
Ih| = (\x)'/2. (8.1.10f)

Figure 8.1.1 illustrate three orbits obtained when the eccentricity is
nonzero. It is assumed that x¢ is negative and that the motion is coun-
terclockwise, so vp is also negative. The perihelion distance is |xg|.
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(b) ©)

Fig. 8.1.1 Runge-Lenz vectors for elliptical, parabolic, and hyperbolic orbits,
(a) |b| =0.8,|b] =0.71, (b) |b| = 1,0, |b] = 0.71, (¢) |b| = 1.2,|b| = 0.71.

All the orbits available to bodies moving under an inverse square law
of force can be determined by considering the scalar product of r with b.%
One has

b-r=(hxv) -r+kr=—h%+kr. (8.1.11a)
Letting 6 be the angle between b and r, one may express this equation as
brcos(d) = —h? + &r, (8.1.11b)

so the dependence of r upon 6 is expressed by

_ (h?/k)
r= (1 — (b/k)cos(h)). (8.1.11c¢)

This is the equation of a conic section with eccentricity ¢ = b/k, and
semilatus rectum \ = h?/k. For planets the conic sections are, as stated in
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Kepler’s First Law, ellipses. For ellipses
Aa=XA(1—=€%), A,=)/(1-e?)2 (8.1.12a,b)

The dynamical quantities h = |h| and b = |b| are then related to the
geometrical variables A, and Ay, by

b/k = (1= (Ap/Aa)*)"2,

8.1.13a,b
h(b/r)!/2 = A,. (8:1.132,)

Using (8.1.12a) to eliminate h from (8.1.7), one finds that the period T
satisfies

T? = (472 /k)A3. (8.1.14)

This is the exact relation approximated by Kepler’s Law of Periodic Times.
Circular, elliptical, parabolic, and hyperbolic orbits are obtained when
e=0,0<e<1,e=1,ande > 1, respectively. The constancy of b reflects
the fact that neither the direction of the major axis, nor the eccentricity of
an orbit, changes with time.
The energy of the system,

E = uv?/2 — GMm/r = u(v?/2 — k/1), (8.1.15)

is a scalar constant of the motion. It is shown in standard monographs on
theoretical mechanics? that for 0 < e < 1,

E=—u/2A,. (8.1.16a)
For e > 1,
E = pu/2A,. (8.1.16b)

As these energies do not depend upon the length of the minor axis, for given
values of p and a, varying Ay produces a family of degenerate orbits —
orbits of the same energy. The dynamical symmetries responsible for this
degeneracy are investigated in the upcoming sections of the chapter.

A development analogous to that of (8.1.10) may be used to obtain the
relation among velocity components that defines the hodograph of Keplerian
motion.® The component of v on the j axis is vy, so (8.1.10) implies

vy = (bh)"'(h x b) - v = —(bh)"'h2(v? — #/r) = —(h/b)(v2/2 + E/p).
(8.1.17a)
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Because v has no component on the k axis, (8.1.17a) can be expressed as
V242 +2vyb/h+2E/pu =0, (8.1.17h)

S0
v2 4 (vy +b/h)? = (b/h)? — 2E/pu. (8.1.17¢c)

As the right-hand side of this equation is only a function of constants of
the motion, for every Keplerian motion the hodograph is a circle, of radius
(b/h)%2 —2E /u, with its center at a point —b/h on the j axis. Figures 8.1.2

(b) (©)

Fig. 8.1.2 Hodographs corresponding to orbits of Figs. 8.1.1, for (a) |b| =
0.8, |h] = 0.71, (b) |b| = 1.0, |h| = 0.7, and (c) |b| = 1.2, |h| = 0.71.
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illustrate the hodographs corresponding to the orbits of Figs. 8.1.1. For
them, the value of the radius defined by the right-hand side of (8.1.17c) is

K2/ (xGVE)-

8.2 Hamiltonian Formulation of Keplerian Motions
in Phase Space

Hamilton’s mechanics describes how constants of motion determine dynam-
ical symmetries in a phase space. We therefore move from a Newtonian to
a Hamiltonian description of Keplerian motions.
Setting ¢’ =r, ¢ = |r|, p’ = pv, p’ = |p’|, the Hamiltonian with value
Eis
H'(p',q') = p?/2p — pr/d'. (8.2.1a)

Here, as before, u is the reduced mass of the planet, and ux = GMm. As
previously, all variables are supposed to be dimensionless. If t represents
ordinary clock time, the CT’s

E—E=E/(iPk?), t —t=(uk*t, (8.2.1b)
and

d —aq=@k)d, p —p=p/4k), (8.2.1c)
convert (8.2.1a) to

H'(p',q')/ (k%) = H(q, D). (8.2.1d)
Here q = |q|, p = [p|, and
H(q,p) =p°/2 - 1/q=E. (8.2.1¢)
Hamilton’s equations governing motions in the phase space of p and q
are then
dq/dt = OH/0p = p, dp/dt = —0H/dq = —q/q>. (8.2.2)

We will be dealing with vectors s that have nonzero components in both
the q and p subspaces of PQ space. The evolution parameter is t, and E
can be considered a parameter. The evolution operator exp(t{—H, }) acts
on q and p to evolve trajectories s(t) = (q(t), p(t)) in the phase space. The
orbits, f(q) = constant, are orthogonal projections of s onto the q subspace
of PQ space, and the hodographs, g(p) = constant, are projections onto
its p subspace. If one considers planetary motions in a fixed plane, both
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g-space and p-space become two-dimensional, and the PQ space is reduced
to a four-dimensional phase space.

For a function X(q,p,E) to be a constant of motion in PQ space, it
must satisfy

{X,H}|g=g =0. (8.2.3)
Two vectors whose components satisfy this requirement are

L = uh, (8.2.4a)
A=—-(Lxp+q/q)=-b/k=a/x. (8.2.4b)

The negative sign has been introduced in the definition of A and a, because
doing so substantially simplifies the discussion in subsequent sections. In
position space, the vectors A and a point from the center of mass toward
perhelion. After expanding the L X p term in A to (q-p)p — qp?, one can
use (8.2.1d,e) to make the conversions

A — A(H) =q(p® +2H)/2 - (a- p)p, (8.2.52)
and
A — A(E) =q(p* +2E)/2 - (q- p)p, (8.2.5b)

both forms of A satisfy (8.2.3) with X = A. All the expressions for A
change sign when q — —q and p — —p, so A, unlike L, is a proper vector
in PQ space.

From the components of L and A one obtains the components of the
PB operators L = {L,-} and A = {A, -} that generate invariance transfor-
mations of the equation H = E. One has

{Lij, -} = —(0:9/0q; — q;0/9aqi) — (pid/0p; — p;0/9pi) = Lyj.  (8.2.5)

The form of the components of A is more complicated. In Sec. 8.3 we will
use a CT to greatly simplify them.

Here we wish to consider the Lie algebras generated by the these PB
operators. In expressing the commutation relations it is simplest to make
use of the notation in which, e.g. Ly = Lj rather than Loz. We will also
make use of the conventional symbol €jjx, which has the value +1 when the
indices are in clockwise order, and —1 when they are not. Then one finds
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that the components of L and A obey the commutation relations:

[Li, Lj] = eijl,  [Li, Aj] = eijidx, (8.2.6a,b)

[Ai, AJ] (—QH)EiJ’kLk, A= A(H),
[Ai7Aj] = (_2E)5ijkLk7 A = A(E)

(8.2.6¢,d)

Because of the presence of H in (8.2.6¢), Eqs. (8.2.6a—c) do not define a
finite-dimensional Lie algebra. However, because A and L commute with
H, equation ¢ may be replaced by equation d, and E may be treated as a
parameter.

For bound states E is negative. In the subspace of phase space that
contains only bound trajectories

A_(E)=A(E)/(-2E)'/2, (8.2.7a)

defines PB operators A. = {A.(E),-}, that given (8.2.6d), satisfy the
relations

[Li, L;] = kL, (8.2.7b)
[Li, Agj] = eijcA <k, (8.2.7¢)
[Aci, Agj] = gL (8.2.7d)

These are the commutation relations of an SO(4) Lie algebra. The quadratic
Casimir operator is

A2 + 17 =5(AZ +L3). (8.2.8a)

Substituting H for E in (8.2.7a) one obtains A.(H). Expanding
A_(H)-A-(H) and L - L one finds that

(2H)(A<(H)* + L?) = —(q(p® — 2H)/2)*. (8.2.8b)

Now q(p? — 2H)/2 = 1, so the right-hand side of this equation is equal to
—1. Consequently

H=—(1/2)/(A% +L?). (8.2.9)

The Lie algebra is of rank 2, and consequently possesses a quartic Casimir
operator, which is (L- A~)?. Because L is perpendicular to A, for all values
of E, (L - A.)? vanishes.

The operators exp(; A «;) and exp(5;L;) may be shown to be those of the
group SO(4). They alter the components of A;, and Lj, j # i, while leaving
(A2 +L?) unaltered. Because of this, when E is negative, the equation H = E



Symmetries of Classical Keplerian Motion 257

is SO(4) invariant and the dynamical symmetry of the system is that of a
hypersphere S(3).

For Keplerian systems with positive energy, one may proceed analo-
gously. Let

A (E)=A(E)/(2E)"/? = (q(p* + 2E)/2 — (q - p)p)/(2E)"/2.

(8.2.10a)
The PB operators, A~ = {A- (E), -} satisfy the commutation relations
[Li, Lj] = eijulx, (8.2.10b)
[Li, Asj] = €A, (8.2.10c)
[Asi, Asj] = —ejjcli. (8.2.10d)
These are the commutation relations of the Lie algebra of an SO(3, 1)

group. The quadratic Casimir operator is L? — A2 . In this case one finds
that

H=(1/2)/(L? — A2). (8.2.11)
The dynamical symmetry is that of a hyperboloid of revolution in four-
space.
When E =0, H — 0, and
A — Ay(E) ={ap*/2 - (a-p)p, }, (8.2.12a)
the resulting commutation relations are those of the Lie algebra of E(3):
[Li, Lj] = ejjil, (8.2.12b)
[Li, Asj] = gijAsk, (8.2.12c)
[Asi, Asj] =0. (8.2.12d)

The dynamical symmetry is that of a three-hyperplane in four-space.

The same question arises for all of these three dynamical systems: what
are the geometric objects which possess these symmetries in a phase space?
The next two sections are devoted to providing the answer to this question.

8.3 Symmetry Coordinates For Keplerian Motions

In this section we will be introducing a pair of canonical diffeomorphisms
that produce coordinate systems in which the dynamical symmetries of
Keplerian systems become self-evident geometric symmetries.

To this end, because E is a variable, we consider the motions to be in
PQET space, letting t = q4, and —E = py. The 1/q singularity in H can
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be eliminated by multiplying the equation H — E = 0 through by q. This
replaces it by the regularized equation

W=1, (8.3.1)
with
W = q(p? — 2E) /2.

For all values of the dynamical variables, this equation defines a six-
dimensional manifold in a seven-dimensional PQE subspace of the PQET
space. Let 7 be an evolution parameter that ranges through all the real
numbers, let t = q4, —E = p4, and define the PB of functions F and G to be

{F,G} = Ele((?‘F/aqjaG/apj — OF /0p;0G/0q;). (8.3.2)
Hamilton’s equations of motion in PQET space are then special cases of
the general equation

dF/dr = {F,W}. (8.3.3)
One has
dL/dr = {L,W} =0, dA/dr={A, W} =0, (8.34)

so L and A remain constants of motion.
We next take advantage of a useful property of Runge-Lenz vectors.
Because

A(E) =q(p* +2E)/2 ~ (q- P)p, (8.3.5a)
one has
(A(E) — A(-E))/2E = q. (8.3.5Db)
When E is negative, E = —|E|, and
a = |[-2E[ "' (A(~|E|) — A([E])) = (—2E)"*(A<(E) - A< (-E)).
(8.3.5¢)

It follows that for each negative value of E, the motion of r can be described
by the motion of A.(—E) with respect to the constant vector A_(E).
Figure 8.3.1 illustrates this relation.
When E is positive, one has
a = (1/2E))(A([E|) — A(=[E])) = 2E)"/*(A~ (E) - A~ (-E).
(8.3.5d)

The motion of r can thus be described by the motion of A5 (—E) with
respect to the stationary vector A (E).
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Fig. 8.3.1 Relation of position vector to Runge-Lenz vectors a(E), a(—E) when
E=31.
2

We now describe the first canonical diffeomorphism. Equation (8.3.3)
implies that

dt/dr = {t, W} =r, (8.3.6)

and so dt = r dr. For states with E > 0, both r and t range over an
open interval, but for bound states, r is cyclic, so mathematically, t is
cyclic, and confined within a compact interval. For these reasons we use
different coordinates for different ranges of E in the (—E,t) subspace of
PQET space. A canonical transformation will be used to define these. For
E <0,E >0, and 0_ < E < 04, define coordinates py = (py,Po> > Poo)
and g = (dj<, do>» doo) bY

Poe = (—2E)'/2 cos(t), dQoe = (—2E)'/?sin(t), E <0; (8.3.7a)

Phs = —(2E)%cosh(t), qp- = (2E)'/Zsinh(t), E > 0; (8.3.7b)
Pho= —B, dqp=t 0_<E<0,. (8.3.7¢)

The transformation (8.3.7a) is due to Poincare®. For all real values of E
and t, the transformation (—E,t) — (p{,q() is a one-to-one map from the
full space of (E,t) to that of (pj,qp) and is C? in each interval. It converts
t = q4 and —E = py in the of PB (8.3.2) to qj and p{. If one denotes
negative values of E by E., and positive values of E by E-, then when
t — 0, one has q, — 0 in all three cases, and

Po< — (_2E<)1/2 = po<, BE<= —p(2)</2; (8.3.8a)
Dhs — —(2B5)2 = pos, Es =pl./2; (8.3.8b)
and

Py — 0+ = Poo- (8.3.8¢)
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When E is negative, a(E) = a(—pg/2) is given by
a(E<) = (0 — pg)r/2 — (r-p)P, (8.3.9a)
and
A<(B) =py2((p® = pg)r/2 = (r- P)P)- (8.3.9b)
The moving counterpart of a(E.) is
a(-E<) = (p° +pj)r/2 — (r-p)p. (8.3.9¢)
For E > 0, one has the stationary vectors
a(E>) = (p* +pj>)r/2 - (r-pp, (8.3.9d)
A (E) = po= ((p” +pp>)r/2 = (r-p)P), (8.3.9¢)
and the moving vector
a(-E>) = (p° — pj)r/2 — (r-p)p. (8.3.9f)

The second canonical transformation in PQET space is based on an
inversion in the momentum subspace of pg, p1, p2, p3. Set

p"* = (P),P1, P2, P3), (8.3.10a)
and define
('@ p W)y =p? +p2. (8.3.10b)
Then, letting
p'@ P;(f) =2p'W /(p'W . p' D), (8.3.10¢)
and setting
q® = (db,ar,az,a3), (@ dW)e =’ £qf, (8:3.10d)

the canonically conjugate transformation is
qd@ - QLY = (pW . p®)qW/2— (@ p@)p' @, (8.3.10¢)
Here,

qd@ . p'@ = b +q-p, (8.3.10f)
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is unaffected by the choice of + signs. The transformations defined by
(8.3.10) are generalizations of a transformation due to Levi-Civita.” The
inverse transformations are obtained by interchanging the roles of the vari-
ables represented by lower case letters with those represented by capital
letters. They are diffeomorphisms in every region not containing the origin
in PE space. Under them

qd@W . p'@ L QW .pW, (8.3.11a)

thus orthogonal ') and p’® produce orthogonal Q¥ and P’
When the positive signs in (8.3.10) are chosen,

Lij = aipj — qjpi = Q{P} — Q{P{, i<j=0,1,2,3. (8.3.11b)
When the negative signs are chosen,
Lij = aipj — qjpi — QfP{ = Q{P{, 1<j=1,2,3;

To use these coordinate systems as reference systems in PQE space, we

(8.3.11c¢,d)

set t = qop = 0. The resulting momentum vectors are

P = (po,p1,p2,p3) = (Po,P), P = (P1,P2,P3); (8.3.12a)

and
P = 2p® /(p@ . p®), = (Pos, Py); (8.3.12b)

with
Po+ = 2po/(p® + p3); (8.3.12¢)
Py = 2p/(p*> +pp). (8.3.12d)

The corresponding position vectors are
q'¥ = (0,q1,a2,q3) = (0,) = (0,7); (8.3.13a)
QY = (p@W . p®)Lq@W /2 — (q@ - p®)p® = (Qo+,Q.); (8.3.13D)
with
Qo+ = g PPo; (8.3.13¢)
Q. = (p? £pf)a/2 — (q-p)p = a(+pj/2). (8.3.13d)

To summarize: the combined canonical transformations have converted
ordinary position and momentum coordinates in PQET space into a new
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set of coordinates, diffeomorphic to the first in regions that do not contain
the origin. Setting t = 0 has turned the original coordinates into a set of
coordinates in PQE space: three of the resulting position coordinates are
components of Runge-Lenz vectors, and three of the resulting momentum
coordinates are proportional to Fock’s projective momentum coordinates.'?
The role of the fourth position and momentum coordinates will appear in
the following section.

8.4 Geometrical Symmetries of Bound Keplerian Systems
in Phase Space

In this section the coordinate systems of the previous section are used to
determine the manifolds in phase space upon which bound motions evolve,
and the dependence of these motions on the evolution parameter.

We first consider bound motion and begin by renaming the moving Qj
as follows:

pi< = (0> +P)ai/2 = (a-p)pj, j=1,2,3, (8.4.1a)
and
pa< = (9 P)Po<- (8.4.1b)
One has
a(E<) = (0* —po)r/2—(r-p)p, A< =a(Ec)/po<. (8.4.1c)

The four pj< are functionally independent in PQE space. The SO(4) group
operators exp(cj{Aj<,-}) and exp(A;;{Lij, -}) move points at the terminus
of p_ = (pi<, p2<, p3<, pa<). The action of {Ai<,-} and {Lj;,-} upon the
pi< is as follows:

{Ai<7 '}/J'j< = 5ijp4<, {Ai<7 '}P4< = —Pi<
{Lij, }pi< = —pj<.
Consequently, the SO(4) generators {A;.,-} and {L;;, -} generate rotations
of the four-vector p_. One finds that

(8.4.2)

P =popo=Nipi = (/2)(0° +pjo)’ = W(EL)™ (8.4.3)
As W has unit value, the rotations move points on the surface defined by
pe =1. (8.4.4)

Thus, in the coordinate system of the pj, Eqgs. (8.4.1a,b) define a unit
hypersphere.
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We next turn our attention to the Pj(E) with E = p2_. Define

mi< = Pi(pg<) = 2pi/(p® + pp), i=1,2,3. (8.4.5)

The action of the {Aic,-} on these mj< produces a further momentum

coordinate:
{Aic, }Tj< = GijTac. (8.4.6a)
ma< = (1/po<)(P® — P3<)/(P* + Pi<)- (8.4.6b)
Also
{Aic, Imac = —mie, {Lij, }pj< = —pj<, 1=1,2,3. (8.4.6¢)

Equations (8.4.6) imply that the {A;.,-} and {Lj, -} are generators of rota-
tions of the locally cartesian four-vectors w« = (1<, o<, T3<, Ta< ), as well
as rotations of the vectors p_ = (p1<, p2<, P3<, pa<). Equations (8.4.2) and
(8.4.6) together imply that the generators have the realization

{Aic,-} = —(pi<0/0pac — p1<0/0pic + m<0/OT4c — T4 0/Omic),

i=1,2,3; (8.4.7a)
{Lij, } = —(pi<0/9pj< — pj<9/9pi< + mi<0/Omj< — Tj<I/Omic),
i<j=1,23. (8.4.7b)
The variable 74 is related to the coordinate
Poy = 2po</(p” + po<), (8.4.8a)
by
i< = Por — 1/po<. (8.4.8b)

The four functions ;< are Fock’s projective momentum coordinates divided
by p<o. They are linearly independent in the PE subspace of PQE space,
but satisfy the identity

Ec = (-1/2)/(m} . + 5. + 75, + T3 ). (8.4.92)
Consequently
(Po<m<) - (Po<T<) = 1. (8.4.9b)
Direct calculation shows that vectors p_ and m. are orthogonal:
Yupi<Tic = p. - = 0. (8.4.10)

Consequently, for each value of E, bound state Keplerian motions in ordi-
nary siz-dimensional phase space evolve on an SO(4)-invariant manifold
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defined by three equations

PP =1, (p0<7"<) ) (PO<7"<) =1, p.- (P0<7"<) =0. (8-4~11)

For any fized value of the energy, the vector S< = p_ + po<T< terminates
on an SO(4)-invariant manifold in siz-dimensional PQ space. It has length
212 and the vectors p. and po<T< may be considered to be projections of
S< onto locally orthogonal subspaces.

The geometric interpretation of these statements is most transparent
for one-dimensional regularized Keplerian motion, which exhibits SO(2)
symmetry. The generator of the SO(2) group is

{Ac,} = ap10/0a1 — ((pg< + p7)/2)8/0p1

— —(p1<0/0psc — pa<0/0p1< + T1<0/0M4c — T4 0/0M1<),
(8.4.12)

and the unit four-vectors of the three-dimensional system are replaced by
unit two-vectors. The vector

Po<T< = (2po<p1/(Pi< +P1), (PT — Po<)/(Po< +P1)) (8.4.13a)
= (sin(#), cos(6)), (8.4.13b)

expresses the stereographic projection of p; onto a unit circle. In
Fig. 8.4.1a, p; is depicted lying on the y axis, and as p; changes, po<7<
rotates about the center of the unit circle in the y—z plane. In the figure
p1 is denoted by p, and the point at the terminus of po«7 < is denoted by
pom. When the group operator exp(af{A,-}) rotates po< <, the angle 6 is
converted to € + «. The vector

p- = ((pT + Po<)(a1/2) — 41p?, ar1p1Po<) (8.4.14a)
p< = ((P5< — P (a1/2); a1p1po<); (8.4.14b)
p< = (sin(e),cos()), (8.4.14c)
is a function of p; as well as q;. When p; — 0,
po — 01 (p3</2,0) = ai1(~E1,0), (8.4.14d)

and when p; — &£ po<,
p. — ai1(0,—E). (8.4.14e)
The variables q; and p; are related by the equation

PP = (/2] +poc)’ =W =1L (8.4.15a)
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(© (@

Fig. 8.4.1 (a) Projection connecting Pom and p; (b) projection connecting p and
q; (c) relation between the p and pom vectors; (d) S<, the sum of the two vectors
in the previous figure, terminates on the surface of the sphere.

It requires that
a1 = +2/(p} + pp<)- (8.4.15b)

The potential function, 1/|q;|, becomes infinite at the origin, so for the
kinetic energy to remain finite, q; cannot go to zero, and the sign on the
right-hand side of (8.4.15b) cannot change during the motion. We will
assume that the positive sign remains. Then, on substituting (8.4.15b)
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into (8.4.14b),

p< — ((Po< — p1)/(PT + Po<)s 2P1po</ (DT + Pp<))- (8.4.16)

This can be interpreted as a stereographic projection in the plane of po< 7 <,
orthogonal to po< 7. However, making the substitution only in the second
term of (8.4.14b),

p(a1,p1) = (P — p1)(a1/2), 2p1Po</ (P} + Po<))- (8.4.17a)
Then
p<(a1,0) = (a1,0)p5 /2, (8.4.17h)
and
p<(0,p1) = (0,2p1p0< /(P + Pp<))- (8.4.17c)

The resulting mapping of q; is illustrated in Fig. 8.4.1b. In this figure,
q1 is denoted by g, and the terminus of p_(qi,p1) is denoted by ¢'. In
Fig. 8.4.1c both p_(qi,p1) and po<7< can be projected onto the same
plane, mapping p_ and po<m< onto the same unit circle. Figure 8.4.1d
depicts the two-vector S« = p_ + po<m<. It has length V2 and its stere-
ographic projection describes a circle in the x—y plane. This has the result
that the phase space available to the motion is one-dimensional and has
SO(2) symmetry.

The case of ordinary Keplerian motion in planar position-space is dealt
with in the exercises. Here we wish only to note a few parallels with the lower
dimensional system. The four-dimensional phase space is mapped onto the
SO(3) invariant surface of two unit spheres by the orthogonal three-vectors
p - and po<7 <. The generators of the SO(3) invariance group are the PB
operators defined by the angular momentum and the components of the
Runge-Lenz two-vector. As the analog of Eq. (8.4.15) only relates r and
p2, while the connection between p < and po<7 < is less direct than in the
lower dimensional case.

We return to the discussion of the system with SO(4) invariance. The
evolution of p_ is determined by the equation

dp./dr ={p.,p<} = p3<W7r< = p3<71'<, (8.4.18a)
and that of the 7w~ is determined by

dre/dr ={m<,p<}=—p. /W =—p_. (8.4.18b)
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Consequently,
de</d7'2 = _P(2)<P<v (8.4.18¢)
d*m/dr? = —pj_m<. (8.4.18d)
If the initial values of pi< and mi< are pi<(0) and m<(0) respectively, then
integration of each component of these vector equation yields
pi<(7) = pi<(0) cos(po<T) + Po< i< (0) sin(po<7),
Ti< (1) = i< (0) cos(po<T) — (pi<(0)/Po<) sin(po<7).
These describe uniform circular motions of the vectors with period 27 /po<.
The relation between 7 and t is considered in the exercises.

(8.4.19)

8.5 Symmetries of Keplerian Systems with Non-negative
Energies

We conclude this section with a brief discussion of Keplerian systems with
fixed non-negative energies. When the energy is positive, E = Ex = p3. /2.
The constant reference three-vector, A~ = as /|po>| has components

Aj> = ((r-p)py — (0° + D> )as/2)/[pos |, (8.5.1)

and the moving four-vector p. has components
pi> = (p* — pg=)qi/2 — (r-p)pj, 1=1,2,3; (8.5.2a)
pa> = (r - P)po>- (8.5.2b)

The corresponding components of the vector 7w~ are
> = 2pi/(0? = D3s)s mas = (1/po>) (0 +p3s )/ (05 — %) (8.5.3)
One finds
Pis + P3s + P3s — pis = WP, (8.5.4a)

(1/2)
E. = : (8.5.4b)
” (7T4%> - (7"%> + 7T§> + 7T§>))
Y3 pisTis + pasmas = 0. (8.5.4¢)
The action of the PB operators of A;s and Lj on the coordinates pj» and
mj is expressed by
{Aic, } = —(pic 9/0pac + pac 0/0pic + mic 0/OTac + Tac 0/0Mic),
i=1,2,3,
{Lij, -} = =(pic 9/0pj< — pi< 0/0pic + mic 0/Omj< — i< 0/0mic),
i<j=1,23,
(8.5.5)
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and the evolution of p. and - is governed by the equations
dp. /dT = {p>,p>} = —2E-7,
dms /dr = {m>,p>} = —p5,

and

p. /dT? = pj.ps,
d?ms /dt? = p(2)>7'r>.

(8.5.6a)
(8.5.6b)

(8.5.6¢)
(8.5.6d)

Equations (8.5.4) determine SO(3,1)-invariant manifolds in phase space

upon which the the termini of the vectors p., and 7~ evolve.

When E = 0, we consider the vector ¢ to move with respect to the

fixed Runge—Lenz vector. For the latter, one has
ajo = (I‘ ) P)pj - pij/Q, =123
aqo = (1“ : P)po-
Consequently,
I'jo = —ajo,
Ty = (1‘ “P)Poo,
with 0_ < pgp < 04. The components of the vector mo are
mo = 2p;/p°, j=1,2,3,
while
PoT40 = 1.
It follows that
21 pio = (1p?/2)% = W2,
Eél1 7rj20 = 4/p2a
21 piomio = 0.
One finds
{ajo, -} = 0/0mp, 1=1,2,3;

(8.5.7a)
(8.5.7D)

(8.5.7¢)
(8.5.7d)

(8.5.8a)

(8.5.8b)

(8.5.9a)
(8.5.9b)
(8.5.9¢)

(8.5.9d)

{Lij,-} = —(pio 9/9pjo — pjo 9/dpio + mio /dmjo — mjo 0/ITi0),

i<j=1,23.

(8.5.9¢)
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Because a(0) = a(E) + a(—E), a Lie algebra that contains a(E) and a(—E)
also contains a(0). The same can be said of the corresponding PB operators.
The evolution of the vectors p, and 7 is determined by the equations

dpo/dr ={pg; po} =0, (8.5.10a)
dﬂ'o/dT = {71'07p0} =0. (8510b)
Consequently,
d?p,/dr?* = 0, (8.5.10c)
d?*mg, /dr? = 0. (8.5.10d)

To summarize, as E varies, all a(E), r(E) = a(E) — a(—E), and p(E),
adjust themselves so that the relation r(H — E) = 0, i.e., r(p?/2 — E) = 1,
determines manifolds in PQET phase space defined by

(0 + 2+ pa+"p)"* = K, (8.5.11a)
Es = (=1/2)/ (7} + 75 + 73 + 8aa 77), (8.5.11b)
(p1m1 + pama + psms + g1 pamy) =0, (8.5.11c)

which for the case when E < 0,

g =gu=gi=1, (8.5.11d)

and when E = 0,
g =gu =gl =0, (8.5.11e)

and when E > 0,
g =gu=-1gi=1 (8.5.11f)

For each range of E, the points that represent the system evolve in phase
space on a three-dimensional manifold determined by these equations.
These manifolds have everywhere-local geometric symmetry determined by
the Lie generators of the corresponding degeneracy group, all of which are
first-order differential operators that are of degree one or zero in the vari-
ables p; and ;.
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8.6 The SO(4,1) Dynamical Symmetry

In this section, the fourth component of the vectors p is used to provide
the group generator

D={(a'p),}t=p Vp,—q Vg (8.6.1a)
The operator,
S(a) = exp(aD), (8.6.1b)
of the corresponding one-parameter group carries out the dilatations
S(a)p = exp(a)p, S(a)q = exp(—a)q. (8.6.1c,d)
This property enables one to, indirectly change energies because
S(a)W(E) = S(a)a(p? — 2E) /2
= (exp(a)qp? — exp(—a)q 2E)/2
— exp(a)(ap® — 2E')/2 = exp(@)W(E'),  (86.2)
with
E' = exp(—2a)E.

In the two preceding sections dynamical symmetries were considered to be
geometrical symmetries in PQ space, and the energy, E, was treated as a
parameter. In this section E will be treated as a dynamical variable, and
dynamical symmetries will be considered to be geometrical symmetries in
PQE space.

We begin by using the finite dilatations to convert the vectors a(E) with
po =1 and E = £1/2, to the general vectors A(E). If exp(«) = po, then

S(—a)a(=1/2) = S(—a)((qp*/2 —q-pp) — a/2)
=p; '(ap’/2—q- pp) — Poq/2
=y ' (a(ap®/2—a-p p) —pga/2) = A<(—p5/2).
(8.6.32)
Similarly
S(~a)a(1/2) = A~ (03/2). (5.6.3b)

(Because a(0) = (a(—1/2)+a(1/2))/2, it is not necessary to treat the E =0
case separately.) The general effect of S(a) on a(—1/2) and a(1/2) is
'}

)
S(a){a(1/2),-} = cosh(a){a(1/2), -} + sinh(a){a(—1/2),-}, (8.6.4a)
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and
S(a){a(-1/2),-} = cosh(a){a(-1/2),-} + sinh(a){a(1/2),-}. (8.6.4b)

These relations enable one to use D and the components of a(—1/2) and
a(1/2) to provide PB operators that constitute a basis for the Lie algebras
and groups that act in the E < 0, 0_ < E <04, and E > 0, subspaces of
PQET space.'! One may set

D = K45 = Ky, (8.6.5a)
and for i < j, j=1,2,3, define the operators
Jij = {Lij, -} = =J;, (8.6.5b)
T = {ay(~1/2),} = —Juy, (8.6.5¢)
K5 = {a;(1/2), -} = Ks;. (8.6.5d)

These Jij, Jja satisfy the commutation relations of the SO(4) bound-state
degeneracy group, and the Jj;, K5 satisfy the commutation relations of the
SO(3,1), E > 0, degeneracy group. For E = 0, the generators of the E(3)
degeneracy group may be taken to be Jj; and (Jjs + Kjs5)/2. Together, the
Jij, Jia, Kjs, and Kys generate an SO(4,1) invariance group of W(E) and
the equations of motion.

8.7 Concluding Remarks

The following general features of the remarkable symmetries of Kepler sys-
tems are worth emphasizing:

1. All the dynamical symmetries of Keplerian systems can be realized as
geometrical symmetries in PQET phase space or its subspaces. Kepler’s
laws, and many further unifying relations, may be considered to be con-
sequences of these symmetries. The bound motions in unbounded PQE
space map into motions on the compact surfaces of hyperspheres. Oper-
ations of the SO(4) degeneracy group that interconvert Keplerian tra-
jectories and hodographs carry out rotations on these hyperspheres. The
time-evolution of points on the trajectories and hodographs also become
rotations on the hyperspheres.

2. The dynamical groups of all systems governed by Hamilton’s equations
of motion may be interpreted as geometrical symmetry groups in the
appropriate phase spaces.

3. There are systematic ways to determine the generators of the dynamical
groups of these systems.
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4. However, currently, there is no known general method for finding a
canonical transformation that will convert these generators, which may
be of the generalized Lie form, to first-order differential operators.

5. The SO(4,1) dynamical symmetry of Keplerian systems can be enlarged
to an SO(4,2) symmetry. Because it is particularly relevant to atomic
and molecular physics, this symmetry will be considered in Chapter 11.

6. As is evident from the citations, the treatment of Keplerian systems
given here is based on a long history of discoveries in classical mechanics,
followed by the discoveries of Fock!® and of Bargmann,'? that exposed
the hidden symmetries of hydrogen-like atoms in the 1930s. In the early
1960s, interest in the role of symmetries in elementary particle theory
led to a great extension of the work of Fock and Bargmann, and to
Barut’s introduction of the concept of dynamical symmetry.'® In addi-

14 and

tion to works already cited we would call attention to a review,
to an article by Macintosh,!® published during this period. The trans-
formations that convert ordinary position and momentum variables to
Runge—Lenz vectors and Fock variables are nonrelativistic versions of

transformations discovered in 2008.16

Exercises:

1. Is q - p invariant under the rotations generated by q;0/0p; —q;0/0pj, or
transformations generated by q;0/9p; + q;0/0p;?

2. Let the elliptical orbit of a planet lying in the q;—qs plane have its
Hamilton—-Runge—-Lenz vector b on the q; axis. Determine the effect on
q of infinitesimal transformations with the PB generators determined by
Lij, A;. Average the effect over a circular orbit. What do these infinitesi-
mal transformations do to p? Average their effect over the corresponding
hodograph.

3. Let s = po7, and use the equations of motion (8.3.3) to determine the
relation between physical time, t, and s. Set both t and 7 equal to zero
when a planet or comet is closest to the sun. For the planetary case verify
that your periodic time agrees with the exact form of Kepler’s Law.

4. Determine the stereographic projection of Keplerian hodographs onto a
unit sphere (cf. Am. J. Phys. 33 (1965) 570). Generalize your results by
considering rotations of the plane of the hodograph, and compare with
the work of Fock in Ref. 10.
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5. Letting E = 0, carry through the developments analogous to those of

sections three through six.
6. Verify that the PB relations of the components of the four-vectors Q?,
P* introduced in Sec. 8.3 are those of canonically conjugate variables.
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CHAPTER 9

Dynamical Symmetry in Schrodinger
Quantum Mechanics

In this chapter we set out the fundamental principles needed to uncover
the intrinsic symmetries of systems obeying Schrodinger equations, and to
interpret these as geometric symmetries. The chapter begins with a treat-
ment of Dirac’s correspondence principle connecting classical and quantal
systems. A Lie algebraic extension of the principle is then established. It is
used to connect intrinsic local symmetries of Schrédinger equations to local
geometric symmetries of the corresponding classical systems in phase space.
These connections will be shown to exist, despite the fact that Heisenberg’s
uncertainty principle establishes that the positions and momenta of a par-
ticle cannot, even in principle, both be measured with arbitrary accuracy.

Once the connection between quantal and classical symmetries has been
established, the method used to determine invariance transformations of
Schrodinger equations is presented. Finally, dynamical symmetry algebras
of two simple quantal systems are determined, and their physical interpre-
tations and applications are noted.

9.1 Superposition Invariance

Schrédinger’s equations and all the usual equations governing quantum
mechanical systems are linear partial differential equations. If a and b are
constants, and v and 1)’ are solutions of a linear equation, then ay + by’
are also solutions. As a consequence, every such equation is invariant
under the one-parameter groups with generators 19/9v, 'd/0w, 0/,
YOO Tf ¢ = Tephk is a general solution of the Schrodinger equation
of interest, one may choose to transfer the variations in ¥ to variations
of the ¢k carried out by one-parameter groups with generators cyd/dck,
cj0/0ck £ cx0/dc;. When there are N linearly independent real 1’s, the
resulting group of superposition transformations is GL(N,R). It the ’s are
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complex variables, the corresponding group is GL(N,C). Such superposition
groups, in and of themselves, carry no information that is dependent upon
the Hamiltonian operator that defines a particular quantum mechanical sys-
tem. Hamiltonian-dependent information is carried by groups whose gen-
erators are functions of position and momentum operators. It is these later
groups which can correspond to the dynamical groups of classical Hamilto-
nian systems.

9.2 The Correspondence Principle

In their first paper on the new quantum mechanics, Born and Jordan showed
that Heisenberg’s recently published paper on the subject could be inter-
preted in terms of the operations of matrix algebra, with physical observ-
ables being represented by Hermitian matrices.? In the general case, if
M is a matrix with elements My, the corresponding elements of MT, the
transpose of M, are My,. The matrix whose elements are the complex con-
jugate of those of M is denoted by M*. The adjoint of M, denoted M, is
the complex conjugate of MT, and its elements have the value M;,. Born
and Jordan required that if H is the Heisenberg matrix representing a clas-
sical Hamiltonian, then H must be Hermitian (self-adjoint), that is must
satisfy the relation H = H'.

After the publication of Schrédinger’s first paper it was realized that
Schrédinger’s wave functions, ¥, could be considered to correspond to com-
ponents of Heisenberg vectors. The overall correspondence is as follows: Let
1, and ¥ be general components of a wave-vector, ¥, and let 1/)T repre-
sent the transpose of the complex conjugate of 1. Then the elements of
the matrix M representing the effect of the Schrédinger operator p on this
vector are

M,y = /dv v (p ). (9.2.1)

Here dv is the volume element in position space, and 9y is the complex
conjugate of the Schrodinger wave function vk, which is in general a func-
tion of t as well as the position variables x. Dirac proposed the bra and
ket notation that is commonly used to represent these integrals, and matrix
elements in quantum theory. Because Dirac’s notation can lead to confusion
when one is dealing with operators that are not self-adjoint, we prefer to
use the mathematician’s notation (f, g), or (f, g), to denote a general scalar
product of f and g. Using it, one would express (9.2.1) as

Mab = (Ql);,u wb)v or Mab = WJ;»M "/}b> (922)
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The reader may wish to establish that if u is self-adjoint and v, and 1, are
eigenfunctions of it with eigenvalues, m,, my,, then the eigenvalues must be
real numbers.

Because adjoints of Schrodinger operators are defined by the scalar
products, (9.2.1), in which there is no integration over t, in Schrédinger
mechanics the adjoint of i#0/0t and of t, is not defined. However, in
time dependent-Schrédinger mechanics, energies are eigenvalues of the self-
adjoint operator H(q, pop) and the operator ihd/ot. If

H(q, pop)9x(a) = Ex ¢x(q), (9.2.3a)
then

Y (q, t) = exp(—iEx t/h)¢x(q) (9.2.3b)

is the time-dependent Schrédinger function that is a solution of (9.2.3a)
and

H(q, Pop)¥x(q, t) = 1 hdi(q, t) /Ot (9.2.4a)

Though the adjoint of 1%9/0t is not defined, it is evident from (9.2.3) and
(9.2.4a) that i (q,t)* satisfies

H(d, pop) i (a, t)* = (170/0t) i (q,t)* = —i hdvn(q, t)/Ot*.  (9.2.4b)

The adjoint of the product of two operators, AB, is (AB)*T = BTAT; so
the adjoint of the commutator of two operators A and B is

[A,B]" =[BT, AT]. (9.2.5a)

If A and B are self-adjoint, their commutator is skew-adjoint, that is
[A,B]" = [B,A] = —[A, B]. (9.2.5b)
If A and B are self-adjoint, and ¢ is a real constant, either of the equations
C=ic[A,B] or C=—ic[A,B] (9.2.6)

must produce from A and B a self-adjoint operator C.
Born and Jordan observed that in Cartesian coordinates the commuta-
tion relations

[ai, —1h0/0qj] = 1hdsy, [ai,q5] =0, [-1hO/0q;, —1hD/Dq;] =0,
(9.2.7a)
are in one-to-one correspondence with the Poisson bracket relations



278 Dynamical Symmetry

For Cartesian q’s and p’s, this sets up a one-to-one correspondence

[d, Pop] < 17{q, p} (9.2.8)
q-= (Q17Q2a- ")a pP= (plap27"'),
Pop = (—1h0/0q1, —ihd/0qz, . . .).

Since we are interested in establishing connections between classical
symmetries and quantal symmetries, we require operations with the quan-
tum mechanical operators that represent observables to correspond to oper-
ations that are on real functions of real classical variables. We thus prefer
to express the correspondence (9.2.8) as

(=1/ 1)[aj; Prop] < {aj, Prc} = ij; (9.2.10a)
the left-hand side is then self adjoint and the right-hand side is real. Defining
Eop to be i0/0t one has for the classically conjugate variables qs = t,
Pa = _Ea

(=i/ h)[t, —Eop] « {t,—E} =1, (9.2.10Db)
a special case of (9.2.9a), though as mentioned previously the adjoint of
i0/0% is not defined in Schrédinger mechanics.

With these observations in mind, we note that for each value of j in

(9.2.9a), one has a quantal three-parameter Lie algebra, in which the oper-
ation of composition is via the commutator, and

(=1/ Waj; Piop) = 1, (=1/M)[a,1] =0,  (=1/ h)[pjop, 1] = 0. (9.2.11a)
In the corresponding classical Lie algebra, composition is via the Poisson
bracket, and

{inp.i} =1, {qiv 1} =0, {p.iv 1} =0. (9211b)
These two isomorphic Lie algebras are termed Heisenberg algebras.
The Born-Jordan correspondence produces a revealing correspondence
between transformation groups. The commutation relation —i[q, Pkop] = #
implies Weyl’s relation

exp(iapkop) exp(ibgx) = exp(iab k) exp(ibqx) exp(iapkop)- (9.2.12a)
The corresponding classical relation is, of course,
exp(iapk) exp(ibqx) = exp(ibqx) exp(iapk). (9.2.12b)
The relation between (9.2.11a) and (9.2.11b), may be summarized as
exp(iabh) < 1, gk < qk, Pkop = —1h0/0q; < pPx. (9.2.12¢)

The function exp(iab k) only takes on unit value if its argument is zero. For
this reason the spaces related by the correspondence (9.2.11), when h # 0,
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are not the spaces one needs to relate classical and quantum mechanical
symmetries in which the group parameters a,b can vary.

There is another way of viewing group-theoretic consequences of the
Born—Jordan correspondence. Let g(q) be an analytic function and consider
the expression

(—i/ h)[exp(iapop), g(q)] = (—i/ h)[exp(a hd/0q), g(q)]
= (—i/ h)(g(a +ah) — g(q)) exp(ahd/dq).

(9.2.13a)
Its Poisson bracket analog is

{exp(ap),g(q)} = —(Jdexp(ap)/dp) dg(q)/dq

(9.2.13b)
= —a 0dg(q)/9q exp(ap).

A Maclaurin series expansion of the term g(q+ah)—g(q) in (9.2.12a) yields
—i(adg(q)/da + (a® h)(9*g(a) /84 /2 + - --) exp(ahid/Dq).  (9.2.13c)

Comparing this with the corresponding term, —a dg(q)/dq, in (9.2.12b) one
sees that relations (9.2.12a) and (9.2.12b) are in one-to-one correspondence
only to first order in A.

Both these observations indicate that a change in viewpoint is required if
one is to understand why it is that some, but not all, classical and quantum
mechanical systems have identical local symmetry groups.

Intrinsic local symmetries of Schrodinger equations are determined
by Lie algebras whose generators are functions of q’s and pop’s, t and
—Eo, = —i1h0/0t. On the other hand, as we have seen, the local dynam-
ical symmetries of classical Hamiltonian systems are determined by Lie
algebras whose generators are Poisson bracket operators. In Schrédinger
mechanics

[exp(iapkop), g(q)] = [exp(ahd/dax), g(q)]. (9.2.13)
In classical mechanics
[exp(—a{px, - }),g(q)] = [exp(ad/Iqx), g(a)]- (9.2.14)

The group operators in these erpressions are in one-to-one correspon-
dence to all orders in h As a consequence, correspondences between the
group actions of Poisson bracket operators in phase space and the group
actions of quantum mechanical operators in position or momentum sub-
spaces of phase space are valid to all orders in h.

It will be shown in Secs. 9.3 and 9.4, below, that these observations lead
to a change in viewpoint that does much to clarify the relation between
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quantal dynamical symmetries and classical dynamical symmetries. These
sections develop the correspondence that relates Lie algebras of Schrédinger
operators of a more general form than q, pop, to Lie algebras of their corre-
sponding Poisson bracket operators. As in Chapter 3, position and momen-
tum variables will be assumed dimensionless. Because the relations that will
be set forth are valid independent of the value of #, it simplifies matters if we
require i to be dimensionless, and use units that have been so chosen that
its value is 1. This puts a constraint on the units of time being used. If one
uses atomic units with the Bohr radius, a, = 0.5292 x 1078 cm, as the unit
of length, and m,, the mass of the electron (or me;, its reduced mass in the
H atom, 9.102 x 10728 g), as the unit of mass, then i will have unit value if
t is measured in units of tg = 2.41776 x 10717s (or to; = 2.41782 x 10~ 17s).
Using these units the absolute value, e, of the charge of the electron has
unit value, and ¢, the velocity of light, has the value 136.958 (or 136.962).

9.3 Correspondence Between Quantum Mechanical Operators
and Functions of Classical Dynamical Variables

The connection between classical functions of positions and momenta and
Schrédinger operators, or their momentum space analogs, is ambiguous if
one does not specify an ordering of the non-commuting quantum mechanical
representatives of the p’s and q’s. These ordering ambiguities have been
termed impediments to quantization of classical mechanics, and are still a
subject of interest to theoreticians.® The ambiguity is reduced by requiring
that Schrodinger operators are either self-adjoint or skew-adjoint. To further
reduce the ambiguity: one may require either that

i) a quantum mechanical operator A which contains a product of q;’s and
0/0q;’s must also contain the adjoint of this product,

or

ii) the self-adjoint or skew-adjoint operator, A’ can be obtained from an
operator of form i) by a similarity transformation A — A’ = STLAS,
with a corresponding classical analog that is a canonical transformation.

Examples of Schrodinger operators of the first kind and their corresponding
classical functions are:

Ay = (-10/0x)%/2 —10/0t = pZ,/2 — Eop <> Ay =p*/2—E  (9.3.1a)
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and
Ay = —it(x0/0x + 0/0xx) /2 — x2 /2 — i(t20/0t + 0/ 0tt?) /2

(9.3.1b)
— tqp — q?/2 — t?E.

The self-adjoint Schrodinger operator As generates invariance transforma-
tions of the time-dependent free-particle Schrodinger equation Ay = 0,
which will then be investigated in Sec. 9.6. One might use commutation
relations to replace the symmetrized operators in (9.3.1) by —i(xd/9x+1/2)
and i(t20/0t + t), but we will not do so.

The operators in (9.3.1) can be considered to be special cases of a more
general class of operators each of whose members are sums of symmetrized
products of the form

L= (Fi(a, t)g;(Pop, Eop) + (F5(, )gj (Pop, Eop))). (9-3.2)

Operators of this form will be used throughout this chapter. It will be
assumed that these operators have a well-defined action on the space of
wave functions that is of interest.

An example of the second type is provided by the inversion transfor-
mation of Egs. (8.3.10). Classically, it interconverts two sets of canonically
conjugate variables. Its quantum mechanical analog produces self-adjoint
Schrodinger operators and momentum space operators that are not neces-
sarily of the form (9.3.2), but satisfy the relations (9.2.10a). In any given
case it may not be easy to recognize whether an operator which contains
terms not of the symmetrized form can be obtained by a similarity trans-
formation from operators that are of this form. Finally, it should be noted
that the considerations of this section apply, ipso facto, to momentum space
realizations of quantum mechanics, as well as to position space realiza-
tions.

9.4 Lie Algebraic Extension of the Correspondence Principle

In this section we investigate the circumstances under which one can have
the isomorphic relations

(=1/ h)[A(q; Pop), B(d, Pop)] = C(d, Pop) (9.4.1a)
{A(a,p),B(q,p)} = C(q,p), (9.4.1b)
[{A(a,p), - },{B(a,p), - }] = {C(a,p), - }. (9.4.1c)
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We first consider the classical correspondence between (9.4.1b) and
(9.4.1¢) when a is not a function of ¢, p, E nor t. Then

fa, -} =0. (9.4.3)
Thus
{(Ala;p,t,E) +2), - } = {A(q,p, t, E), - } (9.4.42)
and the two-way correspondence
{Ax(a;p, 6, E), - } < Ax(q,p, t, E) (9.4.4b)

becomes ambiguous. This can have particularly confusing consequences if
one does not adhere to the use of symmetrized self-adjoint, or skew-adjoint,
quantum-mechanical operators introduced in the previous section.

In Chapter 7 it was shown that if a set of C? functions G, (q, p) satisfy

{Gm (q, p)v Gn (qa p)} = EkamGk(Qa p)a (945)
then the corresponding Poisson bracket operators satisfy
{Gm(a:p), -} {Ga(a,p), - }] = Bxeqn{Gila, ), - ). (9.4.6)

It was also noted that the apparent isomorphism between (9.4.5) and (9.4.6)
was misleading if any Gy (q,p) could be a constant. If this occurs, a {Gy, - }
will vanish, and the Lie algebras determined by (9.4.5) and (9.4.6) will not
be isomorphic, the vanishing of a {Gy, -} being equivalent to the vanishing
of every ck  with the same value of k.

This is illustrated by the Lie algebra that is put in correspondence with
the Heisenberg algebras of (9.2.10) by using (9.4.1). In this algebra

{qj, -} =9/0p;, {pj, -} = —0/0q;;, (9.4.7a)

and
[{qjv'}ﬂ{pjf}]:{lv'}zov [{%7'}7{17'}]:07 [{pjv'}7{1v'}]:0)'
(9.4.7b)

The algebra is Abelian, but its quantum mechanical version is not, because

It is not difficult to determine the circumstances under which the general
correspondences of (9.4.1) give rise to Poisson bracket Lie algebras that
contain this Abelian algebra as a subalgebra. Let two functions F(q, p) and
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G(q, p) each be expandable in a Maclaurin series with fixed coefficients,
and a remainder term, R, so that

F = foo + fo1q + fiop + R(fabq®p”), a+b>1, (9.4.92)
G = goo + 8019 + g10P + R(gachpd), c+d>1. (9.4.9Db)
Then

{F,G} = (forg10 — go1f10) + Z(hmnqmpn)7 m+n> 1. (9.4.9¢)

Consequently, {F,G} can be a nonzero constant iff (fo1g10 — go1f10) is
nonzero and R vanishes. This is the only case in which F and G can be
members of a Heisenberg algebra, and hence produce an Abelian subalge-
bra containing {qj, - } and {p;, - }.

These observations lead to the following statement?:

Let a set of operators I'x(q, Pop, t, Eop) of the form (9.3.2) be genera-
tors of invariance transformations of a Schréodinger equation, and members
of a Lie algebra whose basis cannot contain a Heisenberg subalgebra or a
generator that is a constant. The two-way correspondences

Li(d; Pops t, Eop) < Gi(a, p,t, E) < {Gk(a,p,t.E), -}, (9.4.10a)
then produce the three isomorphic Lie algebras
—i[[y, Ti] = hejlm, (9.4.10D)
{Gj, G} = ¢jkGm, (9.4.10¢)
[{Gs, -} {Gk, - H = cji{Gm, - } (9.4.10d)

When the I'’s are generators of invariance transformations of a Schrédinger
equation, the isomorphisms establish a one-to-one correspondence between
local intrinsic symmetries of Schrodinger equations, and local geometrical
symmetries in classical phase space.

It should be noted that if [A;j, Ax] = hcﬁ(AR, and K{A;j, Ay} = hchf{AR,
with K a nonzero constant, then K can be absorbed into the structure con-
stants without altering the Killing—Cartan classification of the Lie algebra.

When these conditions are satisfied one may say that Eqs. (9.4.10) define
a faithful Lie-algebraic extension of the correspondence principle. In this
case, the Lie algebra of quantum mechanical operators and the Lie alge-
bra of PB operators define locally isomorphic dynamical groups. Heisen-
berg’s uncertainty principle, a consequence of the commutation relation
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[dop, Pop] = 15, does not affect this correspondence. The SO(4,2) local Lie
groups of quantum-mechanical and classical Kepler systems are an exam-
ple of this isomorphism which may be said to exist despite the uncertainty
principle.

Harmonic oscillators provide a contrasting example. The Lie algebra of
their Dirac energy shift operators is a Heisenberg algebra. Because of this,
there is no one-to-one correspondence between the consequent quantum
mechanical and classical dynamical groups of harmonic oscillators.

When a Poisson bracket Lie algebra contains a pair of operators —9/9q;,
and 0/0pj, they generate translations in the q and p subspaces of classical
phase space. Thus translation invariance in phase space produces systems
with quantum mechanical and classical symmetries that need not be iso-
morphic. In Schrédinger mechanics, —9/dq; innocuously becomes —id/dq;.
On the other hand, 9/9p; becomes —iq; and generates gauge transforma-
tions which multiply ¢(q) by exp(iaq;).

To determine whether corresponding quantal and classical systems with
locally isomorphic symmetry groups have globally isomorphic groups, one
must determine the interval over which their group parameters can range
without producing an identity operation. In the classical mechanical cases
the group moves a point in a phase space, so one determines the range which
the group parameters can span before restoring points in the phase space to
their initial positions. In Schrédinger quantum mechanics the wave function
U (g, t) defines points with coordinates (1, q, t), with ¢ having the value
U(q, t). One determines the range which group parameters can span before
restoring q,t to their original values, and 1 to its original value. When
the correspondence between classical and quantum mechanical global Lie
groups exists, intrinsic quantum mechanical global symmetries correspond
to global geometrical symmetries in phase space.

An example is provided by the correspondence between quantum angu-
lar momentum operations and rotational symmetry. For Ljs, the component
of the angular momentum operator on the qs axis, one has

L1z = —i(q10/0q2 — q20/0q1) = (d1P20p — Y2P10p)
and

q1p2 — q2p1 < {(dq1p2 — q2p1), - } = —Ria. (9.4.11)

Note that

Ri2 = (010/0q2 — q20/9q1) + (p10/9p2 — p20/0p1).
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Applying the correspondence to the other angular momentum components,
—i(q20/0qs — q30/0q2) and —i(q30/0q1 — q10/0q3), one obtains three R;;
corresponding to three Ljj. The L’s obey the commutation relations

A —1[Lij, ij] = Lkia i,j, k CyCliC. (9412&)
The —R’s obey the isomorphic commutation relations

[—Rij, *Rjk} = *Rki; i,j, k CyCliC. (9412b)

Allowing the operators exp(icjkLijk) to act upon the spherical harmonics
Y (0, @) in order to reproduce the identity operation, the group parameters
must have the same ranges that are required of exp(—a;kRjx) when it acts in
phase space — the group in both cases is SO(3).

9.5 Some Properties of Invariance Transformations
of Partial Differential Equations Relevant
to Quantum Mechanics

In this section we lay the ground work required for determining the intrinsic
symmetries of Schrodinger equations. For the time being, it will not be
assumed that group generators are self-adjoint.

Let Gop = G(q, Pop, t, Eop) = G(x, —10/0x,1,10/0t) be a Schrodinger
operator that acts on (x,t) and suppose that (x,t) satisfies the
Schrédinger equation

(H(x, —i0/x) — i0/0t)1b(x, t) = 0. (9.5.1)

Suppose also that, for arbitrary infinitesimal values of €, the infinitesimal
transformation ¥(x,t) — ¥'(x,t) = (1 + € Gop)Y(x, t) yields a ¢'(x,t) that
is a solution of (9.5.1). This requires that

(H—10/0t)Gopth(x,t) = 0 (9.5.2)
when
(H — i0/0t)(x, t) = 0.
Note that v’ (x,t) may or may not be a solution of the equation
(H — EGopth(x,t) = 0, (9.5.3a)
when

(H—E)i(q) =0. (9.5.3b)
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Also, if it is, E/ may, or may not, equal E. We shall, for example, see in
Sec. 9.6 that if

H=—(1/2)0%/0x2, (9.5.4a)
then,
Gop = —i(x0/0x + 2t0/0t) (9.5.4b)

satisfies (9.5.2). It converts solutions of the time-dependent equation into
solutions, but does not convert an eigenfunction of H into an eigenfunction.
Similarly, if

H=—(1/2)0%/0x* + (1/2)kx?, (9.5.5a)
the shift operator
exp(—ikt)(9/0x — ikx) (9.5.5b)

satisfies (9.5.2), and converts eigenfunctions of energy E into eigenfunctions
with E’ not equal to E.

If G(q;p) = G(x,t;py, —E) is an analytic function of the components
of p in a region about p = 0, we may expand it in a Maclaurin series in
the components of p, E. We suppose this is the case, and let

G(a,p) = 2" (p1) (p2) (ps)* - - - , (9.5.6)

where the g’s are functions of the q’s or constants. We use the form (9.5.6) in
determining Lie generators, then subsequently convert them to self-adjoint
operators A(G + GT)/2 or their symmetrized counterparts.

Before proceeding further let us make a change in notation to conform
to usage in much literature on invariance transformations of Schrédinger
equations. Let us express the Schrodinger operator corresponding to the
power series expansion (9.5.6) as

Gop = Q(q,0/0q) = B¢ (9/0q1)'(0/9a2) (0/0as)* -+,  (9.5.7)

the gl¥" being functions of the position variables, ¢ = x, and/or t. The
operators may have a term with all indices equal to zero, which contains
no derivative operator, as well as terms containing derivatives of arbitrary
order. If the coefficient of a term linear in a 9/0x is real, one may wish
to multiply Q by i. Call the result Q.. Then, if Q generates invariance
transformations of a Schrodinger equation, (Q. + Qf)/2 can be made self-
adjoint or skew-adjoint. Doing this for each of the generators Qy of interest,
one can construct a set of operators with definite adjointness and definite
commutation relations.
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The Q of (9.5.7) appear different from the generators introduced by
Lie, all of which were first-order differential operators. The Q’s may have
operators with terms free of derivatives, as well as terms with higher-order
derivatives. To understand how to put the derivative-free terms in Lie form
it is sufficient to consider the action of a simple @ of the form

Q = q°(x) + q'(x)9/0x. (9.5.8)
This acts upon solutions 1 (x) to give
QY(x) = ()9 (x) + q' (x)9(x) /0x. (9-5.9)

We have seen in Chapter 4 that it is always possible to vary solutions of
differential equations without varying what are usually termed their inde-
pendent variables. In this case ¥ (x) can be varied without varying x, so
0/0 can act upon it to give a nonzero result even if x is fixed. Thus Q has
the same effect as the Lie generator

U = q"(x)9d/0¢y + q* (x)0/0x. (9.5.10)

This relation between U and Q can be maintained as long as the wave-
function ¢ (x) is not completely fixed. If a Schrédinger equation had only
one solution, fixed in phase and normalization, (9.5.10) could not replace
(9.5.9). This never happens.

In the light of these remarks, let us consider Q’s that involve second-
and higher-order derivatives, operators of the form

Q =q'(x)9/0x + ¢*(x)9? /0x* + ¢*(x)9° /Ox> + - - (9.5.11)

As 1) and x can be independently varied, this Q has the same effect on ¥(x)
as the action of the operator

U = ! (x)9/0x + (@ ()02 W(x)/0x + ¢ ()0 () /0x* + - - 9/
(9.5.12)
on 1. This U is that portion of the Lie generator of a contact transformation
that acts in the space of x, ¥(x), and these derivatives. These considerations
apply to the more general Q of (9.5.11), which can be expressed as a first-
order differential operator U by converting all of its terms that are not those
of a first-order differential operator to an analogous coefficent of ¥9/0.
In applying (9.5.7) one finds a fundamental distinction between invari-
ance transformations of ordinary differential equations and invariance trans-
formations of partial differential equations: PDEs can be invariant under
transformations with generators that depend upon derivatives of order
higher than those in the PDE.
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We now turn to a discussion of this difference. Consider an ordinary
differential equation such as the Schrédinger equation for which the kinetic
energy operator T is —(1/2)0%¥(x)/0x? and the potential function is v(x).
Let us rearrange the equation to isolate T, and write it as

0%V (x)/0x* = 2(v(x) — E)¥(x). (9.5.13)
Taking the derivative of both sides of this equation one obtains the identity
D3V /9x3 = 2(vOV /Ox + (0v/0x — E)). (9.5.14)

This equation is said to be a differential consequence of (9.5.13). Inspecting
it, one observes that at any point with coordinate x, 93¥/9x3 cannot be
varied independently of ¥ and 0¥ /0x. A further differentiation then estab-
lishes that %W /0x? is not independent of ¥, 0¥ /dx, and ¥ (x)/0x?, and
so forth. In short, because (9.5.13) is a second-order ODE, only ¥ and
0¥ /0x can be independently varied at x. This has the consequence that
the generators of invariance transformations of (9.5.13) need only depend
upon, x, ¥ and 0¥ /9x. The result is not affected by the presence of the
potential v(x), and a similar statement holds for all second-order ODEs of
a form such that the highest derivative can be isolated, or more generally,
expressed as a function of lower-order derivatives. An analogous argument
establishes that for an n-th order ODE with isolable highest derivative, all
derivatives of order n or greater, are functionally dependent on those of
lower order. In Lie’s theory of differential equations the dependencies on
these derivatives are treated as contact transformations, and expressed by
the use of extended generators. (cf., Chapter 5.)
Now consider the time-dependent free-particle Schrodinger equation

100 (x,t)/0t = —(1/2)0*V(x, t)/0x?, (9.5.15a)
and write it as
20 = — Wiy (9.5.15b)
It has the differential consequences:
2104 = —Wint, 21Wix = —Vissy - - - (9.5.16)

One may consider all the functions on one side of these equations to be
independently variable. As a result generators of invariance transforma-
tions of (9.5.15) can depend upon derivatives of arbitrarily large order.
In contrast to ordinary differential equations, partial differential equations
have invariance transformations whose generators U and Q may depend
upon derivatives of arbitrary order.’
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Thus, when one is dealing with partial differential equations, Q must, in
principle, be allowed to be a differential operator of arbitrarily high order.
However, as will be seen in the following pages, for many purposes one
may only require generators of point transformations, or generators Q that
depend only on a few higher order derivatives.

From the standpoint of the correspondence principle, the fact that a
Schrodinger operator can depend upon derivatives of arbitrary order should
be expected, because the corresponding functions in a classical Poisson
bracket operator can depend upon arbitrary powers of p. If one expands
the functions in PB operators {G(q,p),-} in a power series in p, one confronts
the classical analog of the discussion of this section. The reader may suspect
that, because kinetic energies involve only first and second powers of p’s,
differential consequences of Schrodinger equations may not prove overly
troublesome. This suspicion will be verified in subsequent pages, which
provide a number of illustrations of the concepts introduced in this section.

9.6 Determination of Generators and Lie Algebra
of Invariance Transformations of

((—1/2)8%/0x2 —i8/t)1p(x,t) = 0

The equation may be considered as the time-dependent Schrodinger equa-
tion of a free-particle of unit mass moving in one dimension. To simplify
matters we multiply it by —2, set v = y and obtain the equivalent equation

Sopy(xX,t) =0, Sop = 0?/0x* + 2i0/0t. (9.6.1a)

Among the transformations which leave this equation invariant, some leave
invariant the corresponding time-independent equation

(0%/0x + 2E)y(x,t) = 0. (9.6.1b)
We will seek invariance generators of (9.6.1) that have the simple form
Q = q"(x,t) + q'%(x, t)9/0x + q"* (x, )9/ 0t. (9.6.2)
This requires that
(0% /0x* +2i0/0t)Qy = 0 (9.6.3)

for all y satisfying (9.6.1a) and all of its relevant differential consequences.
Given the assumed form of Q, (9.6.3) contains a third-order derivative,
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and these differential consequences involve derivatives up to third-order.
One has

HQ/0x = Qe = dP(x, 1) + a0 (x, 1)0/0x + %1 (x, 1)0/6%,

0Q/0t = Qp = q¥°(x,t) + q{®(x,1)9/9x + g2 (x, )9/t (9.6.4)

0?2Q/0x* = Qux = A (x, ) + AR (x, £)0/0x + qgy(x, )9/ Ot.
Using the same convention to denote derivatives of y, one has

OQy/0t = Qiy + Qyr,  0Qy/0x = Qxy + Qyx,
?*Qy/0x* = Quxy + 2Quyx + Q¥x-
The invariance condition (9.6.3) requires
Quxy + 2Qxyx + 2iQiy = 0, (9.6.6a)

and is subject to the differential consequences of (9.6.1a), viz.

(9.6.5)

Vxx + 21yt = 0. (9.6.6Db)
These are
Vi + 2iytx = 0, Vaoex + 2iy1s = 0. (9.6.6¢,d)
Expanding (9.6.6a) yields
(Aeey + G + Geye) + 200 ¥ + G Vo + A xt)
+2i(q{"y + qiyx + af'ye) =0 (9.6.7)

We choose y, yx, Vi, Yix to be independently variables, and use (9.6.6b) to
eliminate yxx from (9.6.7). This converts (9.6.7) to

(29 + 21 %)y + (are + 202 + 2i q{ )y«
+qlye + 21" — 2410)ye + 262 yxe = 0. (9.6.8)

As y,¥x,¥t, Vix can be assigned arbitrary values, for (9.6.8) to hold, the
coefficients of these functions in the equation must themselves vanish. We
thus obtain the following determining equations for Q:

9.6.9a
9.6.9b

qw + 2iq)” =0, (
Gew + 203 + 2iq;° = 0, (
an + 2i(qf" — 2q}%) =0, (9.6.9¢

)
)
)
' =o. (9.6.9d)
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The last equation is the simplest, so we start out with it and work our way
upward. For ! to vanish, q°! can not be a function of x, so one may set
% = A(t). (9.6.10)
This causes the first term in (9.6.9¢) to vanish — with the consequence that
all = (1/2)qd" = (1/2)0A(t)/0t. (9.6.11)
Hence
q'% = (x/2)0A(t)/0t + B(t). (9.6.12)
It follows that in (9.6.9b), q2 = 0, and
ai® = (x/2)0%A(t)/0t? + OB(t)/0t. (9.6.13)
Thus (9.6.9b) requires
q® = —iq{® = —i(x/2)0%A(t)/0t* — i9B(t)/0t, (9.6.14)
S0
q% = —i(x?/4)0*A(t) /0t — ixOB(t) /9t + C(t). (9.6.15)
Inserting (9.6.15) into (9.6.9a) yields
(1/2)0%A(t)/0t* + (x2/2)0%A(t) /0t + 2x0*B(t) /0t + 2i0C(t) /0t = 0.

(9.6.16)
As x and x? are linearly independent this requires
OPA(t)/ot® =0, (9.6.17a)
9*B(t)/0t* =0, (9.6.17b)
and

—(i/2)9%A(t)/0t* + 2i0C(t) /0t = 0. (9.6.17¢)

The first two equations imply that
A(t) = cit? + ot +c3, B(t) = cat + 5. (9.6.18a,b)

Inserting these results into (9.6.17c) gives

0C(t)/0t = c1/2, C(t) =c1t/2 + cg. (9.6.18c,d)
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This completes the determination of q°',q'°, and 0. Inserting
(9.6.18a,b,d) into (9.6.10), (9.6.12) and (9.6.15) one obtains
"t = A(t) = c1t? + cat + c3, (9.6.19a)
q? = (x/2)0A(t)/0t + B(t) = (x/2)(2c1t + c2) + 4t + c5, (9.6.19Db)
q% = —i(x?/4)0%A(t) /0t — ix OB(t)/0t + C(t),  (9.6.19c)
S0
q% = —i(x?/2)c; — ixcq + c1t/2 + c6. (9.6.19d)

Inserting these results in (9.6.2), that is in Q = q*° + q'°9/9x + ¢°19/d%,
yields
Q = —ix%c1/2 —ixcy 4+ c1t/2 + cg + (c1xt 4 cox/2 + cat + c5)0/9x
+ (c1t? + cat + ¢3)9/0t. (9.6.20)

Collecting terms that are multiplied by the same c;j, one may express this as

Q =1c1Q1 +c2Q2 4+ ¢3Q3 + caQq + c5Q5 + c6Qs. (9.6.21)

The coefficients c; are arbitrary constants of integration.
The six Q’s, their corresponding U’s, and the transformations the U’s
generate are as follows:

Q1 = xtd/0x + t20/0t + 1/2(t — ix?),

U, = xtd/0x + t20/0t + 1/2(t — ix?*)ud/on,
, (9.6.22a)
x —=x/(1—at), t—t =t/(1—ast),

u—u’ =u(l —at) 2 exp(—i(a; /2)x?/(1 — ast)).

Q2 = x0/0x+2t0/0t:  x —x =exp(ag)x, t— t' =exp(2a9)t.

(9.6.22b)
Q3 =09/0t: t—t =t+as. (9.6.22¢)
Q4 =1t9/0x —ix, Uy =1t9/0x —ixud/ou:
x =X =x+tag, u—u =uexp(—ias(x+ ast/2)). (9.6.22d)
Qs =0/0x: x—x =x+a;. (9.6.22¢)

Qs=1, Ug=ud/ou: u—u =exp(ag)u (9.6.22f)
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The operators so far obtained do not correspond to quantum mechani-
cal observables. However, as the c’s of (9.6.18)—(9.6.20) are arbitrary con-
stants of integration, the Q’s are determined only up to a multiplicative
constant. (We used this freedom when defining Q2 as a standard genera-
tor of dilatations.) The constants ¢ may be chosen to be real, complex, or
pure imaginary. Let us multiply the Q’s by —i, so that wherever it appears,
0/0x is converted into the self-adjoint operator —id/9dx that represents pop.
Symmetrizing products of x and —i9/9x one converts the @ operators to
self-adjoint operators, Q’. The resulting Q' and their classical analogs, are:

Q) = —it(x0/0x + 0/0xx)/2 — it20/0t—x?/2 — txpx — t*E — x2/2;
9.6.23a

(
Q4 = —i(x0/0x + 9/0xx)/2 — 2itd /0t — xpx — 2tE; (9.6.23b
Q4 =10/0t — E;
(

(9.6.23¢c

Q) = —itd/0x —x — tpx — X; 9.6.23d

)
)
)
)
QL = —i0/0x — py; (9.6.23¢)
)

Qy=—i— 1. (9.6.23f

The commutation relations of the Q' are given in Table 9.1 below.
Q1, Qh, Q5, Q), and Qf are the quantal analogs of classical operators which
generate a five-parameter subgroup of the projective group in the two vari-
ables x, t. On inspecting the table one observes that Q) and Qf are members
of a Heisenberg subalgebra, so the classical and quantal subgroups are not
isomorphic. In this subgroup, Qf generates transformations which multiply
a wave function by the phase factor e!®. The generators Q}, Qb, Q}, are
members of a Lie algebra that has no Abelian or Heisenberg subalgebra.

Table 9.1. Commutators of self-adjoint invariance
generators of Eq. (9.6.1).

Q) Q3]
G\ Q. % % % Q. Q
1 0 2iQ} —iQ5, 0 iQ) 0
’ 0 2Q,  —iQ, iQ, 0
/ 0 QL 0 0
Q, 0 i 0
! 0o 0
Q; 0
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The corresponding classical and quantal three-parameter groups are locally
isomorphic. The transformations of x and t generated by Qf%, Q}, Qf are
also those of a subgroup. This is the Galilei group if, in the case of Q) one
considers the group parameter to be the relative velocity of two classical
frames of reference used to measure time and position coordinates. Q%, Q5
commute with Hyp,, but not Q) which commutes with Sop. Qf, Q4 commute
with Sop only on the surface defined by y(x,t) —u = 0 when Sepy(x,t) = 0.

9.7 Eigenfunctions of the Constants of Motion
of a Free-Particle

The eigenfunctions of the constants of motion of a quantal system are
analogs of classical trajectories labeled by the values of constants of motion.
The eigenvalues represent the values of these constants of motion. The
classical trajectories of Hamiltonian systems may have definite values of
every constant of motion of the system, but the wave functions of the
corresponding quantal system can, in general, only have eigenvalues for
commuting constants of motion. In the quantal, as in the classical case,
transformations that leave invariant the equations of motion may be used
to convert solutions of unpertubed equations of motion to solutions of
equations perturbed by functions of the group generators.

The solutions of the time-dependent Schrédinger equation, (9.6.1a), that
are eigenfunctions of the commuting operators po, = —i9/9x = Qf and
i0/0t = Q%, are necessarily eigenfunctions of H. They may be chosen as

yi(x,t) = (1/v27) exp(ikx) exp(—ik?t/2). (9.7.1)
One has
Qay(x,t) = (K*/2)yi(x,t) = Eyi(x, t) = Hyk(x, t), (9.7.2)
and

Popyk(X,t) = pyK(x,t), p=k.

Using the Schrodinger scalar product, these yy are orthonormal in the gen-
eralized sense of Dirac’s delta function:

(Vi yi) = /jo dx yi(x, t)yw (x,t) = 6 (k" — k). (9.7.3)

In this and subsequent relations, we use the standard notation where y*
represents the complex conjugate of y.
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As k may take on a continuous range of values, the general solution
y(x,t) of (9.6.1) is a continuous linear combination of energy eigenfunctions:

y(x,t) = /_‘X’ dkf(k)yk(x, t), (9.7.4)

a Fourier transform of y(k).

If Q is the self-adjoint Schrédinger operator corresponding to a classical
constant of motion q(x,t), and if y(x,t) is the normalized wave function of
a system, the mean value of measurements of the value of q(x, t) is

o0

Ay (v, Qy) =/ dx y* (x,t)Qy(x, t)

-/ T ax(Qyo ) Qs ) = (Qu.y). (0.75)

The time translation operator exp(iaQf) = exp(—ad/dt) multiplies y by a
phase factor:

exp(—ad/ot)y(x,t) = y'(x,t) = exp(iak?/2)y(x, t). (9.7.6)

The space translation operator exp(bd/dx) multiplies y(x,t) by the phase
factor exp(iBk). In either case, the other Schrédinger operators Q' will not
alter these factors of the general form exp(iq). Writing y' = exp(iqy)y,
one has

Qy" = Q exp(iqy )y = exp(iqy)Q'y- (9.7.7a)

If y is an eigenfunction of Q’, then so also is y’, and both have the same
eigenvalues. Whether y is or not an eigenfunction of Q’,

v Q'y" = y" exp(—iqy)Q exp(iay)Q  exp(iay )y = y*Qy. (9.7.7b)
If y is normalizable then one has
v, Q) = (v, Q). (9.7.7¢)

For the one-dimensional motion of a single particle, the classical Galilei
transformations that relate observations made in coordinate systems mov-
ing at constant relative velocity have, as their generator, the PB operator
of the constant of motion tpx —x. The corresponding Schrodinger operator
is Q4. As Q) does not commute with either Qf or Qf, one cannot expect to
find sets of common eigenfunctions of all three generators. One concludes
that, in general, it is the expectation values of Schrodinger operators, rather
than their eigenvalues, that are invariant under the totality of operations
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of the Galilei group. The previous statement allows exceptions. For exam-
ple, the time and space translation invariant eigenfunction yo(x,t) = (1)
satisfies Q}yo = 0.

The eigenfunctions of Q) with eigenvalue A\ are of the general form

Py (x,t) = N(t) exp((i/t)(x*/2 + \x)), (9.7.8)

where N(t) is an arbitrary normalizable function of t. Thus one may choose
N(t) = (1/v/27) exp(if(t)), with f being an arbitrary function of t. Observers
whose clocks and meter sticks agree at t = 0, will agree on the value of X if
they are moving with uniform relative velocity.

Now, because Q) commutes with Q/, one can replace N(t) with a func-
tion of t which makes ®(x,t) an eigenfuntion of Qj. Letting C be a con-
stant, one finds the resulting functions

D, (x,t) = Ct /2 exp(—in/t) exp((i/t)(x*/2 + Ax))

= Ct™ 2 exp((i/t)(x3/2 + Ax — n)). (9.7.9)

One finds that these functions satisfy Schrodinger’s equation if n = —\2/2.
The resulting functions,

ya(x,t) = Ct™2exp((i/t)(x + \)?/2), (9.7.9)
also satisfy the relations
Qax,t) = =(A/2)ya(x, 1), Quyalx,t) = Aya(x, t). (9.7.10)
The probability function is
ya(x, t)*ya(x,t) = C*C/t, (9.7.11)

SO

(arsya) =t /dxC*C =t 1C* (N — ).

Consequently, y» is not normalizable for all times. The t~1/2 factor ensures
that the resulting wave functions can only be normalized for fixed nonzero
values of t. These observations lead to the conclusions that:

a. Time-dependent Schrodinger equations may be left invariant by trans-
formations that do not leave the Schrodinger scalar product invariant.

b. Time-dependent Schrédinger equations may have solutions, y,(x,t), with
constents of motion whose eigenvalues, n, do not change with time, but
the probability of finding a system in the eigenstate y,(x,t) can vary with
time, even though the eigenstate remains the same. This can be true
even when the eigenvalues correspond to values of classical constants of
motion.
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In the case involved here, it will be noticed that this unpleasantness
did not appear for wavefunctions that are eigenstates of Q}, but it did
appear when they became eigenstates of Q). Using the analysis and meth-
ods of Sec. 5.3, the reader will find that transformations with generator
U; do not leave dx invariant, and that those with generator U; also do
not leave dx invariant. As a result, the Schrédinger scalar product is not
left invariant by transformations with either generator. On the other hand,
the generators Us, Uy, Us, generate transformations that leave invariant
the Schrédinger scalar product, and Qf, Q}, Q5 leave invariant the time-
dependent Schrédinger equation. These generators correspond to the clas-
sical generators of the Galilei group. One concludes that the Schrodinger
Eq. (9.6.1a) and the Schrodinger scalar product (9.7.3) are both invariant
under the transformations of the Galilei group.

This concludes our discussion of the quantal free-particle carried out
to illustrate some of the general connections established in Secs. 9.1-7,
their physical interpretations and consequences. The next section illustrates
further connections.

9.8 Dynamical Symmetries of the Schréodinger Equations
of a Harmonic Oscillator

For a system with potential energy function v(x), the determining equations

corresponding to (9.6.9) are
a2 + 21 g + 4v 2 + 20v/0xqy” = 0, (9.8.1a)
x4 203 +2iq° =0, (9.8.1b)
Gox 20" —4iq’ =0, (9.8.1c)
ay' =0. (9.8.1d)

All of these equations, except the top one, are the same as the corresponding
equations in (9.6.9); the strategy for solving both sets is the same. For a
one-dimensional harmonic oscillator with

H= (p2, +kx°)/2, pop = —i0/0x, (9.8.2)
one finds the following solutions of these determining equations:
Qi =1, Qs =-exp(ivkt)(9/0x + vVkx),
Q2 =i0/0t, Qq = exp(—ivkt)(9/0x — Vkx).

If one allows second-order differential operators, the resulting determining
equations also produce Q3, Q%, Q3Qu, and of course, H,, itself.

(9.8.3)
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Setting w = vk, define
Q3 — by = (2w) Y2 exp(iwt) (wx + 9/0x), (©0.8.4)
Q4 — b = ()~ V2 exp(—iwt)(wx — 0/9x). -

Here bj is the adjoint of by, and the operators are those introduced by
Dirac. They obey the following commutation relations:

[0/0t, by = —wby,  [i0/t,bf] = why,

(9.8.5a—c)
[be,bif]=1.
The first two equations imply that
[H,bi] = —whby, [H,bl]=wh. (9.8.5d,e)
One also finds
H = (w/2)(b{ by + bebi). (9.8.6)

Much of the material described in this section will be found in many
textbooks on quantum mechanics. It is not as well known that the
Lie-algebraic properties of the oscillator are closely related to those of a
variety of systems. In Chapter 11, for example, it will be shown that they
are but a special case of Lie-algebraic properties of Gegenbauer’s equation,
which plays a central role in the theory of the orthogonal groups O(n).

Let us continue with this example to elucidate a general pattern of
thought. If yg has energy eigenvalue E, then (9.8.5¢) implies

Hb;yg = b (H+ w)yg = b (E + 1)y = (E + w)b; yg. (9.8.7)

Thus b; yg is an eigenfunction of H with eigenvalue E 4 w. This shows that
H (and hence 19/0t) has a discrete energy spectrum.

The lowering operator by has an important invariant function; that is,
there is a function y{, such that

(2w) 12 exp(iwt)(0/8x + wx)yh = 0. (9.8.8a)
Solving this ODE yields
vy = A’ exp(—wx?/2). (9.8.8b)
Operating on this with H one finds
Hy( = Eoyp, Eo = (w/2). (9.8.9)

As the lowering operator by annihilates y{ there is no solution of the time
independent Schrodinger equation with eigenvalue E less than Eg: the Lie



Dynamical Symmetry in Schrodinger Quantum Mechanics 299

algebraic properties of the system establish that its energy spectrum has a
bottom level.

An integration gives the result that the normalized wave function of this
bottom level is

vo = (w2 /pt/*) exp(—wx?/2) exp(—iwt/2). (9.8.12)
The raising operator b;™ acts on yo to give
v =2 2wxyo. (9.8.13)

The commutation relations (9.8.3) require that this is a solution of the
Schrodinger equations with eigenvalue 3w/2. They furthermore require

(b)™yo = v, (9.8.14)

to be a solution with eigenvalue (n + 1/2)w. These y}, are not normalized.
Using the relations obeyed by b;” and by one can show that

/dx Yo Yn = n!/dxyéyo =nl. (9.8.15)
Consequently the functions
yn = (1/(n))/2)(bF)"yo. (9.8.16)

are normalized. These energy eigenfunctions can be conveniently con-
structed using a computer math program to evaluate (9.8.16). The operator
b;” has been so defined that the functions obtained do not introduce any
phase factors into the usual harmonic oscillator functions,

Vo = N H, (w0'/2x) exp(—wx?/2) exp(—iwt/2). (9.8.17)

The raising and lowering operators act upon the normalized functions as
follows:

biyn = (n+1)Y2y,41,
(9.8.18)
by = n'/2y, 1.

If we replace x by g, and 9/9x by ip, in by and b;" we obtain the classi-
cal functions whose Poisson bracket operators are standard Lie generators
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corresponding to by and b;". One finds

by — By = exp(iwt)(i0/0p — 8/dq + (q — ip)d/IE) /2/?,

9.8.19
b — Bf = exp(—iwt)(~19/dp — 8/dq + (q +ip)d/IE) /2. ( )

Evaluating the commutator of these operators, one obtains, as expected
from Sec. 9.4, that the Poisson bracket operator analog of the quantal rela-
tion [by, b ] =1 is

[Be, B{]=0. (9.8.20)

The quantal group and the group generated by the PB operators are not
isomorphic. The group generated by b, by and 1 has no isomorphic ana-
log in the phase space PQET. In contrast, the Lie algebra of the quan-
tum mechanical double-jump operators Qu = (b¢)?, Qp = (b;")?, and the
labeling operator Qpm = b b; + bib;" is isomorphic to the corresponding
classical Lie algebra of PB operators.

9.9 Use of the Oscillator Group in Pertubation Calculations

When one can express a Hamiltonian in the form H = Hy + v, where
Ho = T 4+ V, and v is in some sense “small”, much can be learned if
v can be expressed as a function of operators of the invariance group of
the Schrodinger equations involving H. The situation is analogous to that
occuring in classical Hamiltonian mechanics, and once again the simplest
example is provided by the harmonic oscillator. On setting t = 0 in the
oscillator by, by,

by — b = (2w)"V?(wx + 9/0x),

(9.9.1a,b)
b — bt = (2w) "1/ (wx — §/0x).

Hence
x = (2/w)2(bt +b), 8/0x = (2w)/?(bT — D). (9.9.2a,b)

If v = v(x) can be expanded in a power series in x, it can be expressed as a
power series in (b* +b). One can then use the expressions to determine the
levels that interact under ther influence of the perturbation, and evaluate
matrix elements of v. If v is velocity dependent, one can make similar use
of (b™ —b). Examples can be found in the exercises.
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9.10 Concluding Observations

In this chapter we have dealt with fundamental principles needed to uncover
and interpret the intrinsic symmetries of systems obeying Schrédinger equa-
tions or their momentum-space analogs. This required a treatment of cor-
respondences between classical and quantal systems, and the development
of a Lie algebraic extension of the correspondence principle. The extension
enables one to determine whether the intrinsic symmetries of the quantum
mechanical equations correspond to geometric symmetries in classical phase
space.

A method for determining the generators of invariance transforma-
tions of Schrédinger equations has been described. Several important and
straightforward, but less than obvious, aspects of the mathematics were
noted. The resulting determining equations were used to determine the
generators of transformations which leave invariant the time-dependent
Schrodinger equation governing a free-particle moving in one spatial
dimension, and the generators of transformations that leave invariant
the time-dependent Schrodinger equation for a one-dimensional harmonic
oscillator.

The free-particle equation was found to admit a six-parameter dynami-
cal group isomorphic to the corresponding group of Hamilton’s equations in
PQET space. The intrinsic symmetry of the Schrédinger equation does not,
however, correspond to the geometric symmetry of the classical free parti-
cle in phase space. The six-parameter group contains a three-parameter
subgroup of Galilei transformations. The Schrédinger scalar product is
invariant under the transformations of this subgroup. The generators of
its time translation and space translation groups commute. The remain-
ing generator of the Galilei group does not commute with these. The
Schrodinger scalar product is not invariant under all transformations of the
six-parameter group that leave invariant the time-dependent Schrédinger
equation of the free-particle. It follows from these observations that the
quantum mechanical consequences of the classical dynamical symmetries
are more surprising than one might expect.

The time-dependent Schrodinger equation for the oscillator admits a
three-parameter invariance group. Two of its generators are the well known
shift operators that generate the energy spectrum of the system, and con-
vert eigenfunctions ¥, to ¥, 1 and ¥, _;. The form of its lowering opera-
tor requires that the system has a lowest energy state, and determines the
functional form of this ground state. Together with the energy operator,
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the operators generate a three-parameter Lie group. This group has no
isomorphic classical analog: it defines a dynamical symmetry that is not
isomorphic to the geometric symmetry in phase space defined by corre-
sponding PB operators.

Historical Note

Lie did not develop a general theory of the invariance transformations of
partial differential equations of order greater than one. Noether, in her
treatment of the variational principles and conservation laws of mechan-
ics, introduced group generators that were second-order partial deriva-
tive operators.’® Johnson was the first to generalize Lie’s theory of ODEs
to PDEs of arbitrary order.’® The lack of a theory of integration for
the resulting infinite set of differential equations defining finite trans-
formations stymied further developments of Johnson’s theory (personal
communication). In Ref. 5c¢ it is argued that the generators of invariance
transformations of second-order PDEs could not, in general, be second-
order differential operators. Unaware of these mathematical developments,
but knowing that second-order PDE’s of physics admitted invariance gen-
erators that are second-order differential operators, several physicists in
the early 70’s independently began to use second- and higher-order differ-
ential operators as group generators.’¥:®¢ The theory of invariance trans-
formations of Schrodinger equations was first elaborated in Ref. 5e by
Kumei, who then extended the theory to nonlinear PDEs in Ref. 5f. In
1978, Ibragimov and Anderson®® found the error in Ref. 5c, the implicit
assumption of a finite dimensional space of derivatives, a “finite dimen-
sional jet space”. They introduced the name Lie—Backlund transformations
for the group operations generated by differential operators of arbitrary
order. (The transformations connect conceptions originating with Lie and
Backlund, but because neither Lie nor Backlund used such transformations,
some authors prefer to call them generalized Lie transformations.) There
are now many articles that exploit these transformations, and by chang-
ing the definition of the base variables, integral-dependent transformations
have been developed."

Exercises

1. Compute the commutator of QPj(l’Z) with q; and with pjzop.
2. Establish the condition under which the Q; and Qs of Sec. 9.6 can be
expressed in terms of products of Qz, Q4, Q5.
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3. Does using the symmetrized self-adjoint form of it29/9t in Q) produce
an operator that leaves invariant the surface defined by Sopy(x,t) = 0
in Eq. (9.6.1a)?

4. Solve the determining Eqgs. (9.8.1) when the potential v = kx or k/x?,
or simply a constant, k.

5. Using the B;, B{" given in Egs. (9.8.19), determine the finite transfor-
mations of p, q, E, t carried out by the groups generated by (B; +B;")/2
and i(B; — Bf)/2.

6. Obtain real linear combinations of the oscillator shift operators and com-
pute their commutation relations. Do the same with the corresponding
Poisson bracket operators. Determine the finite transformations of p, q,
E, t generated by the Poisson bracket operators.

7. Use the scaling properties of the harmonic oscillator Hamiltonian to
prove that

(Y(x), Top Y (x)) = (Y(x), VY (x)).
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CHAPTER 10

Spectrum-Generating Lie Algebras and
Groups Admitted by Schrodinger Equations

Introduction

The generators of invariance transformations of time-dependent Schrodin-
ger equations provide operators that can change the eigenstates and
eigenenergies determined by the corresponding time-independent equa-
tions. The previous chapter considered two examples of time-dependent
Schrédinger equations whose invariance groups provide operators that com-
muted with H, along with those that did not commute with H. The eigen-
values of the group generators that commuted with H were used to label the
energy eigenstates, and the generators that did not commute with H were
used to change eigenstates with a given energy into states with a different
energy. Both group generators and group operators were used for the lat-
ter purpose. Groups whose generators and/or operators convert an energy
eigenstate into such sets of eigenstates are said to be spectrum generating.

Infeld and Hull developed a method which uncovered spectrum gen-
erating groups,' long before the extension of Lie’s theory of differential
equations to Schrédinger equations was available.? Their method, the fac-
torization method, depends upon factoring a Hamiltonian into a product of
raising and lowering operators, and determines the generators of a three-
parameter group. A generalization produces Hamiltonians termed super-
symmetric, along with the Lie algebra of their three-parameter groups.?
In this chapter we develop a characterization of spectrum-generating Lie
algebras and use the generalized Lie theory of differential equations to
determine generators of the dynamical groups of a number of quantum
mechanical systems. Appendix 10.A lists references in which the dynamical
groups of other Schrédinger equations are displayed.

305
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As a Hamiltonian operator, H, commutes with all the generators of its
invariance group, it commutes with the Casimir operator(s) of its invari-
ance group. Consequently, the eigenfunctions of H can be chosen to be
eigenfunctions of both Casimir operators and a commuting set of gener-
ators of the group. An example is provided by the wave functions ¥,
of a hydrogen atom. The quantum number n fixes the eigenvalue of the
quadratic Casimir operator of the O(4) invariance group of H, the quan-
tum number [ fixes the eigenvalue of the Casimir operator L? of its SO(3)
subgroup, and m is the eigenvalue of a generator of this SO(3). Operators of
SO(4) can alter the value of [ and m, but not n. Operators of the invariance
group of the time-dependent Schrédinger equation can alter n, as well as
[, m. Hydrogen atoms, and most quantal systems, have both discrete and
continuous spectra. The forthcoming sections show how the operators that
generate these two types of spectra are characterized by their commutation
relations.

10.1 Lie Algebras That Generate Continuous Spectra

In Chapter 9 it was shown that the time-dependent Schrodinger equation
governing a free particle moving along the x axis admits a Lie generator
Q2 = x0/0x + 2t0/0t. Qa2 generated transformations that convert a given
solution of the Schréodinger equations into a continuous family of solutions,
each member of the family having a different energy. This implied the free
particle possessed a continuous energy spectrum. The generator Qo satisfies
the commutation relation

[H,Qu] = —2H, (10.1.1a)
and hence, also,
[i0/0%, Q2] = —210/0%. (10.1.1b)

In the next two paragraphs we establish that commutation relations of this
form imply that H and i9/0t have a continuous spectrum.*

Let Q be the generator of an invariance transformation of a time-
dependent Schrédinger equation in any number of spatial variables qj. Sup-
pose Q satisfies the relations

[Q,H] =bH, [Q,i0/dt] = bid/dt, —oc <b < 0. (10.1.2a,b)

Let ¥(q,t), 9 = (q1,92,...), be any eigenstate of H, and i9/0t, satisfying
the equations

HY =io0/ot, HU =EU, (10.1.3a,b)
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and physically appropriate boundary conditions. Let ¥ represent the eigen-
state with energy Eg. We shall shortly prove that if

Wan,0 = exp(—aQ) ¥, (10.1.4a)

then
HU b0 = 10Wab,0/0t = E(ab, 0) a0, (10.1.4Db)

with
E(ab,0) = exp(ab)Eo. (10.1.4c)

Thus if Eq is the energy eigenvalue for ¥y, then E(ab,0), as a continu-
ous function of the group parameter «, is the corresponding eigenvalue for
Uap,0 = exp(aQ)Po. It follows, that if Unp ¢ satisfies the required bound-
ary conditions, H must possess a continuous energy spectrum, and U0
will represent the eigenstate with energy E(ab, 0).

To prove this claim, we make use of the general expansion:

exp(aQ)Bexp(—aQ) = B+ [aQ,B] + (1/2)[aQ, [aQ,B]] + - -+ (10.1.5)

in which the n-th term is 1/n times the commutator of a/Q) with the previous
term. If [Q, B] = bB, then (10.1.5) implies

exp(aQ)Bexp(—aQ) = B + abB + ((ab)?/2!)B + - - -

 eep(ab)B. (10.1.6)
Applying this result to (10.1.3a), and using (10.1.2a), one has
exp(—aQ)HY( = exp(—aQ)E¥y = Eg exp(—aQ) ¥y,

and

exp(—aQ) Hexp(aQ) exp(—aQ)¥ = Epexp(—aQ) ¥y, (10.1.7)
S0

exp(—ab) Hexp(aQ)¥y = Eg exp(—aQ)¥y.

Hence

H\I/ab’o = exp(ab)EO\I/abﬂ = E(ab, O)q]ab,&

Applying the same process with H replaced by i9/0t one obtains the ana-
log of Eq. (9.6.29) in which H is replaced by 19/0t. It follows that if the
Schrodinger equation (H — i0/0t)¥ = 0 has an invariance generator @
which satisfies Eq. (10.1.2), and Uq 0 satisfies the proper boundary condi-
tions, then H and i0/0t have a continuous spectrum.
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10.2 Lie Algebras That Generate Discrete Spectra

Suppose that a time-dependent Schréodinger equation admits a set of gen-
erators Nj and Q;+ which on the solution space ¥(q, t) satisfy

[(H—1i0/0t),N;] =0, [(H—-19/0t),Q;+] =0, (10.2.1a,b)
and which have the following commutation relations
[H,N;] = 0=[i0/0t,Nj], [N;,Qjx] = £b;Q;, j=1,2,...,
(10.2.2a,b)
where the b; are finite constants. Equation (10.2.2a) indicates that the
eigenfunctions of H may be chosen to be eigenfunctions of the operators
Nj. Equation (10.2.2b) implies that if ¥, is an eigenfunction of Nj with
eigenvalue n;, then
Niji\Ifnj = jS(Nj + bj)‘l/nj = (nj + bj)Qj:I:\I/nj- (10.2.3)

Thus Qj+ ¥y, is an eigenfunction of N; with eigenvalue (n; £b;), and N; has
a discrete spectrum.

In the general case, one may choose a set of commuting Nj, and label
energy eigenfunctions, ¥, with the eigenvalues n; of the Nj, so

Ny, = n,,, (10.2.4)
and
HY, =E(n)¥,, HY,=10¥,/0t, n= (ni,ng,...,n,...,"m).
(10.2.4b,c)
Then
QjxV, =Y,, n' =(ni,n2,...,n5£bj ..., "0m), (10.2.4d)

where W,/ is also a solution of both Schrédinger’s equations. As the oper-
ators need not convert normalized solutions of Schrodinger equations into
normalized solutions, it is convenient to replace (10.2.4d) by

Qi+ ¥y = cx(nj) W, (10.2.5)

in which ¥,, and ¥, are normalized, and the c4 (n;) are normalizing factors.
If for some value of nj, c4(n;) = 0, the spectrum of Nj has an upper
bound; if for some value of nj, c_ (nj) = 0, its spectrum has a lower bound.
If the Q;j+ do not commute with H, then different values of n; produce
different values of E. If the Qj+ commute with H, then E is not changed by
the shifting of the values of n;, and H has a spectrum that is degenerate.
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Equations (10.2.1c) are equations of the type used by Cartan to clas-
sify the Lie algebras of semisimple groups. The symplectic groups Sp(2N)
are semisimple groups. The Lie-Algebraic Correspondence Principle, and
the fact that the invariance groups of Hamilton’s equations are symplectic
groups, gives (10.2.1¢) a wide range of applications in quantum mechanics.

One often wishes to label eigenfunctions with the eigenvalues of Casimir
operators rather than group generators. To alter the eigenvalues of the
Casimir operator of a group, one must use operators that do not commute
with it — operators not contained in the group. The next two sections deal
with examples in which the label [ in functions ¢y, can be changed by
operators which do not commute with the generators of SO(3).

10.3 Dynamical Groups of N-Dimensional
Harmonic Oscillators

Let the Schrodinger Hamiltonian of a one-dimensional oscillator be
expressed in terms of Cartesian coordinates by

Hj = —(9/0¢;)*/2 + (k;/2)q}- (10.3.1a)

Setting wj = \/Ej, and substituting y; = qj,/w; into (10.3.1a), converts it to

Hj = (wj/2)(=0%/0y} + y7). (10.3.1b)
The Dirac energy raising and lowering operators, H; are, respectively,

bl = exp(—iwjt)(y; — 9/dy;), (10.3.1c)

b; = exp(iwjt)(yj + 8/8yj) (10.3.1d)

Expressed in terms of them,
H; = (w;/2)(b]b; + bib]). (10.3.1¢)
The Hamiltonian for the corresponding N-dimensional oscillator is
H = 2VH;. (10.3.2)

The oscillator is isotropic if all the wj have the same value, w. The ground
state of such an oscillator has energy

Eo = (N/2)w. (10.3.3)

In 1956, Baker® showed that because this H is invariant under opera-
tions of the unitary group, U(N), the n-th energy level of the oscillator,
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with energy

E, = Ey + nw, (10.3.4)
has degeneracy
(N+n—1)!
D = 1 o
n!(N —1)! (10.3.5)

Fowler had previously determined D by working out the way in which n
quanta can be assigned N degrees of freedom.® The operator that shifts a
quantum of energy from degree of freedom j to degree of freedom k is

bib; = (1/2)(yi — 8/9v1)(y; + 9/9y;). (10.3.6)

Its adjoint, bJTbk, carries out the inverse transfer. These N(N — 1) opera-
tors together with the N operators H; comprise a set of N2 operators that
generate the degeneracy group U(N).

Several different types of dynamical groups are known for N-dimensional
isotropic harmonic oscillators. One of them, denoted NU(N),7 is generated
by these operators, together with the 2N Dirac shift operators and the
identity operator of the Heisenberg group “N”.

A dynamical group of three-dimensional isotropic harmonic oscillators
that is particularly useful is the group Sp(6), whose Lie algebra contains
the double-jump operators mentioned above. It may be used to interconvert
states containing odd numbers of excitation quanta, or interconvert states
containing even numbers of these quanta. For a more extensive discussion,
the reader is directed to Chapter 20 of Wybourne’s book,'? and references
therein.

The dynamical group of non-isotropic oscillators is the same as that
of the isotropic ones, but the generators b}tbj involving degrees of freedom
with different w’s become time-dependent operators which alter energies,
and cease being generators of the degeneracy group. However, if the w’s in
two different degrees of freedom are so related that there are two integers
I, and I, such that w,/wy, = (I,/Ip), then degeneracies will appear when
na/nb = (Ib/Ia).

The dynamical symmetries of harmonic oscillators have come to play
a large role in nuclear shell theory. This begins with the assumption that
nucleons move in approximate harmonic oscillator potential wells. It then
develops the consequences of j—j coupling between spins of the nucleons.
Appendix 10.B lists a number of references which will introduce the reader
to this application of dynamical symmetries which is now very extensive.
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10.4 Linearization of Energy Spectra by Time Dilatation;
Spectrum-Generating Dynamical Group
of Rigid Rotators

The spectrum of eigenvalues of a Cartan labeling operator N; is linear:

ni — n! = n; + b;
Lo (10.4.1)
n; — n;' = n; + by = nj + 2b;,
and so forth. When the energy of a system is not a linear function of its

quantum numbers, requiring that Nj satisfy
[H,Nj] =0, [i0/0t,Nj] =0, (10.4.2a,b)
does not ensure that it satisfies
[N}, Qj] = dbjQje, d=1,2,.... (10.4.2¢)

When one knows the dependence of E upon a quantum number n, methods
developed by Kumei® enable one to circumvent this difficulty. They produce
determining equations for Cartan labeling and shift operators analogous to
those obtained for the harmonic oscillator in Sec. 9.8.

Given the Schrodinger equations

HY =i0¥/0t, H®, =E(n)®,, (10.4.3a,b)
and let
U = Yc, Py (q) exp(—iE(n)t). (10.4.3c)

One begins by making a transformation that converts exp(—iE(n)t) to
exp(—int). To accomplish this, let E = A(n), and let N be an operator
N(q, pop) with eigenvalues n, so H = A(N), and N commutes with H. The
dilatation operator

D = exp(atd/dt), a=1In(N/A(N)), (10.4.4a)
then converts
t—t = O‘t—lt (10.4.4Db)
=e% = K A.
and
/0t — 0/0t =e™* 9/t = %N)(’)/Gt. (10.4.4c)

In these expressions N must not, of course, be a function of t or §/9t. As
N commutes with H, the operator (10.4.4a) converts

(H —1i0/0t)3c, @, (q) exp(—iE(n)t)
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to
D(H — i0/0t) ¢y @y, (q) exp(—iE(n)t)
= (H - Dig/atD 1) DXc,, @, (q) exp(—iE(n)t)
= (H — (AMN)/N)id/0t) 3¢, @, (q) exp(—int). (10.4.5)
As
N®,(q) exp(—int) = 19/0t ®,,(q) exp(—int) = n ®,,(q) exp(—int),
(10.4.62)
on writing
V' = Y, ®,(q) exp(—int), (10.4.6Db)

one obtains a transformed version of (10.4.3a,b), which has been con-
verted to

(H—XN))¥' =0, (10.4.6¢)
and, equivalently to
(H— \(i9/0t))¥" = 0. (10.4.6d)

As both N and i9/0t have linear spectra, both may be considered
to be Cartan labeling operators. Consequently, on seeking operators
Q(q, t, Pop, 10/0t) that generate transformations which leave equation
(10.4.6d) invariant, one expects to find Cartan shift operators Qi for N
and 10/0t.

The determination of the spectrum-generating group of a rigid rotor
provides an example of the foregoing general discussion. Because, of the
rotor’s assumed rigidity, its Schrodinger wave function does not have a
radial dependence, and the Schrédinger equations for a rotor with moment
of inertia I, are

(10.4.7a,b)
with
E; = I(1+1)h?)2L (10.4.7c)

Here, L? is the total angular momentum operator. The operator L, =
—i1hd/0¢ commutes with L2, and has eigenvalues mh. The two operators,
together have eigenstates ®;,, (t,6,¢), with m an integer constrained by
the condition |m| < I. The U(t, 0, ¢) can be a linear combination of such
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eigenstates, and the general solution can be put in the form
U(t,0,0) = X1 ZmCimPun(t, 0, ) (10.4.7d)

the ¢y, being constants.
Multiplying Eqgs. (10.4.7a,b,c) by 21/A? gives

(I* —=i0/0t)¥ =0, (L*-E)¥ =0, E =I(1+1),
with
L? = (L%/h?) = —{(sin(0) ~10/00(sin(0)0/00) + sin(6~20%/0¢*},

t=(h?/2)t, E, = (2I/h?)E;.
(10.4.8a—)

Expressed in terms of spherical harmonics, Y, (6, ¢), the general solution
of (10.4.8a) is

T = 5,8 Com Ui (%, 6, ), (10.4.9)
with
Yim (X, ¢, t) = exp(—il(I 4+ 1)t)Yun (0, ¢).
Given (10.4.9) one seeks operators Q that satisfy

(L? —i0/0t)Q¥ = 0. (10.4.10)
The operator that depends only upon q, pop, and has eigenvalues [ is
v = (=1 +sqrt(1 +4L?))/2. (10.4.11a)
As L? — y(y + 1), Egs. (10.4.4) require that
D¢ = exp(In(y + 1)t 9/0t). (10.4.11b)
Dy converts exp(—il(I+1)t) to exp(—ilt) and carries out the transformation
i0/0t — (19/0%)(10/0t + 1). (10.4.12)
It converts Eq. (10.4.10) to a determining equation for the Q':
AQ'f = 0, (10.4.13a)
with
A= 17— (i0/0t)(i0/0t + 1), (10.4.13b)
f =Dy = Scp, exp(—ilt) Y (6, ¢), (10.4.13c)
Q =D:QD; " (10.4.13d)

It is convenient to make the change of variables x = cos(6), y = sin(f)
whence

[? = —y?0%/0x? + 2x0/0x — y 20 /0¢*, y*=1-x7. (10.4.14)
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Seeking Q' that contain derivatives no higher than the second, Kumei set
Q' = Q9 /96 + Q*°9*|9p0x + Q™0 /0x
+Q'?9/0¢ + Q"d/0t + Q°. (10.4.15)
The derivatives in the determining Eq. (10.4.13) produce 13 linearly inde-
pendent derivatives of f. This provides 14 linearly independent functions
which one may choose to be:
£, e, fg, By To0, B Togo Tty Tt Ty o Trvg s Tt (10.4.16)

Inserting (10.4.13b) and (10.4.15) into (10.4.13a) and collecting the terms
that multiply each of the functions in (10.4.16) he used the linear indepen-
dence of the functions to obtain the following 14 equations:

Q7 =0, Q7 =0, QP -yT'QE =0, Q7 +xy QM =0,
QY —xy?Q* =0, Q¢ -y’Q=0, Q -Q¥-xy*Q*=0,
CoyTPQE =0, AQMY - 2Q¢ — 2y 2Q - 2y°Q)¢ = 0,
AQY? 4 2y72Q — dx2y Q™ — 2y2QY = 0, (10.4.17)
AQX — 207 — 4xQlF — 4x%y Q" — 2°Q =0,
AQ't +2Q0 + 2iQ* + 2ixy 2Q* = 0,
AQ'? — 2y*2Qg) =0, AQ°=0.

Solving these equations yields 14 linearly independent operators for Q’,

three of which are products of the others. The remaining 11 operators may
be chosen to be

Qy=1, Qf,=e(y0/0x —i(+x/y)0/09),

Qs = 0/0¢, Q) = e~ (iy?0/0x + x 0/t — ix),
(10.4.18)
Qf = e'*(—iy29/0x +x9/0t), Qi = 9/0t,
Qs = eltet?(ixyd/0x + y~10/0¢ + y0/0t),

Q9,10 = e teti?(—ixyd/0x + (—y~1)0/0¢ + yd/0t — iy).

The corresponding operators that act on the functions ¥ of (10.4.9)
are then

Q; = Dy 'Q{Dx. (10.4.19)

The Q; and QJ{, with j =1,...,10, generate SO(3,2) groups.
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10.5 The Angular Momentum Shift Algebra; Dynamical
Group of the Laplace Equation

The results of the previous section may be used to construct shift and
labeling operators for the angular momentum eigenfunctions, and skew- or
self-adjoint operators of the SO(3, 2) group that acts upon these functions.
We shall suppose that units have been chosen in which A has unit value. The
simplest way to proceed is to makes use of the functions having the form
given in (10.4.13c). The Schrodinger scalar product of two such functions,
fand f’, is

2 T
() = / d¢/ sin(0)do £t'. (10.5.1a)
0 0
Using the substitution x = cos(), sin(§)df = —d(cos(f)) = —dx, yields
2m 1
(f,f'y = / dqb/ dx  f*f'. (10.5.1b)
0 ~1

Thus 9/0x = —(1/sin(0))0/00 is skew-adjoint, while i0/0x is self-adjoint:
(£, (d/d)F) = {(—d/d)E, ) = —((d/d, F),
and
(f, (id/dx)f") = i(f, (d/dx)f")
= ((id/dx)f, ') = (i) ((—d/dx)f, ). (10.5.2)

We shall suppose that the spherical harmonics Y, (0, ¢) are normalized
to unity and that they have Condon and Shortley phase factors, so that

Yim(0,0)" = (=1)"Y1-m (0, 9). (10.5.3)

The m labeling and m shift operators for the functions exp(—ilt)Yy,, that

correspond to the standard operators for the Yy, are °:

Mo = —iQ} = —i9/94, (10.5.4a)

M, = —Qb = et?(—yd/0x + ixy 10/0¢)
=e™(9/00 +1icot(0)0/0¢),

M_ = Q} = e '?(y0/dx + ixy 10/0¢)
=e7%(—~0/00 +icot(0)0/0s).

(10.5.4b)

(10.5.4c)

They have long been known to satisfy the standard commutation relations
of the Ay Lie algebra of SO(3):

Mo, My] =My, [Mo,M_]=-M_, [MyM_|=2M,.  (10.5.5)
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Their actions on normalized functions v, are
MoYun = mepimn,
Mt = (L= m)(L+m + 1) 21, (10.5.6)
Mty = (I 4+ m)(l — m+ 1)) 241
The M.y are skew-adjoint:
< V!, MWy, >= — < My, Yymr > - (10.5.7)
In terms of Cartesian coordinates,
71 = rsin(f)sin(¢), 2z =rcos(d)sin(¢p), z3 =rcos(p) :
Lis = Mg = —i(210/ 022 — 220/ 021),
Log = My +M_)/2 = —i(220/023 — 230/0z2), (10.5.8)
Lg; = —i(My +M_)/2 = —i(230/0z1 — 210/ 0z3).

The Lj; = —Lj obey standard quantum mechanical SO(3) commutation
relations

[Lavabc] =—i Lac~ (1058)

The Casimir operator of the group is L2, and for each value of [ the set of
functions 1y, provide the basis for a (21 + 1) dimensional UIR of the group
SO(3) with the generators (10.5.8)

The determining equations for the Q’s also yield an [ labeling operator,

Ly =i0/0t
and [ shift operators,
L/, =iQ4, and L. =—iQs,
with
L/ = e (—y?0/0x +ixd/0t + x) = e (sin(0)9/d0 + cos(9)(i0/0t + 1)),

L. =" (y?0/0x +ixd/0t) = e'*(—sin(0)0/00 + cos(0)(i0/0t)).
(10.5.10a, b)

It is convenient to define the [ labeling operator to be
L =1i0/0t +1/2, (10.5.10¢)
The [ shift operators have the following action on the vy, = exp(—ilt)Y:

Ly Yim=cy (1,m)Vix1m
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with
cr(lm)={21+3)/Q1 + D} (I+1+m)(l+1—m))/2,
and
c_(I,m) = {2+ 1)/(2l = D}Y2((1 + m)(I — m))}/2. (10.5.11)
The L's satisfy the commutation relations
Lo, L] =L, [Ly, L ]=-L", [L,L]=2L;. (10.5.12)

The operators

/

b= —Lig =15, Kiy =Kis =1i(Q) +Q3)/2,
and
Kis = Ksy = (Q) — Q5)/2. (10.5.13)
obey the quantum mechanical SO(2,1) commutation relations
[ /ab7K{)c] =i K;m [ /ab7 {)c} = _iL:/ac' (10514)

No linear combination of L’ and L’ is self-adjoint under the scalar
product (10.5.1a). The similarity transformation

U I e V0 P (10.5.15)

corrects this, and removes the factors in curly brackets from the expressions
for the ¢4 (I, m) in (10.5.11), so that

Lt = (L4 1+ m) I+ 1= m) %% 1 (10.5.16a)
and
L = (14 m)(1 — m)) 21— 1m. (10.5.16b)

The transformation does not affect the other group generators L’. All may
be subjected to the inverse of the spectrum-linearizing transformation,
which does not change the relations (10.5.6) and (10.5.16).

When written in spherical polar coordinates, Laplace’s equation,

AT =0, (10.5.17a)
becomes

{07 /0r? + (2/1)0/0r — L2 /x?}V(r, 0, $) = 0. (10.5.17b)
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Separating it yields solutions of the form
U = 5Cmt Yin (0, 6). (10.5.17¢c)

In this case, the spectrum may be linearized by the dilation operator D, =
exp(In(ro/or)). Now

Ar'Y,,(0,6) =0, (10.5.18)
consequently, D, converts (10.5.15) to
{114 1)/r? = 2 /2382 cimt Y1, (0, ¢) = 0. (10.5.19)

In this case it has been the radial variable r, rather than time, t, which has
been used in the linearization of the spectrum of an operator.

In Cartesian coordinates, the invariance generators of the Laplace equa-
tion are:

the generators of the Euclidean group E(3):

T; =0/0%;, Rjk =x;0/0xx — xi 0/0x;; (10.5.20a,b)
the generator of dilations
D =X x;0/0x; + 1/2, (10.5.20c)
and the three generators of special conformal transformations:
Sj = 2x5D — (x] + x5 + x3)9/0x;j. (10.5.20d)

They satisfy commutation relations isomorphic to those of SO(4,1). This
is most easily seen in quantum mechanical applications if one makes the
identifications

Lic = —iRje, Ly = —iS;, Kus = —iD, Kj5 = —iT;, j=1,2,3.
(10.5.21)
The operator exp(a - S) has the following action on functions f(x):

exp(a - S)f(x) = (1 — 2a - x 4 a*x?) V2 (x'), (10.5.22)
with
x = (x — ax?)/(1 - 2c-xx?).

Solutions of the Laplace equation are also converted to solutions by
the reflections Rijxx = —djuxk, and by the inversion transformation, U,
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defined by
Uf(x) = v/(x2)f(x/x?). (10.5.23)

The reflections and the inversion are their own inverse, and
UT;U ' =-S, URyU ' =Ry, UDU!'=-D. (10.5.24)

On the space of solutions, ¥, of the Laplace equation, because AV = 0,
one has

T T¥=0, S-SUV=0, T-R¥=0, (10.5.25a-¢)
and
(R-RA+D?*)¥ = 1/47. (10.5.25d)

In Chapter 11 the reader will find that the invariance group of Laplace’s
equation and its generalization to Euclidean four-space becomes relevant to
the theory of the hydrogen atom. In Chapter 14, the generalization of the
group to Minkowski space provides invariance transformations of Maxwell’s
equations.

10.6 Dynamical Groups of Systems with Both Discrete
and Continuous Spectra

The invariance groups of quantum mechanical systems with both discrete
and continuous spectra are noncompact. These noncompact groups have at
least a one-parameter compact subgroup, and also at least a one-parameter
noncompact subgroup. Generators of the compact subgroup have discrete
spectra, in contrast to those of the noncompact subgroup that have contin-
uous spectra.

Time-dependent Schrédinger equations invariant under any of the
locally isomorphic three-parameter groups, SO(2, 1), SU(1, 1), Sp(2, r),
exemplify the general principles involved. When their three generators Ry
are functions of real variables and derivatives, they obey the commutation
relations

[R1,Rz2] = —Rs, [R2,Rs3] =Ry, [R3,Ri]=Ro. (10.6.1a)
The corresponding quantum mechanical generators Qi = —i Ry satisfy

[Q1, Q2] = —i1Qs, [Q2,Q3] =1Q1, [Q3,Q1] =1iQo. (10.6.1b)

The Casimir invariant can be chosen to be either

Q3 — Q7 —Q3, (10.6.2)
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or its negative. Q3 is the generator of the compact one-parameter subgroup
of the groups; Q1 and Q2 are the generators of their noncompact subgroups.
The operators Q1+ = Q1 +iQ2 obey the following commutation relations:

[Q37 Q:l:] = iQ:I:a [Q-‘r? Q—] = 2Q3 (1063)

The Q4+ thus shift the eigenvalues of Q3 by one unit, so Q3 has a discrete
spectrum. An operator that is a linear combination of Q3 and a generator
of the noncompact subgroup, e.g., an operator of the form

Q=1c1Q1+c3Qs, (10.6.4)

can be converted to a constant times Qg if |csz| > |ci1|, and to a constant
times Q if |c1]| > | c3|. This can be accomplished by the action of a finite
transformation of the group. In this case one makes use of the relations

exp(iaQ2)Q1 exp(—iaQz) = Q1 cosh(a) + Q3 sinh(«a), (10.6.5a)
exp(iaQ2)Qs exp(—iaQsz) = Q3 cosh(a) + Q1 sinh(a), (10.6.5b)
which have the consequence
exp(iaQ2)Q exp(—iaQs2)
= Q1 (cy cosh(a) + cgsinh(a)) + Q3(c3 cosh(a) + ¢; sinh(a)). (10.6.5¢)
If, for example, c3 > c¢1, one may require that « is such that
c¢1 cosh(a) + ¢z sinh(a) = 0, (10.6.5d)
whence

tanh(a) = —C1/C3, o = (1/2)1H{(C3 - Cl)/(Cg + Cl)}. (1065e,f)

10.7 Dynamical Group of the Bound States
of Morse Oscillators

Morse’s potential,
V(r) = d(exp(—2a(r — r,)) — 2exp(—a(r —1o))), (10.7.1a)

gives rise to Schrodinger equations that can be solved exactly for systems
with no angular momentum. Illustrated in Fig. 10.7.1, it provides rea-
sonable approximations to the potential governing vibrational motions in
diatomic molecules. Assuming eigenstates 1, of energy E,, and the time-
dependent Schrodinger equation

(H—i/0t)¥ = 0, (10.7.1b)
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Fig. 10.7.1 Morse potential.

Morse showed that for the bound states of H,
E, =—(a%/2m)(n+1/2 - k)%, k= (2md)"?/a. (10.7.1c)
The operator
D = exp(In((nop + 1/2 — k)/H)t0/0t), (10.7.2)

linearizes the spectrum of — i9/0t in (10.7.1b) and converts exp(—iE,t)
to exp(—int). Kumei® set up and solved the determining equations for the
generators Q' of the dynamical group that leaves invariant the resulting
analog of (10.7.1), viz.

{(—1/2m)(82/8r2 +1719/0r) + V(1)

(10.7.3)
—(a®/2m)(9/0t)*} Scy exp(—int)yy, = 0.

In solving his Schrédinger equation, Morse'® introduced the change of vari-
able

r — z = 2dexp(—a(r —r,)). (10.7.4)
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When Kumei’s operators are expressed in terms of z,t one obtains opera-
tors Q = DND !, in which the N are the n-labeling and n-shifting operators

No = i0/0t, (10.7.5a)
N, = exp(—it)(i0/0z — No/z)(2Ng + 1) +d, (10.7.5b)
N_ = exp(it)(i0/0z + No/z)(2Ng — 1) — d. (10.7.5¢)

The operators
N; =Ny +N_), Ny=-i(Ny —N_), N3=29/0t, (10.7.5d-1)
satisfy the commutation relations:
[N1,No] = —Nj3, [N3,N3] =N, [N3,N;] =No. (10.7.6)

The function with n = 0 is not normalizable, so n is required to be a
semi-integer:

n=1/2,3/2,.. Dmax <d—1/2. (10.7.7)

The dynamical group is SU(1,1).!

10.8 Dynamical Group of the Bound States
of Hydrogen-Like Atoms

In spherical polar coordinates the time-independent Schrodinger equation
with H = p?/2m — Z/r has solutions which we write as ¥ (Pont, 0, @).
The time-dependent equation can then be expressed as

(—1/2){0?/or*+r 10/ Or—1.2 /2427 /v —2i0 Ot } Xc i exp(—iEpnt)nim = 0,

(10.8.1a)
where
pon = (—2E,)'2, B, = (-1/2)2%/n?, (10.8.1b,c)
and, as in (10.4.14),
L? = —y?0%/0x* +2x0/0x — y 2 07 /0¢”. (10.8.1d)
Defining
Poop = (—2H)"/2, (10.8.2)

the operator that linearizes the spectrum,

Dy = exp{In2Z (Pgop) 3t0/0t}, (10.8.3)
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converts the operator in (10.8.1) to
(—=1/2){0%/on® +1710/0r — L2 /v? + 2Z /v — 27 (Poop) 210/ 0t},
(10.8.4)

and converts the exp(—iE,t) to exp(int), but does not alter ¥, (2ponr,

0, ¢).
The operator identity Poop = iZ/(9/0t), which holds on the space of
solutions of (10.8.4), can be used to convert (10.8.4) to

(=1/2){0*/0r* +r7t0/or — L2 /x? + 2Z /v + 7*(0/0t)"?}.  (10.8.5)

To eliminate the (9/0t) ™2 term Kumei® acted on (10.8.4), and the functions
exp(int)Ynim (Pont, 0, ¢), with the operator

D, = exp{In(aid/dt)rd/or}, (10.8.6)

in which a = —1/2Z. D, following the action of Dy converts (10.8.1) to
(02 /0t? /8Z?) times the standard equation!!

Qf(r,0, ¢,t) = 0,
with
Q=0%/on® +1r719/0r — L2 /12 + 2i0/0t/r — 1/4 (10.8.7)
and
f(r,0, ¢, t) = Zcnim exp(—int)Yuim (r/2, 0, ¢).

The ground state solution, ¥190, is exp(—(1/2)r) exp(it), and in all these
Ynim the radial functions are sturmians with the the same coefficient in the
exponent, cf., Table 11.3.1 on page 351.

If Q is to represent generators of the Lie group that leaves (10.8.7)
invariant, one must have

QQf(r, 0, ¢, t)I = 0. (10.8.8)

The generators that act on the solutions of the original time-dependent
Schrédinger equation

exp(—iEnt)nim (2pont, 0, ) = Dy ' Dy exp(—int)nim (r/2,6,¢) (10.8.9)
are then
Q' =D;'D;'Q D,D;. (10.8.10)

Allowing Q to contain derivative operators of zero, first, and second order in
all the variables, Kumei obtained and solved a set of 22 coupled determining



324 Dynamical Symmetry

equations. The 16 generators Q that are not products of others, are Q16 = 1,
and Qy, ..., Q15, which satisfy SO(4,2) commutation relations.

Of these generators, Q, three are the standard angular momentum m
labeling operator My = Lj2, and m shift operators My = Los + il3;.
Another three represent the components of A, = Lsy, Ax+iAy = Lig%ilog,
that act on the functions ¥, (r/2,0,¢). These change the value of the
angular momentum quantum number, [. One of the operators, —19/0t, is
the n labeling operator for the functions exp(—int)y,um,(r/2, 6,¢). The
remaining eight operators all change the value of n, and hence, E, and are
consequently explicit functions of t. In the expressions for the generators
given below, x = cos(f), y = sin(#). Generators of compact subgroups are
labeled Lan(= —Lpa). Generators of non-compact subgroups are labeled
Kab(= +Kba). The generators satisfy the commutation relations

[Laba Lbc] = iLaC» [Lab7 Kbc] = iKaCa [Kalm Kbc] = lLac (10811)

Using these commutation relations, one is able to obtain the explicit form
of all the generators from the following:

Lip = —i0/0¢, (10.8.12)
M. = exp(4ig)(ixy 10/0¢ — £y0/0x) = (Las + iLa1),
L3y = 2 {—y20%/0r0x + 1~ 'xy?0%/0x* + 17 'xy 20%/9¢? + x0/0r

—2r~'x%9/0x — (i/2)x0/ 0t} , (10.8.12a—¢)
Kys = cos(t)(—ird/or — i) — sin(t)(10/0t 4 r/2), (10.8.13)
Lsg = i0/0t.

The generators not listed above are L4, Loy, K15, Ko, K35, Ky, Kog, Ksg,
and Ky6. The generator K46 may, for example, be determined from the
relation

[Lss, Kus] = —iKus, (10.8.12f)

which implies that
Ky = —sin(t)(—ird/0r — i) — cos(t)(i0/0t +1/2). (10.8.12¢g)
When acting on the functions in (10.8.7), i0/0t multiplies them by n,
so in the generators (10.8.12c-e,g) it may be replaced by Nop = Z(Poop) .
If one is primarily interested in the action of the generators on the position-
space wave functions ¥, (r/2, 0, ¢), one may set t = 0 in the operators that

result from this replacement of i9/0t. This process carries out conversions
such as

Ku5 — Ky = —ird/0r —i, Kug — Kl =Nop +1/2.  (10.8.13a,b)
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The generators are self-adjoint if one replaces the r?dr in the Schrodinger
scalar product by rdr. (cf. Secs. 10.8, 11.1 and 11.3).
The generators L, and K/ have the following action on the functions

wnlm(n 97 (b)
Léﬂﬁnlm (ra 97 (b) = a:lmwnlJrlm(ru 97 ¢) + a';lmwnlflm(n 97 (b) (108143)
with

af, = {(n® = [+ D)+ 1) = m*)}V2{2I+ D21 - 1)}
(10.8.14b)

an = {(n® — )1 = m?)}2{(20 + 3) (21 + 1)} /2 (10.8.14c)

nlm

and

KﬁlS'l/}nlm (ra 07 ¢) = lemwnﬁLllm (I‘, 03 ¢) + d;hn,l/}’nfllm (I‘, 9’ ¢) (10815&)
with
di

t  =+{n(n+1) - (I(1+1)}? (10.8.15b)
The action of the generators on the functions exp(—iE,t) ¥pnim (Pont,d, @)
may be obtained by acting with the operator D; 'D:! on the functions
exp(—in't) Yn/ym (1,0, ¢), where in (10.8.15), n’ = n + 1.

In Chapter 11 we will more extensively investigate the isomorphic SO(4,
2) dynamical group of the regularized Schrodinger hydrogen-like atoms.

10.9 Matrix Representations of Generators
and Group Operators

Because Schrodinger’s differential equations are linear, the differential oper-
ators in them may be represented by matrices that operate on vectors
defined on the space of solutions of the equations. All operators that act
on these wave functions may then be represented by matrices.

As an example, suppose that ¥ is a linear combination of p_1, po, p+1
atomic wave functions

U = C_ld)_l + 001,[}0 + C+1w+17 (1091)
and that one seeks the matrix representation of the operator
Lo = —i(x0/0y — y0/0x). (10.9.2)

One has
U =Lo¥ = (71)0_11/}_1 + (O)Co’l/lo + (+1)C+1w+1. (1093)
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If one considers the 1y, to be unit vectors, then (10.9.1) and (10.9.3) may
be represented, respectively, by the vectors

C= (071, CQ,C+1), CI = ( —C_—1, 0,C+1). (1094)

Lo is then represented by a 3 x 3 matrix, Ly, whose off-diagonal elements
are zero and diagonal elements are —1, 0, +1. The functions ,, are said
to provide the basis for the matriz representation of the operator.

The analogous matrix representations of L = Lx+iLy, and L_ = Lx—i
Ly, are defined by their action on t,,, for which one finds
Litm =Ym+1,
L oty =m—1. (10.9.5)

The reader may verify that the resulting matrix representations, L and
L_, satisfy the commutation relations

LoLy —LiLo =Ly,
LoL_ - L_Lo = —L, (10.9.6)
L+L, - L7L+ = QLO,

which are isomorphic to the commutation relations obeyed by the corre-
sponding differential operators. As there is a one-to-one correspondence
between the matrices and the differential operators and a one to one cor-
respondence between their Lie algebras, it is said that the basis provides a
faithful representation of the Lie algebra. When such one-to-one correspon-
dence does not exist, the commutation relations of the matrices and that
of the differential operators are merely homomorphic.

The reader will find that all the matrices M in (10.9.6) are unitary,
that is

M~ =wM*T, (10.9.7)

It can also be proven that these matrices cannot be reduced to the form

(g g) (10.9.8)

in which the elements of the submatrices B and/or B’ are all zero. Matrices
that cannot be put into this form are said to be irreducible. (When both
B and B’ are zero matrices, the matrix (10.9.8) is the product of the two
matrices A and D). All these conditions being fulfilled, the basis ¥_1, vy,
41, of the vector in (10.9.1) is said to be that of a unitary irreducible
representation, abbreviated UIR.
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The eigenfunctions of L? with quantum number [ provide the bases for
the (27 + 1)-dimensional UIR of SO(3), and of a By Lie algebra. They also
provide the basis for infinite dimensional UIR of the SO(3,2) groups of
Secs. 10.4 and 10.5.

A straightforward introductory treatment of the properties of group rep-
resentations will be found in Chapter 2 of Wybourne’s monograph, Classical
Groups for Physicists.'> An extensive treatment is provided in Barut and
Raczka’s Theory of Group Representations and Applications.'* Work of
Gelfand and Zeitlin provides a very useful scheme for describing and deter-
mining UIR of the orthogonal and unitary groups.'®

We will summarize only a few basic facts here.

1. Compact groups and noncompact groups are not distinguishable if one
allows the generators to have complex or imaginary eigenvalues, and/or
the group parameters to be complex or imaginary. When the distinction
is possible:

la. The UIR of compact groups are finite dimensional.

1b. The UIR of noncompact groups are either one-dimensional or infinite
dimensional. The latter may in some cases be labeled by quantum num-
bers that take on discrete values, and in other cases they must be
labeled by quantum numbers that take on continuously variable val-
ues.

2. If X is a matrix representation of a group generator Q that is a real
function of real variables and real derivative operators, (such as that
of R, = x0/0y — y0/9x on the basis provided by x, y, z) and « is a
real parameter, the expansion of exp(aX) in powers of « can only be
convergent only if the absolute values of the matrix elements in X have
an upper bound. (In the example given in (10.9.2), one can replace R,
by L,, and « by ia.)

10.10 Invariant Scalar Products

In using the functions in (10.9.1) to define the vectors (10.9.4) of the pre-
vious section it was implicitly assumed that the functions 1, could be
treated as unit vectors. This assumption presupposes that a scalar product
is available so that one can define the meaning of unit vector. As the time-
independent parts of the 1, in the example are the spherical harmonics,
Yim (0,0), the scalar product that defines their normalization, is

2m T
(f,g)z/o d¢/0 sin(#)do f*g. (10.10.1)
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In this integral, the value of sin(6)dfd¢ is invariant under rotations. Because
of this, the definition of the unit vectors in (10.9.1) is unambiguous. How-
ever, in other cases this is not necessarily so. A similar problem arises when
one attempts to define the adjoint of an operator: the adjoint cannot be
defined if the scalar product is not defined.

In short, when using a basis to associate matrices with differential oper-
ators and their adjoints it becomes necessary to determine what is an appro-
priate scalar product. Thus, for example in the case of the SO(4) group of
the hydrogen atom, it is necessary to determine whether one’s definition
of Runge—Lenz operators A generates transformations that leave invariant
the usual scalar product

o] 2 T
<f,g>:/0 r2dr/0 dqb/o sin(9)df f*g. (10.10.2)

In Fock’s realization of the SO(4) group the wvolume element involved is
the area element on a unit hypersphere in four-space. Fock’s stereographic
projection transforms it to a modified volume element in momentum three-
space, and Fourier transformation converts it to a volume element in posi-
tion three-space which is r~=! times the volume element in (10.10.2)1C.
Consequently, self-adjoint rotation operators on the Fock hypersphere, pro-
duce Runge—Lenz operators in momentum space which transform into
position-space Runge-Lenz operators that are self-adjoint only if a r—!
factor is inserted into the Schrodinger scalar product. Another example
is provided by the Morse oscillator. A number of ways of dealing with the
invariant scalar product of its SO(2, 1) group will be found in Ref. 17.

In the general case one may use the extended generators of a group to
determine the volume element, dv’, that is left invariant by the group.

10.11 Direct-Products: SO(3)®S0O(3) and the Coupling
of Angular Momenta

The product of spherical harmonics Yy, m, (01, $1)Yi,ms, (02, ¢2) is an eigen-
state of Lz, +Lzs with eigenvalue M = my+ms. From a set of such products,
with the same values of M, one may build an eigenstate of L? = (L; + Ly)?
with eigenvalue L(L+1). Because L? commutes with L? and L3, it can also
be an eigenstate of Liwith eigenvalue I;(}; + 1), and of L3 with eigenvalue,
lo(l +1). If 9 pr(s,1) is such an eigenstate, one has

Yimnn) = ZC(hLLM;mim2)Y i, m, (01, 81)Yim, (02, ¢2),  (10.11.1)

where the sum is over the values of m; and my whose sum is M. The
coefficients C(ly [ LM;mymy) are known as Clebsch—Gordon, or Wigner,
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coefficients. For normalized spherical harmonics Yy, satisfying a given
phase convention they may be completely determined using the commu-
tation relations satisfied by the components of the vectors L; and Ly. A
discussion of the process will be found in Edmond’s monograph.’

If L; and Ly represent the angular momentum vectors of particles 1
and 2, respectively, and their sum, L, represents the total angular momen-
tum vector of a two-particle system, then 7z (;,1,) represents a state of
the system with definite total angular momentum |L2|'/? = |L(L + 1)|'/2.
Because

L?=L? + L3 +2L; - Ly, (10.11.2)
Yrm(u1,) is also an eigenfunction of Lj-Lo:

(L - Lo)Yrar ) = B*VLmun),
B2={L(L+1)—h(h+1)—k(k+1)}/2.
Physically speaking, one has coupled motions allowed to L; and Lo by
establishing a fixed angle, 3, between them, such that

cos() = [Ly - Lo|/|Ly||La| = B>/{h(h + Dh(k + 1)}?.  (10.11.4)
In Dirac notation, Eq. (10.11.1) may be expressed as
‘LM(lll2)> = ZC(lllgLM; m1m2)|llm1>|l2m2). (10.11.5)

In this form it holds true for all eigenstates |Im), of L2, Lz that satisfy
Condon and Shortley’s phase conventions. As (10.11.1) is derived using only
SO(3) commutation relations, and these are the same as those of SU(2), it
also applies to the coupling of spin angular momenta. Thus (10.11.5) may

(10.11.3)

be replaced by the more general equation
‘JM(]1]2)> = EC(]:[]QJM, m1m2)|j1 m1>|j2m2>. (10116)

The coupling of the direct-product of representations generalizes to all
Lie groups.

10.12 Degeneracy Groups of Non-interacting Systems;
Completions of Direct-Products

We begin this section with an example. Suppose that the components of
La = (L12, L23, L31) and Lb = (L45, L56, L64) (10121)

are the generators of the two SO(3) subgroups of the direct-product group
SO(3). ® SO(3)p, that K is a constant and that the Hamiltonian of a
system is

H=K(L?+L}). (10.12.2)
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Then SO(3),® SO(3)y, is a degeneracy group of the system with Schrédinger
equation

Hy=E¢, E=E,+E, =K(l(l+1)+ (kb +1)). (10.12.3a)
If
Hy = it /0t
then
Y = S, (bl Mamin )Y i, m, (0a, $a) Y i,mi, (O, db) exp(—i(Ea + Ep)t).
(10.12.3b)

Particular sets of solutions are obtained when
c(lalymamy) = C(luly LM ; mymy,), (10.12.3¢)

and the sum is over ma, my such that m, + m, = M. Then ¢ = ¥rp0,)-
Now SO(3),®S0(3), is contained in an SO(6) group, whose Lie algebra
contains the components of L, and Ly,, and nine further rotation generators

L14,L15,L16, Log, Las, Log, L3, L3s, L3s. (10.12.4)

If x1,x2,x3 are Cartesian coordinates of particle a and x4,X5,x¢ are those
of particle b, then the operators in (10.12.4) are those of generators of
rotations acting on a basis which is provided by a product of single-particle
states, regardless of whether it is coupled or uncoupled. As an example one
might have a six-dimensional basis provided by products of s and p orbitals
of two electrons. The rotation operators with generators (10.12.4) would
then mix (hybridize) these orbitals in the manner of valence-bond theory.
No matter what the choice of two-particle basis is, SO(6) provides operators
that can mimic the effects of a much wider variety of interactions than the
operators provided by SO(3) ® SO(3).

One might term SO(6) the completion of the direct-product group
SO(3) ® SO(3). Though its Casimir operators commute with the gener-
ators of SO(3) ® SO(3), it is not a degeneracy group of the original sys-
tem. It can become a dynamical group of the modified system if all the
generators Lj, are considered to be time-independent versions of invariance
generators, Q, of an appropriate time-dependent Schrédinger equation. The
discussion of Egs. (10.8.12) and (10.8.13) provides an example of this rela-
tionship between time-independent generators and invariance generators of
a time-dependent Schrédinger equations.

Completions of direct-product groups have general properties that arise
from relationships between the Casimir operators of the groups. The case
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at hand illustrates some of these. If one defines L, to be the sum of the
squares of the generators in (10.12.4), then the quadratic Casimir operator
of the group is

Co=L2+L]+L2. (10.12.5)

As the components of L, and Ly commute with the Casimir operator, Ca,
and with L2 and L2, they necessarily commute with L2, . The components
of Lib of course commute with Cs, however, they do not commute with the
components of L,, Ly, nor with those of L, + Ly. Properties such as these
have several consequences:

a. Adding a constant times L2, to the Hamiltonian (10.12.2) leaves L2 and
L2, and hence (L, + Ly,)? as constants of motion, so it alters the energy
of the unpertubed states by an amount determined by the eigenvalues
of Cg.

b. As SO(6) is of rank 3, it also has two further Casimir operators. Adding
these to the Hamiltonian (10.17.2) also leaves I, &, and L as labeling
eigenvalues of constants of motion.

In both cases, adding the additional Casimir operators to the original
Hamiltonian does not alter its eigenstates, it simply alters their energies.

In the general case, the completion of a direct-product group has two
useful properties:

i) The Casimir operators of the group obtained by completion of a direct-
product group necessarily commute with the generators of the direct-
product group and so provide labeling operators whose physical rele-
vance can be directly assessed.

ii) The generators of the enlarged group will have known matrix elements
which can be used as a guide in developing approximate treatments of
actual physical systems. In the next section, and in Chapter 12, we will
discuss several other direct-product groups and their completions.

10.13 Dynamical Groups of Time-dependent Schrédinger
Equations of Compound Systems; Many-Electron
Atoms

Let H, = H(r,) be the Hamiltonian of system a, and let Hy, = H(rp,) be that
of system b, and suppose that both Hamiltonians have the same functional
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form. Let k, k’ represent sets of quantum numbers or labels, and let

Pak = Pk(Ta), b = O (Tn), Ya = (ra,t), vy, =1 (rp, t).

(10.13.1a )
Require
Hotax = Eaxpax, Hpoodbiw = Epwébi, (10.13.1e,f)
and
Hotha, = 1095, /0t, Hptba, = 10, /0t. (10.13.1g,h)

The time-dependent functions ¥ can be expressed as sums (or integrals)
over the functions c(k)exp(—iExt)¢x. We shall suppose that one has avail-
able a spectrum-generating algebra of operators

Qa = Q(ra, 0/0r,,0/0t), Qb = Q(xp,d/dry, /%), (10.13.2)

for Egs. (10.13.1e,f), and that these Q satisfy the determining equations
arising from the time-dependent Schrodinger equations (10.13.1g,h).
Next consider the compound system with

H=H, +Hy, (10.13.3a)
and let
Dop =Prw = Pak o, and Vyp =V = w&kw{),k,. (10.13.3b,c)
Then

H®xx = (Eax + Ep )Py, (10.13.3d)
and
HWap =i Hava £ VaHors, (10.13.3¢)
= (1)}, 0ta /Ot + a1y /O1).
This last equation becomes separable if its right-hand side is replaced by
(11,00 /0ta + a0, /Ot). (10.13.3f)

To make this replacement one may set t, + t, = t, which implies that the
physical time-evolution operator is

80t = 8/ta + 0/t (10.13.4)

The dynamical group then becomes a constrained direct-product of the
dynamical groups G, and Gy,. In it t, and ty,, as well as 9/0t, and 9/0t,
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can be considered to be mathematically independent until one imposes the
physical requirement in (10.13.4).

Completion of such direct-products yields groups which can be
the dynamical groups of systems whose Hamiltonian is obtained from
H(r,) + H(rp) by adding interaction terms, or by introducing parameters
that produce new potential and/or kinetic energy terms in it. For the group
to be a dynamical group of the altered system, the changes in the Hamil-
tonian must be expressible by functions of the generators of the group,
and the solutions ® and W, of the resulting Schrédinger equations, must be
expressible as convergent linear combinations, (X + [), of the solutions of
(10.13.3):

P = (2 + /) (c(k, K )Py 1), (10.13.5a)
U = (2 + /) (c(k, k") Wy 1r). (10.13.5b)

If these conditions are satisfied the completed group will be a dynamical
group of the altered system.

In the case of two-electron atoms, one can begin with H, = p2/2—7Z/r,,
Hy, = p?/2 — Z/11, with eigenstates 1., 1. The basis states of the direct-
product SO(4,2), ® SO(4,2), and its completion, SO(8,4), can then be
chosen to be ¥,1¢. One may add the electron repulsion potential 1/ray
to H, + Hyp, and use operations available within SO(4, 2), ® SO(4,2);, or
SO(8,4) to deal with the effects of the added potential, as well as those of
other interactions of interest. For atoms with N electrons, the analogous
group is SO(4N, 2N).

Kato investigated the question of the convergence of the series (10.13.5a)
for two-electron atoms of nuclear charge Z when the added term is the
electron repulsion potential.'® He established that the series converges for Z
> 4.1, but did not establish that this value is the lowest possible for Z. Even
in cases where convergence of many-particle analogs of the series (10.13.5)
is problematic, the groups can prove useful if they lead to discoveries of new
approximate (or exact) degeneracies and an understanding of their physical
consequences.

Chapter 12 contains a discussion of SO(4)®S0(4) degeneracies and sym-
metry breaking in several-electron atoms. It also contains brief discussions
of the relevance of its SO(8,4) completion to studies of systems containing
more than one electron.
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Appendix A. References Providing Invariance Groups
of Schrédinger Equations

L. Infeld and T. E. Hull, The Factorization Method, Rev. Mod. Phys., 23
(1951) 21.

B. L. Dunlap and L. Armstrong Jr., SO(2,1) and the Hulthe'n Potential,
Phys. Rev. A 6 (1972) 1370.

A. O. Barut and G. L. Bornzin, Algebraic solution of the Schrédinger equa-
tion for a class of velocity-dependent potentials, Lett. Nuovo Cimento 6
(1973) 177.

G. Bluman, S. Kumei and G. J. Reid, New classes of symmetries for partial
differential equations, J. Math. Phys. 29 (1988) 806.

N. Ibragimov, CRC Handbook of Lie Analysis of Differential Equations,
I, 11, 111, (CRC Press 1994-1996).

F. Cooper, A. Khare and U. Sukhatme, Supersymmetry in Quantum
Mechanics (World Scientific, Sinagapore, 2001).

Appendix B. References to Work Dealing with Dynamical
Symmetries in Nuclear Shell Theory

M. Moshinsky, Group Theory and the Many-body Problem (Gordon and
Breach, N.Y., 1968).

K. Helmers, Symplectic invariants and Flowers’ classification of shell model
states, Nucl. Phys. 23 (1961) 594.

G. Racah, Group theory and spectroscopy, Frg. D. Ezxakt. Naturwiss 37
(1965) 30.

D. J. Rowe, Dynamical symmetries of nuclear collective models, Prog. Part.
Nucl. Phys. 37 (1996).

Exercises

la. Show that the quantum mechanical version, -iD, of the dilation operator
D defined in (10.5.18), is not self-adjoint under the Schrodinger scalar
product, but becomes self-adjoint if one replaces r2dr by rdr.

1b. Construct symmetrized quantum-mechanical versions of all the other
generators in (10.5.18) that are self-adjoint under this scalar product.

2a. Determine the commutation relations of the generators defined in
(10.5.18).

2b. Prove that they are isomorphic to commutation relations of the genera-
tors of SO(4,1), and establish the relation of the generators in (10.5.18)
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to the generators Ly, = —Lp, of the SO(4) subgroup of SO(4, 1), and
those, Ky = Kpa, of its noncompact subgroup.

Completion of the direct-product group SO(2)®S0(2) produces SO(4).
Consider the circles defined by the one-parameter groups generated by
L2 and Lsy4, and suppose that these are contained in orthogonal planes,
so that (x1,X2) - (x3,x4) = 0. How are these circles affected by rotations
generated by Log, Li4?

Determine the small rotations in the SO(4) group that leave invariant
the scalar product (x1,x2) - (x3,%4).
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CHAPTER 11

Dynamical Symmetry of Regularized
Hydrogen-like Atoms

Introduction

This chapter relates the dynamical symmetries of one-electron atoms to
the dynamical symmetries of regularized classical Keplerian systems. It
first describes the quantum mechanical position-space formulation of the
regularized system and the generators of its SO(4,2) group, then sets forth
the corresponding momentum-space formulation and Fock’s projection of
its momentum space onto the hypersphere S(3). The chapter concludes
with a description of the SU(2) ® SU(2) structure of the SO(4) degeneracy
group. To simplify the presentation in this and the subsequent chapter, we
will use units in which the charge of the electron, e, has unit value, and as
in the two previous chapters, will use units in which both the reduced mass
of the electron and A = h/(27) also have unit value.

11.1 Position-space Realization of the Dynamical Symmetries

The self-adjoint Schrodinger analogs of classical PB operators are not, in
general, those appropriate for the regularized system in position-space. The
reason is that the regularized equation which defines classical Keplerian
motion when the Hamiltonian is p?/2 — 1/r has, as its simplest quantum
mechanical analog, the equation

(Wop - 1)¢ =0, (11.1.2&)

in which Wy, is obtained from Schrodinger’s time-independent equation by
multiplying it from the left with r:

Weop =1(p2, — 2E)/2, p2, =-V>. (11.1.2b)

337
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When one inserts r(Ho,p, — E) into the Schrédinger scalar product
/w*w’dv = /¢*¢’dxdydz = /w*¢’r2drsin(9)d0d¢, (11.1.3a)
one obtains
/¢*r(Hop — E)¢/dv. (11.1.3b)

For W, to be self-adjoint it is necessary to alter the definition of the scalar
product. If X is an operator, let

(v, Xa)") z/w*(l/r)xw’dv. (11.1.4a)
This implies
(¥, 1(Hop — E)Y') = /w*(Hop —E)¢'dv, (11.1.4b)
and
o) = [ v, (11.1.40)

Though r and —rV? are self-adjoint under the scalar product (11.1.4a),
the operator —id/0x is not. However, operators, such as ordinary angular
momentum generators, which commute with r and are self-adjoint under
the Schrodinger scalar product, remain self-adjoint under (11.1.4a).

The dynamical symmetry of the classical Keplerian systems investigated
in Chapter 8 can be enlarged to an SO(4,2) symmetry.' =3 The simplest way
to do this is to add to the SO(4,1) generators of Sec. 8.6, the five operators:

Kjﬁ = {I‘pj, } = K6j7 J = 1,2,3; K46 = {(I‘/2)(p2 — 1), } = K64,
Jse = {—(r/2)(p*> + 1),-} = —Je5. (11.1.1)

The Lie-algebraic extension of the correspondence principle ensures that
this SO(4,2) dynamical symmetry is also a dynamical symmetry of
hydrogen-like atoms.

We will use Bednar’s form of the appropriate self-adjoint quan-
tum mechanical position-space SO(4,2) generators.* These are the fifteen
operators:
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Jixk = —i(q;0/0qx — qd/0q;) = —Jxj, j<k=1,2,3;

Jia = —(xV? = 20/0x) — 2r - VI/Oxp +x1) /2 = —Ju, k=1,2,3;
—(r/2)(V? = 1) = —Je5; Kus = —i(1 +1-V)=Ksy;

Kis = —(x V? — 20/0x) — 2r - VI/0x), — x1)/2 = Ksx, k=1,2,3;
—(

Js56 =

K = —(r/2)(V2+1) = Kgs; Ky = —ird/0x = Kge, k=1,2,3.
(11.1.5)
The relations
[Jabanc] = iJam [Jab;Kbc] = iKam [KabyKbc] = iJaC7 (1116)

determine all the nonzero commutators of the generators. It is convenient
to collect twelve of the classical generators into the vectors

L = (Ji2,J23,J31) ~ {(r x p), -}, A_ = (J1a,J24,J34) ~ {A(—-1/2),},

Ay = (K5, Kos,Ks5) ~ {A(1/2),-}, T = (Kis,Ko6,Ks6) ~ {(rp), -}
(11.1.7a)

The components of each vector are transformed amongst themselves by
rotations generated by the components of L. We will use L, A_, A, and
T' to denote their quantum mechanical counterparts. The three further
generators

Kys ~ {(r-p), }, Kag ~ {W(1/2), -}, J56 ~ {W(=1/2),-},  (11.1.7b)

and their quantum-mechanical counterparts, Kys5, K46, J56, transform as
scalars under rotations.

SO(4,2) possesses the semisimple subgroups listed in Table 11.1,
together with their generators, and nonvanishing Casimir operators.

Table 11.1.
Subgroup Generators Casimir Operators, Eigenvalues
SO(3) L L2 —1(1+1)
SO(2,1) Kus, Kae, Js6 (J56)2 — (K45)2 - (K45)2 —1(l+1)
SO(4) L, A_ L2+ A2 - n2-1;(A_-L)2=0
SO(3,1) L, A} L2 - A%r —1v2-1; (A+ - L)?2=0
SO(4,1) L,A_, A Kys Ai + (K45)2 — Aa —L2=2
SO(4,1) L,A_ T, Kus T2 4 (Kg)? — A2 — L2 =2
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As SO(4,2) has rank three, it has three functionally independent Casimir
operators. The quadratic Casimir operator

Clbazy = A2 + L7+ (Js6)? — (A3 + T2 + (Kus)? + (Kug)?).  (11.1.8)

has unit value. Both higher order SO(4,2) Casimir operators vanish. The
SO(4,2) basis that is defined by the values of these Casimir operators is
countably-infinite discrete. Because A is perpendicular to L, the quar-
tic Casimir operator of SO(4) vanishes identically. As a result the SO(4)
representations contained in the SO(4,2) have dimension n?. The n2-fold
degeneracy of hydrogen atom energy levels is a physical expression of this
group-theoretic property. The basis states of the SO(4) representations,
with a given value of n, are most commonly chosen to be those of n different
SO(3) representations, labeled by I, which takes on the values 0,1, ..., n—1,
and by the integer m which takes on the 2/ 4 1 values for which |m| <1
The resulting basis for the representation of SO(4,2) is provided by the
functions which satisfy the equations

2
C[S(])(4,2)anm = Xnim» J56 Xnim = DX nim.,
J12anm = MXnlm, L2anm = l(l + 1)anm7 (1119)

An important alternative basis will be discussed in Sec. 11.4 below.

Utilizing the particular form of the generators given in (11.1.5), these
abstract group theoretic considerations establish analytic relationships. One
finds that the ., can be realized as functions, which when normalized
under the scalar product (11.1.3a), are

Xnim (1,0, ) = R (1) Yim (0, 0), (11.1.10a)
with
R(r) = Ny (2r) exp(—1)F (I + 1 — n; 21 4 2; 2r). (11.1.10b)
Here F is the confluent hypergeometric function; the normalizing factor
No = [(=0' @) @+ DI+ )l n(n— 1= DIV, (11.1.100)

has been assigned the phase factor, (—i)!.> The functions Xz, now com-
monly called Sturmians, differ from those introduced in Sec. 10.8, and are
not the same as the usual normalized bound-state electronic wave functions,
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U, (1,0, @), which satisfy the Schrodinger equation
(_V2/2_ 1/r)\Ilnlm =E.¥oim. (11111&)

If the phase choice is the same, the two types of wave functions are related
by

Ui (1,0, ) = 12X i (r/ 1,6, ¢). (11.1.11b)

The basis provided by the X, is discrete, and complete. That is, any
normalizable piecewise continuous function f(r, 6, ¢) can be expressed as a
convergent series of these harmonics. The action of the group generators on
this basis is given in Appendix A. The discreteness and completeness of the
Sturmian basis stands in marked contrast to the usual complete hydrogenic
bases, which contain a continuum of scattering states as well as a count-
able infinity of bound states. Because of this, working with the regularized
system has the advantage that it is much simpler to expand a given bound-
state function as a linear combination of Sturmian eigenfunctions than as
a linear combination of hydrogenic eigenfunctions. Chapter 12 deals with
the exploitation of these observations in studies of systems more complex
than hydrogen-like atoms.

As in the classical system, SO(4) transformations interconvert bound-
state solutions — wave functions here — of the same energy. When the
energy is positive, SO(3,1) transformations interconvert degenerate solu-
tions. The additional transformations available in the SO(4,1) and SO(4,2)
groups superpose eigenfunctions of differing energies, but cannot superpose
functions whose energies differ in sign. In the quantum mechanical systems
the states of the discrete spectrum respond to perturbations differently than
those of the continuous spectrum, and those of classical trajectories — only
a few states of the discrete spectrum, the n? degenerate ones, mix appre-
ciably when subjected to small perturbations. Consequences of this have
been pointed out in Chapter 1, and they organize much of the discussion
in Chapter 12.

The equation governing regularized hydrogen-like systems with nuclear
charge of magnitude Z is

(Wop — Z)3p = 0, (11.1.12a)
Wop =r(p2, — 2E)/2, (11.1.12b)
pl, = -V~ (11.1.12¢)

It can be obtained by the action of the unitary dilatation operator
exp(iadys) on Eq. (11.1.2). We will suppose that polar coordinates are being
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used, and set ¥ = ¥(r, 0, ¢). One has

exp(ion45)(r(pgp —2E)/2 - 1)¥(r,0,¢) =0, (11.1.13a)
o)
(exp(ion45)(r(pgp —2E)/2 — 1) exp(—iadss)) exp(iadys)¥(r, 0, ¢) = 0.
(11.1.13b)
Carrying out the dilations of r and p converts this equation to
((e=“rp2, — 2Ee"r)/2 — 1)¥'(r,6,¢) = 0, (11.1.13c)
with
V' (r,0,0) = e*¥(er, 0, p). (11.1.13d)
Thus
e~ (x(p2, — 2Be®¥) /2 — e*)V'(r,0,¢) = 0. (11.1.13e)

If one multiplies this last equation by e* and then sets e = Z, it can be
rewritten as

(r(p2, — 2E')/2 — Z)¥'(r,0,¢) =0, (11.1.14a)
with
E =72E, W'(r,0,¢) = 2U(Zr,0,0). (11.1.14b,c)

We shall henceforth drop the prime on E, assume n, [, m are the appropriate
quantum numbers, and express (11.1.14a) as

(r(p2, — 2E)/2 — Z)|znim) = 0, (11.1.15a)
or as
(Wop — Z)|znlm) = 0. (11.1.15b)

Having established that the operator of a one-parameter subgroup of
SO(4,2) can be used to directly change the nuclear charge, we will for the
time being concentrate attention on the Z = 1 hydrogen atom system, for
which

Xnim — |1nlm) = |nlm). (11.1.15¢c)
Using the definitions of Jsg and Kyg, one finds that
r=Js6 — Kug, 1P, = Js6 + Kus. (11.1.16)

Thus if E = —1/2, Wop, = Js6, and if E = +1/2, W, = Kue, and in general
Wop = (1/2—E)J56+(1/2+E)K46 (11117)
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When E is negative, the coefficient of Js¢ is greater than that of Ky, and
when E is positive the reverse is true. The unitary dilatation operators
exp(£iaJys) can also be used to relate a system with arbitrary E to the
systems with the E values +1/2. For E < 0 one uses the relation

exp(—iaJas)Js6 exp(iadas) = cosh(a)Jse + sinh(a)Kae. (11.1.18)

Letting k to be a constant, one may in (11.1.17) set

(1/2—E) = kcosh(), (1/2+ E) = ksinh(a). (11.1.19a)
This requires
(1/2—-E)?/k? - (1/2 + E)?/k? =1, (11.1.19b)
whence
k = (—2E)'/2, (11.1.19c¢)
and
cosh(a) — sinh(a) = e™® = (=2E)/2. (11.1.19d)

It follows that, when E < 0, the equation
(Wop—1)p=0 (11.1.20a)
can be expressed as
(exp(—iadys)Js6 exp(iodss) — 1)/ (—2E)Y2)y = 0. (11.1.20Db)
Multiplying this through by exp(iaJys) gives
(Js6 — 1/(—2E)2)y" =0, ' = exp(iadas)y. (11.1.20c)

Thus 1)’ is an eigenfunction of Jsg, which has eigenvalues n, and the eigen-
functions X pnum defined Lie-algebraically in (11.1.9). Consequently,

n—1/(=2E)"/2 =0, e *=1/n, E=-1/(2n?%. (11.1.21)
One can thus write
! = exp(—iadas) Xnim (1,0, 0) = €~ “Xnm (e~ 1,0, ¢), (11.1.22a)
and
Yrtm = (1/0)Xnim (1/7, 0, 6). (11.1.22D)

The Schrodinger eigenfunctions U, (1, 0, ¢) defined in (11.1.11) differ from

these 1)/, only because of the difference in normalization that arises from
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the difference in scalar products. That is,
Wi (v, 0, ) = n /24", (11.1.22¢)
When E is positive, one replaces (11.1.18) with
exp(—iaJys)Kae exp(iadys) = cosh(a)Kye + sinh(a)J56, (11.1.23)

and relates the general solution of (11.1.20a) to the eigenfunctions and
eigenvalues of the particular solution that is an eigenfunction of Kyg. This
can be obtained from the eigenfunction of Js¢ because the relation between
these solutions can be established with the aid of a non-unitary dilatation.
On setting o = —im/2 in (11.1.18), one finds that

exp(—(7/2)J45)T56 exp((7/2)J45) = cos(m/2)J4s — isin(m/2)Kys = —iKye.
Multiplying this through from the right by exp(—(7/2)J45) yields

Kugexp(—(7/2)J45) = iexp(—(7/2)J45)I56. (11.1.24)
Thus

Kye(exp(—(7/2)J45) Xnim) = iexp(—(7/2)J45)J56 X nim
= in(exp(_(ﬂ./Q)JéLS)anm)v

and the functions exp(—(7/2)J45) X nim are eigenfunctions of K46 with eigen-
values in. Let us set in equal to v, and denote these eigenfunctions by Xy, -
Using (11.1.22a) establishes then that

Xovim =€ “Xnm (€71, 0, 0) = ixnm(ir, 0, @). (11.1.25)

11.2 The Momentum-space Representation

In the discussion of the SO(4) symmetry of classical Keplerian motions in
Chapter 8 it was noted that the hodographs of all trajectories are circles.
Then it was shown that the PB operators which generate the motions in
phase space produce rotations in an invariant momentum subspace — a
space in which the generators do not depend upon functions of the posi-
tion variables. These properties of Keplerian motion have the consequence
that in quantum mechanics the realization of the dynamical symmetry of
hydrogen-like atoms is both simpler and more direct in momentum space
than it is in position space. In this and the following section, we lay the
mathematical groundwork required to exploit this fact.
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The momentum-space analogs of Schrédinger functions v(r) are their
Fourier transforms

d(p) = /(2@‘3/2 exp(—ip - r)y(r)d®r, d°r = dxdydz. (11.2.1)

Dirac’s introduction of his delta function, d(x), greatly simplified the
theory of Fourier transforms. It has the properties®

/jo f(x)5(x — x')dx = £(x), (11.2.2a)
and )
= (2m)7 ! /_Z exp(ipx)dpd(x). (11.2.2b)
Letting &(r) represent 5(x)3(y)8(z) one has
5(r) = (2m)~3 /exp(ip -1)d3p (11.2.3a)
and
/f(r)é(r —r')dr = f(r'). (11.2.3b)

Using (11.2.3) one may derive that the inverse of transformation (11.2.1) is

h(r) = / (2m) "2 exp(ip - )é(p)d’p, d’p = dpydpydp,.  (11.24)
The position-space analog of i9/dpsx ¢(p) is
10/0ps [ (2)5/% explip x)we)d’s = [ (2m)Y exp(-ip-x) mb(r)ds,
(11.2.5a)
and the p-space analog of —id/dx ¥(r) is
—i0/dx / (2m) 732 exp(ip - r)p(p)d’p = / (2m) 73/ exp(ip - r)pxd(p)d>p.
(11.2.5b)

These connections are those expected from the correspondence principle.
However the product of the Fourier transforms of two functions is not
the Fourier transform of the product of the functions. Symbolically

FT(f - g) # FT(f) - FT(g). (11.2.6a)
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For two functions of r one has
FT(f(r) - g(r)) = /(27r)‘3/2 exp(—ip - r)(f(r) - g(r))d>r. (11.2.6b)

By expressing g(r) as the Fourier transform of G(p’), and f(r) as that of
F(p), the right-hand side can be written as

Jery o expl-ip-tr) { Jen s explip' r)G(p')dSp’} &
= /(27T)—3/2 {/(27r)—3/2 exp(—i(p — p’) .r)f(p)G(p/)dSP/} d3r

= [enyr { [en 2 en(-io -9 r>f<p>d3r} G(p) .
(11.2.6¢)
Thus

FT(E(r) - g(r)) = / (2m) /2 F(p — p')G(p)dPp.

An analogous string of connections establish the following relation
between position-space and momentum-space scalar products:

/ 6" ()& (p)d%p = / B (e (£)dPr (11.2.7)

To prove this relation one may apply (11.2.1), to its left-hand side, and
obtain

(27T)_3exp/ (/exp(—ip-r)\ll(r)dSr)* (/ exp(—ip-r’)xp'(r’)d?’r') d®p

= (2m)73/2 //(2#)_3/2 /exp(ip S(r—r1")) &®p U(r)*d3r ¢/ (x') &3t

= / / §(r — ' )(r)*dPry ()P = / P ()¢ (r)d’r,

(11.2.7b)
and thus Eq. (11.2.7a) is established.
The momentum-space analog of the Schréodinger equation
(p2p/2 + v(r) = E)¢ =0, (11.2.8)
is
(p%/2+V(top) —B)p =0, 10 = /= V2. (11.2.9)

Because working with the function of rop, is often very difficult, one pro-
ceeds differently. Taking the Fourier transform of the original Schrédinger
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equation, one has

(2m)~3/2 /{exp(—ip 1) (p2y/2+ v(r) — E)y}d’r =0, (11.2.10)
which becomes

(02/2 — E)é(p) = (2m) /2 / exp(—ip - £)v(1)(r)dr

/¢ V(lp' - p|)a’p’, (11.2.11)

where V(p) is the Fourier transform of v(r). This equation provides an
alternative to (11.2.9).

For hydrogen-like systems in which v(r) = —Z/r, the Fourier transform,
V(p) is (2/7)Y/2(=Z/|p|?). Setting E = —p2/2, Eq. (11.2.11) then becomes

(1/2)(63 + 92)0(p) = (2/m)22 [ op)/ ~ B . (11212

To solve this equation, Fock” began by using a stereographic projection
to transform the integrand. His stereographic projection maps points with
coordinates pyx, Py, P, in momentum-space to points with coordinates xi,
X2, X3, X4 on a unit hypersphere. The transformation, defined by 6 — 6,

¢ — ¢, and

(1 = cos(a))

T oosta))’ (11.2.13)

p/po — tan(a/2) =

sets x = (x1,X2,X3,X4), with

x4 = (p§ — p*)/(p§ +p?) = cos(a), (11.2.14a)
X3 = 2pop./(p® + pg) = sin(a) cos(), (11.2.14b)
Xg = 2popy/(p” + pj) = sin(e) sin(6) sin(), (11.2.14c)
X = 2popx/(p” + pg) = sin(a) sin(f) cos(¢) (11.2.14d)
It converts 1/(p’ — p)? to

(203 (3 + p)(1/Ix — x'2) 202/ (02 + "), (11.2.150)

and converts d3p’ to
((p2 4 p'?)/2po)® dSY. (11.2.15b)

Here,

dQY = sin?() sin(0’) da’ d¢’ d¢’ (11.2.15¢)

is the area element on the unit hypersphere defined by |x'|? = 1. Both x
and x’ have the same origin and terminate on this hypersphere. Inserting
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these relations into the integrand, and multiplying both sides of (11.2.12)
by (p? + p?), converts the equation to

(p* +p5)*6(p) = (Z/2po)(1/m)? /(pg +p?)?p(p')/|x — x/|d".
(11.2.16a)
On setting
(p* +pp) 6(p) = B(x), (11.2.16b)
and multiplying (11.2.16a) through by po, it takes on the simpler form

po®(x) = (Z/WQ)/(P(X’)AX —x/|2dQ. (11.2.17)

Fock recognized that this equation is invariant under the rotations of
the group SO(4). To gain insight into how this invariance is expressed by
the equation itself, we begin with the much used expansion of the Coulomb
potential 1/|r —r'|:

1l —x| = S50 025 + 1) 715, (0, ¢) Yim (0, 6).  (11.2.18a)
When both r and r’ terminate on a unit sphere, this becomes
/e —1'| = 5(2) +1)7'Y},.(0, 6" ) Yjm (8, 9). (11.2.18b)
The analog of (11.2.18b) in Euclidean four-space is the equation®
/x=x?=Sk(k+1) 7Y, (0,0 ) Yim(a,6,0), (11.2.18c)

in which the functions Yy, are hyperspherical harmonics on S(3). Like the
spherical harmonics on S(2), these hyperspherical harmonics are members
of an orthornormal set. That is, one has

/ fim (€ 0, 0)Y oy (0, 0, 3)AQ = 6, 81,1 - (11.2.19)
On inserting (11.2.18¢) into (11.2.17) one obtains
po®(x) = (Z/7?%) / O(x) {Sk(k+ 1) Yy, 0,0 ) Yium (a0, ¢) } A

= (Z/7) Sk (k + 1) 7Y g (o, 0, 0) / (X' )Yy (0,0, 0")dY.
(11.2.20)

If one sets ®(x') = Yy jrm (X') in the integral

/@(X/)Yzjm(a’,ﬁ,(b')d(l’, (11.2.21)
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the orthonormality of the Y’s requires that it becomes unity if ® is Yy, (x).
Equation (11.2.20) then states that

po®(x) = (Z/(k +1))Yjjm(x). (11.2.22a)
If both ®(x) and Y/ m/(x) are normalized, this relation requires that
po=2/(k+1), O(x)=Ypjm(x). (11.2.22b,c)

Identifying k& 4+ 1 with the quantum number n, one obtains the energy,
E = —Z?/2n?, and the associated wave function Yy ;s (X).

For a fixed value of n = k+ 1, there are n?Yy,, with different values of
[, m. One may insert any one of them, or any normalized linear combination
of them, into (11.2.2a), without changing the relation pg = Z/(k+1). Fock
used this fact to explain the n2-fold degeneracy of the energy spectrum of
hydrogen atoms. Shortly thereafter Bargmann showed that Pauli’s Runge—
Lenz operators,? together with the angular momentum operators, obeyed
SO(4) commutation relations.'® This removed the possibility that Fock’s
remarkable result was an artifact produced by his stereographic projection.
Bargmann’s six operators are position-space realizations of the generators
which act in the S(3) projective momentum space of x. These are the six
operators

Jij = v *I(Xia/axj - Xja/axi) =V *1(7Ti<3/37Tj< - 7Tj<a/a7fi<)7
(11.2.23)

which are the quantum mechanical versions of the classical SO(4) generators
introduced in Sec. 8.4.

11.3 The Hyperspherical Harmonics Y g,
The relations
(p” +p§)*é(p) = (),
0 (11.3.1)
@(X) = Y (X),

of the previous section, together with the equations that define Fock’s
sterographic projection, enable one to establish the relation between
the hyperspherical harmonics Y, 1 (e, 6, ¢), and the momentum-space
eigenfunctions ¢, (p, 0, ) that satisfy (11.2.17). Tracing through the con-
nections, the reader will find that the relation is

Gt (/D0 6, 6) = Npy > 2Y i (o, 0, 6), (11.3.2a)
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where

@ = (p” +pp)/2p5 = ((p/P0)* +1)/2,

and N is a normalization factor that may also contain a phase factor.
Conversely,

Ykim (04 0, ¢> = N71p8/2w2¢nlm (p/pO’ 0, ¢)7 (11'3'2b)

The momentum-space functions ¢, , are of the form

Pni(P/P0)Yim (0, ¢). (11.3.2c)

The hyperspherical harmonics are directly defined in terms of Gegen-
bauer polynomials C) with v =n — (I +1) =k — 1, and A = [ + 1. One
has'!

Yiim(a, 0, ¢) = N;C)(cos(a)) sin' (@)Y (0, ¢), (11.3.3a)
with
N; = (i) (2x?)~ /2, (11.3.3b)

The phase factor, (—i)!, which makes the normalization factor [ dependent,
has been chosen so that the hyperspherical harmonics satisfy a standard
phase convention®

YZlm = (i)limYkl—’np (1133C)

The term sin'(a)Yy,, (0, ¢) in (11.3.3), is a function of x1, xg, x3 that
is obtained from the usual Yy, (0, ¢) when one replaces x, y, z defined in
momentum-space by the x1, X2, x3 defined above. This leads us to define a
unit vector y in p-space, analogous to the unit vector x in the projective
space. Then one of the effects of Fock’s projection is to convert Y, (y) to
Ylm (X)

Its other effect is to convert the radial function p,;(p/po) to Nlpg3/2

times
((p/Po)? +1)72C (cos(a)) = (1 + cos(@))>Cy(cos(a)) = (1 +x4)*C)(x4)
= (]. + X4)2C£‘(X4).
(11.3.4)

Variations in the length of the momentum vector are mapped into variations
of x4, and the consequent variations in the radial function p,;(p/po) are
expressed through variations in the Gegenbauer functions and the factor
(14x4)2. The color figures in Chapter 1 depict the stereographic projection
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of the planar analogs of 2s and 2p momentum-space functions onto an
ordinary sphere.!?

The C; satisfy Gegenbauer’s differential equation
{1 —x2)(0/0x)® + (2A + 1)x0/0x + v(v + 20)}Cp(x) = 0. (11.3.5)

The Gegenbauer polynomials C(x) play the same role in the theory of
the rotation groups SO(N), N > 3, that Legendre polynomials play in the
theory of SO(3). The C)(x) have a generating function, G, defined by

G = (1—2hx+h?)~ = 2h"C)(x), (11.3.6)

a relation that is easily exploited using computer mathematics systems.
Two recent books by Avery provide clear and extensive treatments of the
properties of Gegenbauer functions and hyperspherical harmonics in spaces
of arbitrary dimension.®!? Operators that shift the v in Gegenbauer func-
tions are discussed in Appendix B. Table 11.3.1 displays a few of the Yy,
along with their corresponding Sturmian position-space functions. A more
extensive tabulation is contained in Judd’s Angular Momentum Theory for
Diatomic Molecules,"* which deals with many of the topics in this chapter.

The volume element in the four-dimensional Euclidean space of the x’s is

dxjdxedxszdxy = p*dpdQ, p* =x]+x3+x3 +x3, (11.3.7)
the area element being

dQ = sin*(a) sin() da dd de.

Table 11.3.1. Hyperspherical harmonics and sturmians.

Harmonic (271'2)1/2Y;€lm (a, 0, 0) (27r2)1/QYklm (x) Radial Sturmian
Y o000 1 1 2e7 "
Y100 —2cos(a) —2x4 2v/2(1 —r)e™"
Y110 i2sin(a) cos(6) i2x3 (2v2/V/3)re™*
Y111 i2sin(a) sin(h)e!? —i12(x1 + ix2)/21/2 (2v/2/V/3)re™*
Yii-1 2sin(a) sin(f)e~1¢ 12(x1 — ixg)/21/2 (2v/2/V/3)re "
Y200 4cos?(a) — 1 4x2 — 1 2/3(1 — 2r 4 2r2/3)e™"
Yo10 —i61/2 sin?(a) cos(8) —i61/2x4x3 (4v2/v/3)r(1 —r/2)e~"
Yoi+1  £(3)/2sin(20) sin(f)eF®  +i(3)1/22x4(x1 tixa) (4v/2/v3)r(1 —r/2)e™"
Yaoo  —2Y/2sin?(a)(3cos?(9) — 1) —21/2(3x3 +x3 — 1) (4/(+/30))r2e~"

Yoor1  £(3)1/2sin?(a)sin(20)eTi® +i(3)1/22x3(x1 + ix2) (4/(+/30))r2e—"
Yoota —(3)/2sin?(a)sin?(0)eT2¢  —(3)1/2(x; + ixg)? (4/(+/30))r2e~"
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The area element bears the following relation to the volume element d3p in
momentum space:

dQ = w3py? d®p. (11.3.8)

The scalar product introduced in (11.2.19), that is,

™ g 2
/ da/ d9/ désin® () sin(0) Y3, Y m (11.3.9)
0 0 0

will in the following be expressed as [ Y, Yim dQ, or (Yeim, Y im)-
From the previous discussion it follows that

/YZlek’l'm/dQ = /qsrﬂqusn/l’m/ dgp (11310)

The weight factor, w, in the momentum-space scalar product corresponds
to the factor 1/r in the position-space scalar product,'® for one has

(p® +p2)/2=p?/2—E=1/r. (11.3.11)

Thus Fock’s realization of hydrogen-like systems is the momentum—space
analog of the realization of the regularized Schridinger system that was
discussed in Sec. 11.1. The two realizations provide isomorphic realizations
of the dynamical symmetries of reqularized hydrogen-like systems.

The radial Sturmians are normalized using the rdr scalar product. Nor-
malization with the v2dr scalar product multiplies them by \/m, n =k + 1.

At this point, let us summarize some general relationships. The cor-
respondence principle sets up an operator correspondence X, — X, and
careful attention to phase and normalization factors has ensured that the
position-space scalar products

/X;lm(l/r)xq Xn/mdv = <anman Xn/l/m/>, (11.3.12&)
and their momentum-space counterparts,
/d3p Prim@Xp O vrm = (D, XpPn/tim?), (11.3.12b)

have the same values. To extend the correspondence to operators = that
act in the hyperspherical momentum-space, we required that the scalar
products (11.3.12a,b) and

/Yisz Yirvrm dQ = (Yim, EY brrme ) (11.3.12¢)
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also have the same values. The phase factors have been so chosen that
/d3p pa?’w_QY}:lmw Xp @ 2 Yprm

= /dQ w3 wiYy,® Xp @ 2 Yerm

= /dQ Yim@® Xp @ 2 Yiiim. (11.3.24)
Thus if
Xp =2 E=w? X, w2, (11.3.25a)
then
(Yim> E Yirrrm:) = (Pnim, Xp Gnrtrms)- (11.3.25b)

The inverse of the similarity transformation defined by (11.3.25a), that is
E—X,=w 22w, (11.3.25¢)

connects the SO(4) rotation generators Ji4, to momentum-space versions of
Runge-Lenz operators.
In Fock’s treatment, the dynamics of the atom is governed by the equa-

tion,
po(x) = (2/7) [ 0()/x - X, (11.3.26a)
which replaces the regularized Schrédinger equation
(Wop —Z)3p = 0. (11.3.26b)
The equation
i0®(x,7)/01 = (Z/7%) / d(x',7)/|x —x'|? A, (11.3.27)

is an analog of Schrodinger’s time-dependent equation in which, i9/0t can
be considered equivalent to (—po/2) i0/07. The time-dependent equation
associated with (11.3.26b) is the analog of the corresponding classical equa-
tion of Chapter 8.

There are several important aspects of regularized quantum mechan-
ical treatments that make them particularly relevant to investigations of
more complicated atomic, molecular, and solid state systems. At this point
we wish only to call attention to a consequence of the fact that the hyper-
spherical harmonics Yy, comprise a discrete and complete set of functions:
any piecewise continuous function ¢(x) defined on the hypersphere can be
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expanded as series of these harmonics. When such a piecewise continuous
function is stereographically projected onto the surface of a hypersphere,
the projection is necessarily piecewise continuous, except, at the “South
pole”.

Finally, it should be noted that the reciprocal-space functions of solid
state physics have a natural projection onto Fock’s hypersphere, where they
become superpositions of hyperspherical harmonics. Several depictions of
molecular reciprocal-space functions will be found in Avery’s book, Hyper-

spherical Harmonics.'3

11.4 Bases Provided by Eigenfunctions of Ji2, J34, J56

The SO(4) group whose generators, Ja, = —Jpa, satisfy the classical com-
mutation relations

[Jab;ch] :Jam (1141)

has two commuting generators, which may be choosen to be J15 and Js4.
The quantum mechanical position-space operators corresponding to the J,,
satisfy commutation relations in which the negative sign on the right-hand
side is replaced by its square root, and the same may be said of the corre-
sponding momentum-space operators. In the case of the SO(4) degeneracy
group of hydrogen-like atoms, one may label degenerate eigenstates |) by
the quantum number n, and by the eigenvalue m;s of J15 and the eigenvalue
may of J34. Then one has the n? states defined by

J56\m12,m34,n> = n|m12,m34,n>, (1142&)

and
J1a|maa, mag, n) = miz|mia, maa, n), (11.4.2b)
J34|m12, msq, 7’L> = m34|m12, msq, n) (1142(?)

An alternative labeling turns out to be revealing.'® Define

My = (Jaz +J14)/2, Mo = (Jg1 +J24)/2, Mz = (J12+ J34)/2,
(11.4.3)
Ny = (Jag — J14)/2, No=(Js1 —J24)/2, Nz = (J12 —J34)/2,

one finds that all the M operators commute with all the N operators. It
follows that SO(4) is the direct product of two three-parameter groups.
The quantum mechanical version of the operators satisfy

[Ma, Mb] =1 eabCMC, [Na, Nb] =i eabCMC, [Mi, Nﬂ = 0. (11.4‘4)
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One may choose M3, N3, and J5¢ to be a commuting set of operators defining
the n? states that satisfy

= n|mg, n3, n),

= mg|mgz, n3, n), (11.4.5)

= ng|ms, n3, n).

Js6|lms, n3, n
Ms|ms, n3, n

N3|m37 n3, n

- - —

The labeling schemes (11.4.2) and (11.4.5) are connected by the relations

ms = (m12 + m34)/2, ng = (m12 — m34)/2. (1146)

As mg and ng can have half-integer values, SO(4) = SU(2) ® SU(2). As will
be seen in the next chapter, this fact can be quite useful.

Appendix A. Matrix Elements of SO(4,2) Generators3:16

In the previous pages only the matrix elements of labeling operators have
been presented. To represent the action of the remaining group generators
and other important operators on the |nlm) = |Inlm) basis, it is convenient
to define the raising and lowering operators:

L = Jog £iJ31, NF =Ky +iKys, I't =Kjp £ iKog,

Af =T +idas, AT =Ki5 +iKos. (11.A.1)
It is also useful to define the functions
co(a,b) = ((a® — b?)/(4b> — 1))1/2,  do(a,b) = (a2 — b*)1/2,
di1(a,b) = ((axb)(a+ 1 £ b))/ (11.4.2)
One has
NE|nim) = (n(n +1) — I(1+1))?|n £ 1,1, m), (11.A.3a)
Jaa|nlm) = co(n, 1+ 1), do(I + 1, m)|n, I+ 1, m) + co(n, ), (11.A.3b)

do(l,m)|n, 1 —1,m)
AE|nlm) = +{—co(n, 1 +1,m) dy (I, m)|n, 1 —1,m £ 1)
— co(n, 1) der(I—m,—m)|n, 1+ 1, m £ 1)} (11.A.3¢)
Kas|nlm) = (1/2)co(n, I+ 1) do(l + 1, m)
{[(n+1+2)/(n—1-1)]"? (11.A.3d)
[n+1,1+1,m)
+(n—1=2)/(n+1+D)Yn 1,1+ 1,m)}
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+(1/2) co(n, 1) do(l, m){[(n — 1+ 1)/(n+ D]"?|n+1,1—1,m)
+ [(n4+1+2)/(n=1-D]"? [(n+1—-1)/(n — 1)]*/?

x In—1,1—1,m)}
Kgo|nlm) = co (n,1+1) do(I +1,m){(=1/2)[(n = 1 = 2)/(n+ 1 + 1)]'/?
X |n—1,1+1,m (1/2)[(n—|—l+2)/(n—l—1)]1/2

)+
X |n+1,1+1,m)}
+ co(n, 1) do(l, m){(=1/2)[(n — 1 —2)/(n+ 1+ 1)]"/?
X |n—1,1—1,m)
+ 1/2)[(n+1+2)/(n—1=1D]Y?In+1,1-1,m)} (11.A.3¢)
Using the relations r = (Js6 — Kug), and z = (Kss — Ja4), one obtains:
r|nim) = (1/2)[(n — 1 — 1)(n + D)]Y?|n — 1,1, m) + n|nlm)
+(1/2)[(n+ 1+ 1)(n = D]V2|n + 1,1, m).
and
zlnlm) = co(n, 1+ 1)do (14, m){(1/2)[(n — I = 1)(n + 1 + 1)]*/?
x|n—1,1+1,m)+|n,l+1,m)
+(1/2)(n—1—=D)Y2n+1,1+1,m)}
+co(n, 1) do(1, m){(1/2)[(n — 1 —1)(n+ 1+ 1)]"?n —1,1— 1, m)
+ln, 0= 1,m)+ (1/2)(n =1 = D)Y2n +1,1—1,m)}

Appendix B. N-Shift Operators For the Hyperspherical
Harmonics

Kumei'” discovered that Gegenbauer’s general differential equation,
{(1 =x2)(8/0x4)? + (2\ + 1)x40/0x4 + v(v 4+ 20)}CD (x4) = 0.
(11.B.1a)
has an SO(2,1) invariance group which contains v-labeling and v-shift
operators.

In the special case of interest here, v(v+2)\) = n?—1?, and the operators
shift the princial quantum number n. Kumei linearized the spectrum of v
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by converting (11.B.1a) to
{(1—xD)(0/0x4)* + (2 + 1)x40/0x4 +10/07(10/0T +20)}  (11.4.1)
x exp(—ivT)C)(x4) = 0. (11.B.1b)
The determining equations for the generators of the invariance group of this
equation yield the required labeling and v-shift operators for the C} when
one allows Q’s that correspond to first-order differential operators, U. The

solutions of the determining equations are defined to within a multiplicative
constant. He chose them to be

Q1 =i0/0r, Q=1, (11.B.2a)
Q_ = exp(it){(1 —x2)0/0x4 + i x40/07}, (11.B.2b)
Q4 = exp(—iT){(1 —x3)0/0x4 — i x40/01 — 2\ x4}. (11.B.2¢)

Q1 is the v-labeling operator. The n-labeling operator of interest in the
present context is

Qo = Q1 + AQ2. (11.B.2d)
The operators Qp, Q4 and Q_ satisfy
[Q+, Q-] =2Qo, [Q+,Qo] =+Qx. (11.B.2e,f)

Consequently
Qu exp(—ivT)C)(x4) = cx(n, ) exp(—i(v £ 1)7)Chyy (x4).  (11.B.2g)

They shift v by +1 without shifting [, and hence shift n by +1. The Casimir
operator is

C2 = Qf +(Q+Q- +Q-Q4)/2. (11.B.2h)

The functions exp(—ivT)C)(x4) are eigenfunctions of Cy with eigenvalue
AN —=1), ie., I(1+1).
To obtain n-labeling and shift operators that act on the functions
exp(—ivT)Yim = exp(—ivt) N;sin(a)'CH (x
p(—ivT) Yy p(—iv7) Nisin(a)'Cj(x4) (11B.3)
= exp(—ivT) Ni(1 —x3)/2C)(x4),

we use a similarity transformation to exploit Kumei’s general result. Let

Qexp(—ivT)C)(x4) — Nexp(—ivr)(1 — x2)/2C) (x4), (11.B.4a)
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with
N=01-x3)"2Qu—-x2)""2 (11.B.4b)
Qo = 19/907 + A = Ny is not altered by the transformation. If we let
|nim) = exp(—iv7)Y kim (11.B.5a)
then
No|nim) = n|nim). (11.B.5Db)
Also let

Ni|nim) = Ny exp(—ivT)Yim = {(1 —x)2Q4(1 — x3)7V?}
x exp(—ivT| Ny (1 — x2)2C) (x4)
= (1 —x})2 Q4 exp(—iv7) N;C}(x4) (11.B.5¢)
(1 =x3)"? cx(n, D{exp(=i(v £ 1)7) NiCJiy(xa)}
ce(n,l)|n£1,1,m)

One finds
N_ = exp(+ir){(1 — x3)9/0x4 + x4(Ng — 1)}, (11.B.5d)
N4 = exp(+it){(1 — x3)9/0x4 — x4(No + 1)} (11.B.5e)

Because they have been obtained by similarity transformation, these Q’
operators satisfy the same commutation relations as the original Q opera-
tors. The corresponding Casimir operator has eigenvalues (] + 1).

If N, and N_ are matrices with elements (n'lm,N_|nim), then one
finds that N_ = —Ni: the operator N_ is the negative of the adjoint of
N . In the general case,

'Ni|nlm) = c(n,)jn £ 1,1, m) (11.B.6)
with
ce(n, ) = +((1+1+n)(£n —1))2
The operators Q also yield operators Q" = exp(ivT)Q exp(—ivT) that can
be used to produce operators which act directly on the Y, . After removing
the time-dependent exponents from the Q”, the operator Qj — Ng, and

one obtains operators ©4 that convert Yy, to cx(k + 1,1) Ygt1im. These
operators are

O_ = (1—-x3)0/0x4 + (k — )x4,

(11.B.7)
O = (1 -x2)0/0x4 + (k — D)xq — 2(1 + 1)x4.
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CHAPTER 12

Uncovering Approximate Dynamical Symmetries.
Examples From Atomic and Molecular Physics

12.1 Introduction

In 1885, Annalen der Physik published a paper on the physical relevance of
certain small integers.! In the paper, the Basel secondary-school teacher,
J. J. Balmer, pointed out that the observed wavelengths, A, of the H,, Hg,
H.,, and Hs lines in the sun’s Fraunhofer spectrum? obeyed, with amazing
accuracy, a relation

A= Gn?/(n* - 4), (12.1.1)

in which G is a constant, and n = 3,4,5,6. It was soon recognized that
if one sets ny = n and ng = 2, the corresponding frequencies, v, of these
Balmer lines satisfy the general equation

v=R(1/n3 —1/n}), (12.1.2)

which is obeyed by subsequently related lines in the spectrum of hydrogen.
In this equation, R, the Rydberg constant, is 109667.581cm !,

When Bohr introduced his theory of the atom,® the integers n
became the principal quantum numbers of the Bohr and Bohr—Sommerfeld
theory.>* Ehrenfest then showed that n, and many other quantum num-
bers, defined closed areas of magnitude n h/27 in phase space. And then
in 1935 Fock discovered that n defines an SO(4) symmetry.

The advent of quantum mechanics in 1926, together with extensive con-
tributions from experimentalists, led to rapid strides in many branches of
physics. The immediate consequences in atomic physics are evident in Con-
don and Shortley’s 1935 monograph,® written shortly before Fock’s dis-
covery. By 1931 Wigner and Eckart had already produced, and demon-
strated the utility of SO(3) coupling coefficients.® In the early 1940’s this
work was greatly extended by Racah, who also introduced the concept of

361
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seniority.” Many subsequent developments of the group theory relevant to
atomic physics are expounded and reviewed in Edmond’s monograph,® and
in monographs by Biedenharn and Louck,” Wybourne,'® and Judd.'!

The development of methods for approximating the solutions of deter-
mining equations makes it possible to systematically investigate the dynam-
ical groups of Schrédinger equations more complex than those considered
in Chapter 11, but it does not obviate the need to use concepts, such as
those of the theory of angular momenta, to simplify equations as complex
as those governing many-particle systems, such as those arising in atomic
and molecular physics. The development of relevant simplifications is the
subject of the next few sections of this chapter, and much of Chapter 13.

In recent years it has been shown that the use of rather small Stur-
mian basis sets, or equivalent sets of hyperspherical harmonics, can lead to
surprisingly accurate calculations of atomic energies.!? Limited basis sets
are able to produce much better approximate energy and potential energy
curves than produced by LCAO or Gaussian bases of similar size. This
approach will be outlined in Secs. 12.10 and 12.11. At this point we would
note that in previous chapters it has become apparent that the genera-
tors of the dynamical groups SO(4), SO(4,1), and SO(4,2), are most sim-
ply expressed in these bases. This suggests that as the use of these bases
increase, previously unrecognized dynamical symmetries, and their conse-
quences, will be uncovered. The topics in this chapter can only hint at the
possibilities.

12.2 The Stark Effect; One-Electron Diatomics

The regularization of the Hamiltonian for a hydrogen atom immersed in a
uniform electric field of strength ¢ in the z direction gives

r(H-E)=1(p?/2-E—ez—1/r) =Wy —ezr— 1. (12.2.1)

To understand how the field affects the degeneracy of the states |nlm) one
need only examine the matrix elements of states of the same n;

(nlm,r z nlm). (12.2.2)
Now,
2=B,— A, (12.2.3)

and B only has nonzero matrix elements between states with different n
values, so the removal of the degeneracy is due to A, = J34. The SU(2) ®
SU(2) states |miamgan) defined in Eq. (11.4.2) are eigenstates of L, and A,
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with eigenvalues mj2 and mgy4, respectively. These then become the zero-
order eigenstates of the Stark effect. The |nlm) can be considered as being
obtained from them by the coupling defined by

|nim) = Z (umagama | j1 2 lm) |juma, jams), (12.2.4a)
for the special case in which j; = j2. As the coupling transformation
ima, fama) =Y (jimajamaljiga, bm)|nim) (12.2.4b)

is unitary, and the energy shift defined by (12.2.2) may be calculated by
evaluating the radial integral

/an/m/(r)(l/r)r Xnim (r) T2drsin(f)df d¢
(12.2.5)
_ / ottt (F) 7 Yo () 121 sin(6)d6 dg.

The integral can be evaluated by relating the Sturmians to the ordinary
hydrogen-atom functions ¥,,;,,. Referring back to (11.1.11b), one has

Wi (1,0, ) = it 73 2x i (x/ 1), (12.2.6a)
and
exp(iaKas) Xnim (r) = Xnim(r/n). (12.2.6Db)

Using these relations one can easily evaluate

/anlm/ () 2 Xnim (r) r2drsin(0)dé de. (12.2.7)

A most enlightening discussion of the Stark effect is contained in Sommer-
feld’s Atomic Structure and Spectral Lines.*

In 1964 Redmond!® found that the Stark effect Hamiltonian
p?/2m — Ze? /v + ¢E, (12.2.8)

has an exact constant of motion, C, that is obtained by adding a term
—(rxE) xr/2Ze to the Runge-Lenz vector operator:

C=r/r+ (Lxp —pxL)/(2Ze’m) — (rxE) xr/2Ze. (12.2.9)

In 1949 Erikson and Hill* showed that one-electron diatomic molecule—
ions possess a constant of motion in addition to the component, m#A of the
electronic angular momentum on their axis. If the molecular axis is the
z axis, and internuclear distance is 2a, the Hamiltonian, whose value is
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E(a), is
H=p?/2 — (Za/|q — ak| + Zp/|q + ak|), (12.2.10)
and the constant of motion can be expressed as
F = L? + a’p? + 2az(Z./|q—ak| — Zy/|q + ak]). (12.2.11)

The corresponding Poisson bracket operator is the generator of a one-
parameter symmetry group in classical phase space. As F commutes with
L., the degeneracy group is Abelian.

The non-crossing rule applies to sets of energy level curves such as E(a).
Wigner and von Neumann proved that varying a single parameter cannot
produce crossings of levels whose wave functions have the same symmetry;
if they appear to do so, a symmetry has been overlooked.!®> One-electron
diatomics provide one of the simplest such examples. Some levels of the
same spatial symmetry cross because they have different dynamical symme-
try. In diatomics with two or more electrons this symmetry is removed, and
levels that previously crossed approach, but avoid, each other. The reader
is referred to Judd’s monograph!! for discussions of a number of interest-
ing aspects of the dynamical symmetry of one-electron diatomics. Included
within it is a discussion of the simple solutions that arise for special sets
of nuclear charges. In some later calculations on systems with Z, = 1, and
Zy, = 3,...,8, Ponomarev and Puzynia observed pseudo-intersections.'®
This raises a suspicion that as the bond between the proton and the other
nucleus weakens, such systems may have a useful approximate dynamical
symmetry larger than that of homonuclear systems.

12.3 Correlation Diagrams and Level Crossings:
General Remarks

Whenever a change in a Hamiltonian produces a new degeneracy, new phe-
nomena may develop. The symmetry involved can be revealing, and may
have practical importance.

If the change in a Hamiltonian can be produced by changing a param-
eter, much can be learned from a simple plot of the energy level diagram
arising from varying the parameter. Let A be a parameter, and write

H=Hy+AH;, E=Epuo+ AEm1. (12.3.1)

As a simple example, suppose that H is the Hamiltonian of a molecule
with one or more double bonds, such as the molecules depicted in
Figs. 12.3a—d. In these figures, A is the angle 6 that measures the twist
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B, Ay

B,

Ay

Ay

Fig. 12.3a Twisting of a substituted ethylene molecule.

Fig. 12.3b  The p-orbitals attached to atoms C; and Cs.

Fig. 12.3¢c Relation between the p-orbitals after a twist through 45°.

of the A;CyBs plane with respect to the A1C1B; plane. In (b) the two
p orbitals that produce the © bond are depicted. As the twist increases to
90°, the overlap between them decreases to zero, and the bond is destroyed.
Further increase of 6 to 180° produces a state that has the same energy
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Fig. 12.3d Relation between the p-orbitals after a twist through 180°.

as the excited state, which may be produced when the molecule in (c)
absorbs a photon. Such photo-excited molecules often undergo cis-trans
isomerism — that is twist through 180° to produce the ground state
of the molecule, (b). If A; and B; are identical to As and Bs respec-
tively, there must be a level crossing that produces a degeneracy at the
90° twisted configuration.!” In systems with less geometrical symmetry,
degeneracies develop when the p orbitals are approximately perpendic-
ular to each other. The resulting degenerate states are very sensitive to
the presence of polarizing fields with components in the C;—Cs direction,
and the molecules begin to develop large dipole moments when the twist-
ing becomes a few degrees less than 90°. In the case of ethylene, a pro-
ton situated along this axis and a C—C bond length away produces the
dipole moment obtained by moving a charge of 0.9e from one C atom
to the other.!” In molecules with a conjugated system of double bonds,
asymmetries due to substituents may lead to sudden polarizations in the
twisted states that produce very large dipole moments. Bruckner and Salem
proposed that just such a sudden photo-polarization of retinal is respon-
sible for initiating nerve impulses in the retina.'® For further informa-
tion the reader is referred to the proceedings of a conference on sudden
polarization.®

When variation of a parameter changes the spatial point-group sym-
metry of a nonlinear molecular system, the theorem of Jahn and Teller
can come into play.2® It dictates that such a variation creates a degener-
acy of energy levels, when in the region of the crossing the energies are
linear functions of the parameter. It follows that if the degeneracy were to
occur naturally, the molecule would undergo a distortion that removes the
Syminetry.



Uncovering Approzimate Dynamical Symmetries 367

1

N L M D,

o h N

Fig. 12.3e Correlation between the united-atom and separated-atom energy lev-
els of one-electron linear homonuclear triatomic molecules with identical bond
lengths.

If variation of a parameter bends a linear system, an extension of the
Jahn—Teller Theorem becomes relevant. In the linear system, rotational
symmetry about the axis of linearity allows one to assign to each level
a rotational quantum number m. As the linear system bends, the ener-
gies of all levels must depend quadratically upon the bending angle in
the vicinity of the linearity. The bending produces a mixing of pairs of
degenerate levels whose m values are the negative of one another. One of
the new levels then exhibits a quadratically increasing energy, the other a
quadratically decreasing energy. If the degeneracy develops naturally, the
linear system bends on its own accord. A similar extension of the Jahn—
Teller Theorem applies when planar systems are bent to produce nonpla-
nar ones.
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In 1953 the molecular spectroscopist Walsh published a set of rules
which state that the shape of triatomic and tetraatomic molecules depends
only upon small integers — the total number of valence electrons in the
molecule.?! Figure 12.3e is a correlation diagram which will be used to
illustrate the manner in which the Wigner-von Neumann rule and the
extended Jahn—Teller Theorem help to imply one of Walsh’s rules. The
rule under consideration is “All non-hydride triatomic molecules contain-
ing 15 or 16 valence electrons are linear, while those containing 17, 18, 19,
or 20 valence electrons are nonlinear”. These rules were the first to lead
to a revelation of the role dynamical symmetries and can play in deter-
mining point-group symmetries in position space.??23 In the figure, the
one-electron energy levels of linear homonuclear triatomic systems, such
as N3, are correlated with their united-atom and separated-atom limits
by varying a scaling parameter which uniformly alters all internuclear dis-
tances. The Do, spatial symmetry of each wave function is indicated by
the labels o, m, g and u. The SO(4) united-atom N symmetry is broken,
but the L symmetry remains amazingly good because the integrals

/000 Rz (Zr/n)(x* /1) Rpe (Zr/n)r?dr, Iy # 4, (12.3.2)

vanish for a wide range of k values.?**> When Neumann’s expansion of
1/|r — 1’| is applied to the integrals

/0 Wit (Zr /1) (1] 1 — RI)W o (Zr/n)dv, (12.3.3)

some, as expected, vanish as a consequence of SO(3) symmetry. Oth-
ers, however, vanish unexpectedly as a consequence of SO(4) symmetry.2?
Swamy, Kulkarni, and Biedenharn subsequently proved that whenever they
vanish it is because of SO(4,2) symmetry.?4P

In developing Fig. 12.3e, the center of nuclear charge of the system was
assumed to be the origin of coordinates. This eliminates terms depending
linearly on the nuclear displacements. The forbidden crossings that develop
are those involving m, orbitals. When electron-repulsion effects are taken
into account, one finds that they take place in the united-atom. As a conse-
quence, no matter what the size of the system is, the degenerate m, orbitals
always begin to be occupied when the system contain 17 valence electrons.
This remains true when one mathematically shifts nuclei about to create
non-hydride systems, such as NCO, that are no longer homonuclear. The
extended Jahn—Teller Theorem then requires that molecules with 17, 18
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or 19 valence electrons are nonlinear. As the systems are bent, the sym-
metry becomes Co,. However, levels of the same Cs, symmetry, but with
different [, cross, and the m, orbitals correlate with orbitals of much lower
energy. Systems with 15 or 16 valence electrons remain linear, but those
with 17 to 19 valence electrons are bent. In 20 electron systems, bend-
ing increases the electron density at the center of nuclear charge, and
this stabilizes the bent system. Extensive analyses have fully established
the connection between all of Walsh’s rules and the extended Jahn—Teller
Theorem.??

The examples in this section have been chosen to illustrate a general
strategy that is available whenever one is dealing with a system governed
by differential equations. If one begins to attack the problem by seeking the
dynamical symmetry that, when broken, can produce the phenomenon of
interest, several advantages result:

a. The simplest form of perturbation theory (in quantum mechanics, degen-
erate perturbation theory) usually enables one to determine with cer-
tainty the physical interactions that are involved.

b. The extensive and well organized mathematics of the theory of Lie alge-
bras and groups is available to guide and aid the investigation.

The strategy enables one to treat physical phenomena as displays of the
consequences of symmetries of differential equations and their symmetry
breaking.

For a Coulomb system of 3N degrees of freedom in position-space, we
have seen that the relevant dynamical group may be as large as a con-
strained SO(4N,2N). However, in this chapter we can only adumbrate
studies of the physical relevance of a few subgroups of the two-particle
dynamical group SO(8,4). The goal is to gain a better understanding of the
consequences of electronic repulsions. To apply the general strategy just
outlined, several of the following sections are devoted to investigations of
SO(4) ® SO(4). An example of the direct physical relevance of the larger
group is described in Sec. 12.8.

12.4 Coupling SO(4)1 ® SO(4)2 to Produce SO(4)12

The mathematics described in this section applies to atoms containing two
non-interacting electrons, each having associated Runge-Lenz and angular
momentum vectors, A; and Lj. The components of A = A;4+A; and the
components of L = Lj+Lsy close under commutation, and generate an
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SO(4) group which is sometimes designated as SO(4)12. In the absence
of other interactions this becomes a degeneracy group of the two-electron
system. As the generators of this group are the sum of the generators of two
SO(4) groups denoted by SO(4); and SO(4)z, the group SO(4)12 is their
direct product, SO(4); ® SO(4)3. The situation is closely analogous to the
SO(3) ® SO(3) system discussed in Chapter 10.

Here we wish to produce functions that are eigenfunctions of the two-
particle SO(4) Casimir operators Co = A2+ L2, and C, = A -L and also of
L? and L,. The one-particle Casimir operators A? + L2, A2 + L2, commute
with Cy and C}, as of course do all 12 generators of SO(4)®SO(4). However,
A does not commute with L?, and A does not commute with L2. It follows
that the SO(4);2 eigenfunctions which we seek must be expected to be linear
combinations of products of one-particle states of differing [ and m values.
The eigenvalues of Cq and C4 are determined by two quantum numbers
P and Q. These observations may be summarized with the statement that
the desired SO(4)12 eigenfunctions could be labeled | PQLM (11, ng)). These
functions are a linear combination of products, |nilym;)|nalams), of single
particle functions:

|PQLM(’N,1, TL2)>

= Z B(nlllml,nglg,m2|n1n2,PQLM)|n111m1>|nglgmg>. (1241)

lilomyma

The coefficients B(nylmy, noly, mo|nyng, PQLM) are SO(4) ® SO(4) cou-
pling coefficients analogous to the (lmyly, ma|lile, LM) coupling coeffi-
cients of SO(3) ® SO(3). In 1961 Biedenharn determined their dependence
upon the quantum numbers involved.?® In doing so he imposed the
phase convention of Condon and Shortley,?” and the mathematics
he used required him to make the assumption that A, like L, had the
derivative property possessed by first-order derivative operators, Dop,
which is Dop(f*g) = f*(Dop(g)) + Dop(f))*g. A determination of the
B(nilyma, nale, ma|ning, PQLM) due to Wybourne does not require this
last assumption.?® Biedenharn also established that

Co| PQLM (ny, mp)) = (P(P + 2) + Q*)|PQLM (ny, mp)), (12.4.2)

A -L|PQLM (n1,ns)) = Q(P + 1)|[PQLM (ny,n2)).  (12.4.3)

Q may take on both positive and negative values. Because A-L is
not invariant under the parity operation x — —x, the SO(4) functions
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|PQLM (ny1,n)) may not have definite parity when n; # ns. Eigenfunc-
tions of the O(4) Casimir operator (A-L)?, with eigenvalue Q%*(P + 1)2,
and definite parity, may be constructed by taking linear combinations of
the functions obtained by interchanging the two quantum numbers.

The two-electron wave functions |PQLM (nq, n2)) may be thought of as
obtained by a recoupling of the already coupled angular momentum eigen-
states |LM (l1, k2, n1,n2)). In other words, the states |PQLM (ny, ng)) can
be considered to be linear combinations of states |LM (i, kb, n1, ng)) with
differing [ values:

|PQLM (ny, n2)) = > C(LM(k, b, ny, n2), PQLM)|LM(ly, b, ny, ng)).
l1,l2

(12.4.4)
Multiplying these by the appropriate spin functions, |o), produces states
that are antisymmetric for particle exchange. When n; = ny = 2, for exam-
ple, the two singlet |[LM (I, Iy, n1, n2))| o) states are

1S(2s?) =100(0,0,2,2))*0), 'S(2p?) = [00(1,1,2,2))|'0).  (12.4.5)

The first state is simply a product of two 2s functions and a spin func-
tion, |1o), that is antisymmetric under exchange. In the second state, prod-
ucts of two 2p functions are coupled to produce a state of zero angular
momentum that is symmetric under particle exchange. Multiplying this
by |'o) produces the 'S(2p?) wave function. Together, these produce the
|PQLM (n1,n2)) states?®

|0000(2,2))|'o) = 0.524 1S(2s2) — 0.851 *S(2p?),
(12.4.6)
12000(2,2))|*0) = 0.851 1S(2s?) + 0.524 1S(2p?).

In this case, Q = 0 for both states, and A;+Aj is orthogonal to L.

12.5 Coupling SO(4);1 ® SO(4)2 to Produce SO(4)1_2

The group SO(4) has a most surprising property3®: two different SO(4)12
groups can be obtained by the coupling of SO(4); and SO(4)z. The alter-
native coupling is the subject of this section.

The components of A_ = A; — Ay and L = L; + Ly close under
commutation and generate an SO(4) group which we designate SO(4)1_s.
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The Casimir operators of the group are
Cy;=A%2 +1L? and C,=A_-L. (12.5.1)
The eigenstates of these operators and the operators
L% L,, AT+Li, A}+L3,
are of the form
|[PQLM (ny,ng)) = Z D(LM (ly, b, ny, ng), PQLM)|LM (I, Iy, n1, n2)).
Uyl

(12.5.2a)
They are eigenfunctions of Cy and Cj:

(A% + L?)|PQLM (ny,m)) = (P(P +2) + Q*)|PQLM (n1, n2)),
(12.5.2b)

(A_-L)[PQLM(ni,n2)) = Q(P + 1)|PQLM (ny,nz)).  (12.5.2c)

When ny # ng, O(4) eigenfunctions of (]/22 and definite parity may, as
before, be obtained as linear combinations of the functions obtained by
interchanging the two quantum numbers n, ns.

The functions D are determined in Ref. 30. The |PQ LM (n1, ng)) states
analogous to the |[PQLM (ny, ny)) states of Sec. 12.5 are

0000(2,2)|'0) = —0.500 1S(2s2) + 0.866 S(2p2),

|
12.5.3
12000(2,2)|'0) = —0.866 1S(2s?) — 0.500 *S(2p?). ( )

The coupling process that produces these eigenfunctions of A2 + L2
and (A_ - L)?, and the coupling process of Biedenharn which produces
the eigenstates of A% + L? and (A - L)?, begin with the same product of
one-particle SU(2) ® SU(2) states:

a1 mat, Jo1Mb1)|Ja2 Ma2, Jo2 Mb2)-
For them
.?al = (L1 +A1)/2, .?bl = (L1 — Ay)/2, (12.5.4)
Jaz = (L2 + A2)/2, ju2 = (L2 — A2)/2,

and

L1 =ja1 +jb1, A1 =jar —Jjb1; Lo =ja2 +Jjb2, Az =jaz —jbo.
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Biedenharn’s result may be obtained by determining the couplings aris-
ing from:

i) adding ja1 and ja2 to obtain Jo4 = (L + Lo + A; + A3)/2 and deter-
mining the eigenfunctions of J?2 T
ii) adding jp1 and jp2 to obtain Jpy = (L1 + Lo — A; — Ay)/2 and to
determining the eigenfunctions of J? o
iii) adding J.+ and Jy+ to obtain L = L + Ly and determining the eigen-
functions of L2.

P = a+ + Jb+ and Q = Ja+ — Jb+. (1255)
The result in (12.5.2) is obtained by determining the couplings arising
from:

i) adding ja; and jp2 to obtain J,— = (Ly + Lo + A; — Ay)/2 and deter-
mining the eigenfunctions of J2_,

ii) adding jae and jp1 to obtain J,— = (Ly + Lo — A7 + A3)/2 and deter-
mining the eigenfunctions of J?_,

iii) adding J,— and Jy,_ to obtain L = L; + Ly and determining the eigen-

functions of L2.

Then P=J,_ 4+ Jp_ and Q = Ja — Jp_. (12.5.6)
From the couplings (12.5.5) it follows that
2002, +Jp ) =A*+1% J2 -Ji.=AL, (12.5.7a,b)
and those of (12.5.6) imply
2032 +J2 )=A%*+12 J2 -J}_ =A_-L (12.5.7¢,d)

The next several sections investigate the utility of these two couplings.

12.6 Configuration Mixing in Doubly Excited States
of Helium-like Atoms

If one uses degenerate perturbation theory to determine the effect of the
1/r12 repulsions between electrons in the initially degenerate states of the
previous two sections, one finds the configurations with definite [ values,
15(2s?) and 'S(2p?), mix to produce the following two 'S wave functions:

U, = —0.476 1S(2s?) + 0.880 1S(2p?),
Uy, = —0.880 1S(2s?) — 0.476 1S(2p?).
These are approximations to wave functions of an excited helium atom
with two electrons in the n = 2 level. The overlap of these states with the

(12.6.1)
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corresponding SO(4)12 states of Sec. 12.4 is, to three significant figures,
0.982.2° To the same accuracy, their overlap with the SO(4);_» states of
Sec. 12.5 is 1.000.

The states given in (12.6.1) are defined by the eigenvectors of the inter-
action matrix

(S(2p*),112'S(2p%))  (S(2p%),175'S(25%))
(S(28%),17,8(2p%))  (S(2s%),135'8(25%))

_ 1 /1 —15v3
o512\ -15v3 1T )7

In the corresponding SO(4);_2 matrix that defines the states in (12.5.3),
the lower right-hand entry, 77, is replaced by 81, with an increase of approx-

imately 5%. The remarkable agreement of the SO(4);_ configuration mix-
ing of degenerate two-electron states and the mixing caused by the electron

(12.6.2)

repulsion operator 1/r1s persists for a wide variety of two-electron n, n
states.3 It arises from the fact that in the regularized systems

riy —Iro9 = (Bl - Al) - (BQ - Ag) (1263)

This causes in-shell interactions to produce approximate eigenstates of
|A; — A3]2.3 To estimate energy changes produced by 1/r12 when one
is using the regularized system defined by W = 0, with

W = 1i19(p?/2 4+ p3/2 — Z/11 — Z /13 + 1/115 — 2E), (12.6.4)

one may consider all wave functions to be built from Sturmian func-
tions. To simplify notation, let us for the moment denote the collection
of quantum numbers LM bk, ni, ne,o, by k, and write Ug(ry,re) for
|LM (I, lp, n1, n2))|o). The matrix elements of 1/r15 are then

// \IIZ(I'l,I‘Q) \Ilkl (1‘1,1‘2) (I‘1I‘2/I‘12)d1‘1d1‘2 dwldwg. (1265)

These integrals vanish if k and k" do not have identical L, M, and . They
are approximated in Ref. 31, and may be evaluated exactly with the aid of
formulas such as those given in Ref. 32.

Sinanoglu and Herrick found that the SO(4);_5 coupling formula
(12.5.2) quite accurately predicts configuration mixing when n; # ng.33
The B; terms in (12.6.3) contribute to this mixing.

In 1980, Herrick and Kellman pointed out that the first two couplings
outlined in (12.5.6) are couplings that determine internal motions which
have not been coupled to produce rotational states of definite angular
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momentum. They made and developed the intriguing observation that
these internal motions are analogous to the internal vibrations in triatomic
molecules.?*

12.7 Configuration Mixing Arising From Interactions
Within Valence Shells of Second and Third Row
Atoms

In the 2s-2p shell, the number of electrons, N, varies from 1 to 8. It turns
out that in every case where the in-shell 1/r15 interactions act on initially
degenerate 2sP2pN~P configurations, the resulting states are very similar
to eigenstates of A2 =37, _;
the corresponding states is 0.999.3% As in the two-electron case, a slight
difference in the configuration mixing arises because the actual 2s-2s diag-
onal element is slightly less than that required for eigenstates of A2. As

the number of electrons increases, the difference decreases, becoming less

|A; — Aj|?. In every case, the overlap between

than 1% when N reaches 8. The coupling (12.4.1) produces eigenstates of
ZKJ. |A; 4+ A;|? which in all cases give poorer approximations to the actual
configuration mixing.29

The effects of Coulomb repulsions within the 3s-3p shell are very similar
to those within the 2s-2p shell. The overlap between the calculated states
produced by configuration mixing and the eigenstates of A2 varies between
0.987 and 0.997.362

In-shell configuration interaction between 3s, 3p, 3d electrons is well
approximated by two-electron eigenstates of A2, and three-electron states
if the orbital and spin angular momenta are fairly high, as in 4S, 4P, *F
or 2D states. However when d electrons are involved in 2S,2P or 2D states,
the overlap between the eigenstates of A% and those of 1/r15 can become

as small as 0.657.36P

12.8 Origin of the Period-Doubling Displayed
in Periodic Charts

Contributions to a recent monograph, The Mathematics of the Periodic
Table, well depict current understanding of the manner in which dynam-
ical symmetries organize the properties of the chemical elements — and
therefore much of the natural sciences.3”

Barut was the first to use the dynamical group SO(4,2) for this
purpose.®® He pointed out that Madelung’s rule, which describes the filling
in of the periods, reflects a property of an SO(3,1) subgroup of SO(4,2).
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The rule states that in the neutral atoms in a given period, orbitals of
lowest n + [ are filled first, and that orbitals having the same n + [ value
are filled in order of increasing n.3° Unfortunately, as Ostrovsky notes, the
SO(3,1) subgroups do not contain the orbitals required to deal with period
doubling.*?

Advances that follow Barut’s are described in Ref. 37 in contributions
from Novaro,*? Kibler,*! and Ostrovsky, who provides a very extensive list
of references to the earlier literature.*? These authors explore the relevance
of the groups SU(2) ® SU(2) ® SU(2),50(4,2) ® SU(2), and SO(4,2) ®
SU(2) ® Zz. (In each of these direct-product groups the SU(2) subgroup is
not due to electron spin).

Most periodic charts portray one period of length two, Period 1. Then,
Periods 2 and 3 both have the same length, eight; Periods 4 and 5, both
have length eighteen; Periods 6 and 7 both have length thirty-two.

Though SO(4) has unitary irreducible representations of the required
dimensions, 1, 4, 9, and 16, each of these representations occurs only once
in SO(4,2). Thus a definitive feature of the periodic chart can have no
explanation within SO(4,2). A dynamical explanation of the observed order
of filling of orbitals with nodal properties of hydrogen-like n, I, m orbitals
must deal with this fundamental problem. Each of the authors mentioned
above has approached it in a different way, but much remains to be done
to develop a definitive deduction of period doubling.

The discussions in previous chapters make it evident that a dynamical
explanation of period doubling will also provide a knowledge of the relevant
subgroup(s) of the dynamical group of n-electron atoms.

In this connection, a key group-theoretic aspect of period doubling
emerges from an investigation carried through by Kitigawara.*> He estab-
lished that the smallest special orthogonal groups with UIR of the required
dimensions are the rank three group SO(7) and its noncompact general-
izations SO(5,2), etc. No known single-particle system appears to have the
required dynamical symmetry.

Fortunately, Kitigawara’s analysis provides further insight into what is
required to derive period doubling from the dynamics — and hence dynam-
ical symmetries — encoded in many-electron Schrédinger equations. The
length of each period is a reflection of the fact that the energy gaps between
two successive periods is greater than the step-by-step energy changes that
develop as each periods fills. One might conjecture that in the simplest
of approximations the dynamical symmetry responsible for this could be a
degeneracy group which is a subgroup of SO(8,4). It could be that of systems
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with a single outer electron moving in an approximate self-consistent field
potential provided by a nucleus surrounded by inner-shell electrons. The
inner shells must then have the effect of shifting the energy of an n—d state
to that of an n+1 s or p state, and must have the effect of shifting the energy
of an n —f state to that of an n+2 s or p state. If  is the quantum number
required to give a common label to all the states of a period, then states
whose n, [ values assign the same value to the expression n+ [+ 6,0 — 1
must have the same value of 1. The appropriate UIR’s of the group must
contain only the wave functions whose n, [ quantum numbers produce the
same value of 7. The dimensions of these UIR’s must be 7?, so that when
spin is taken into account, the number of initially degenerate outer-electron
states with quantum number 1 will be 2n?. The quantum number 1 must, in
all the periods, play much the same role as the principal quantum number
n does in Periods 1, 2 and 3. It should be able to label the Period, and one
should be able to express one-electron energies in the outer shell of neutral
atoms by

E=—¢%/2n% (12.8.1)

where the effective nuclear charge, (, is a function of 5. Further, quantum
numbers must be able to label orbitals in such a way that those filled in
each period have the correct number of nodes. As the period fills, ¢ can be
expected to become a function of these additional quantum numbers.

To summarize:

Though well developed inductions of possible symmetries respon-
sible for period doubling are available, there is mot yet avail-
able a definitive deduction of period doubling from the relevant
Schréodinger equations.

12.9 Molecular Orbitals in Momentum-Space;
The Hyperspherical Basis

To make contact with current literature, in this and subsequent sections of
the chapter we will replace the quantum number % of Chapter 11, by p, and
use p = n —1 to replace the label n in both position-space and momentum-
space hydrogen-like wave functions. In the units we have been using the
operator of translations that carries r to r + R, that is, exp(R - V), can
be expressed as exp(iR - pop). The corresponding operator that acts on
momentum space functions and their associated hyperspherical harmonics
is the operator of multiplication exp(ip - R). If, for example, Y, (), p =
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n — 1, are hyperspherical harmonics corresponding to Sturmian position-
space functions, Xnum (r), and Schrodinger functions W, (r), then

exp(ip - R)Y pim (2) (12.9.1a)
corresponds to
exp(—iR - Pop) Xnim (r) = Xnim (r — R), (12.9.1b)
and
exp(—iR - Pop) Unim (r) = Upim (r — R). (12.9.1c)

To determine the effect of the translation one may expand the product
exp(ip - R)Yim (Q) as a sum of hyperspherical harmonics, writing,*4

exp(ip - R) Y pim (Q ZS M (PORY) Ypr i (). (12.9.2a)
Then

Smm  (poR) = / Y v () exp(ip - R)Y i (Q)d2. (12.9.2b)

If X is a vector from the origin to a point on Fock’s unit hypersphere, then
his equation governing the motion of an electron in the field of a nucleus of
charge 7 is

po¥(Q) = /(Z/|X — X% w(Q) dQ'. (12.9.3)

Translations convert this into an equation governing the momentum of an

electron moving in the electric field due to a set of nuclei of charge Z; at

positions R;. The resulting generalization of Fock’s equation is**

po#(9) = [ 37 (X - X7 exp(-ip — ) Ry} () 0

(12.9.4a)
It defines the equation

(P —po)C =0, (12.9.4b)
in which C is the vector of coefficients in the expansion
D) =" CpimYpim(9). (12.9.4c)
The matrix

P=> Z;W(poR;) = > ZS(poR;) 'S(poR;). (12.9.4d)
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The elements of the matrix S(poR;) are S™7  (poR;), and
S(poR;) ™! = S(~poRy). (12.9.4e)

The matrix IT is diagonal with elements (1/1)0npm, n/irms . 1ts inverse, N,
has elements 1 dpim, n/i7m’/, and

N; = S(poRj)NS(poR;) . (12.9.5a)
Thus
W(poR;) = N;' = (S(poR;)(N*)S(poR;)~)"/2. (12.9.5b)

The analog of (12.9.4b) that corresponds to Schrodinger’s time-
dependent equation is

(P —1i9/0r)C = 0. (12.9.6)

The expansions in the past few paragraphs can be translated into cor-
responding expansions in a Sturmian basis. Here we wish to call attention
to two properties that are common to both expansions:

(i) The operator P becomes that of a united-atom as the R; approach
zero and its eigenvalues approach n. As the R increase from zero the
degeneracies associated with each value of n are broken, and thereafter
each wave function and energy undergoes adiabatic change until any
further crossings develop. One can think of these altered n values as
effective quantum numbers, and they enter into the Sturmian functions
as such.

(ii) In Eq. (12.9.5), the independently variable quantities in the matrix
elements of P are the components of the variables s; = pgR;. For each
set of chosen values of the s;, the equation determines the eigenvalue
po; then one can determine the R;. Though at first sight a nuisance,
this property has several important consequences:

(a) Tt introduces a scale factor that multiplies the radial argument r of
Sturmian basis functions in a manner which ensures that united-
atom and separated-atom hydrogenic levels are properly correlated.

(b) This helps enable limited basis sets to produce much better approx-
imate energies and potential energy curves than are produced by
small LCAO or Gaussian basis sets.*%46

(¢) Near nuclear configurations that make pg a degenerate eigenvalue,
the rank of the matrix P becomes unstable to small displacements.
This provides a method for uncovering crossings and degeneracies
at which new chemical and physical phenomena may develop.
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12.10 The Sturmian Ansatz of Avery, Aquilanti and
Goscinski

If one neglects center of mass motions and regularizes the Schréodinger equa-
tion for a helium atom by multiplying it by the radial coordinates ry, ra, of
electrons number 1 and 2, one obtains an equation which may be written as

I‘Q{I‘l(p?/Q — El) - Z} + I‘1{I‘2(p§/2 - EQ) - Z} + I‘11‘2/I‘12 = O, (12101)
with
E,+E;=E.

If the riry/r12 term were not present, the solutions of the Schrodinger
equation would be a product of the scaled Sturmians that are solutions
of the single-particle Schrodinger equations whose regularized Hamiltoni-
ans are the operators contained in the curly brackets. The Sturmian ansatz
of Avery, Aquilanti and Goscinski may be thought of as a method, a very
clever one, for parceling out portions of the riry/rio term between the curly
brackets. It is now a well developed system for approximating solutions to
the regularized Schrodinger equations of multi-electron systems of atomic
and molecular physics.

The following outline of the ansatz closely follows that of Avery and
uses his symbolism.*>4 He begins with the general Schrodinger equation

(=A/2+V(x) —E) =0, (12.10.2a,b)

in which
d
A=Y 0%/ox}, x=(x1,%2,...,%a), (12.10.2¢)
1

and the total potential V(x) is the sum of the attractive potentials, Vo (x),
the total electrostatic repulsion potentials, and any other relevant poten-
tials.

Let us for the moment ignore the Pauli principle and spin, and expand
1) as a linear combination of many-particle Sturmian functions

=Y B, d,(x), (12.10.3)
in which the ®, are required to satisfy the equations
(—A/2 4+ B, Vo(x) —E)P,(x) =0. (12.10.4)

Here (8, is chosen in such a way that the energry E in these equation does
not depend on v. The members of the set of solutions to Eq. (12.10.4)
all correspond to the same energy. This energy is chosen according to the
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state that is being represented. It can be shown that the set of isoenergetic
solutions to (12.10.4) obeys a potential-weighted orthogonality relation.
It is convenient to normalize the configurations in such a way that these
orthogonality relations take the form

/ dx %, (x) Vo (x) @y (%) = (2E/8,)6,., (12.10.5)

where dx represents the d-dimensional volume element of the system. Equa-
tions (12.10.4) and (12.10.5) assign a portion of the attractive poten-
tial to each ¢,(x) in a manner which, when supplemented with side
conditions given below, produces energies and wave functions that closely
approximate self-consistent field results. Taken together, (12.10.4) and
(12.10.5) require that

Y (=A/24 V(%) —E) B2, (x) = Y (=B, Vo(x) + V(X)) B, 2, (x) = 0.

(12.10.6)

Multiplying these relations from the left by ®¥,(x) and using (12.10.5) one
obtains the simple set of equations

> [/ dx &}, (x) V(x)P, (x) — 2E5W,} B, =0. (12.10.7)

Next, suppose that the functions ®,(x) are products of single particle
Sturmians ¢, (x),n = nlm, and spin functions o, and then write

Xp(X1) = ¢p(X)o, p=n+1/2. (12.10.8a)
Then let

du (%) = Xpu(x1) X (X1) X (%1) - - (12.10.8b)

and require:

(A) The functions x,(x;) are solutions of the equations

(=4 + K — 2nky/15) X,u(%5) =0 (12.10.9a)
and
(B)
/d?’Xj X (%3)" (1/75) X (%5) = (/)0 (12.10.9b)
(©)
[ sl =1 (12.10.9¢)

The k, are required to be related by the constraint
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kP4 kY + k2 +- - =pg=—2E (12.10.9d)

and a further constraint, which for an atom with nuclear charge Z, is
(E)

n.u'k/"' = ’]’L'u/kul7: ter = Z/Bl/' (121096)

Equations (A) and (D) taken together assign to the argument of each x, (x;)
a scale factor k,, and hence eigenvalues

Pop = Ky = (—2E,)"/2. (12.10.9f)
Then equation E requires
k, =175, /n,. (12.10.9¢g)

Thus Z3, is an effective nuclear charge that becomes assigned to the Stur-
mian with single-particle energy

—(1/2)k7 = —(1/2)(ZB)* /n;. (12.10.10)

With the substitution given by (12.10.9g) the orbitals x, become solutions
to the one-electron hydrogen-like wave equation for an atom with effective
nuclear charge Z (,. All the orbitals belonging to the configuration ®, have
the same effective nuclear charge.

Equation C defines a normalization of the scaled Sturmian functions
that is obtained by multiplying the Sturmians of Table 11.3.1 by a factor
of ki’/ % after their radial argument has been multiplied by £,. Thus, for
example, the normalized radial function for a 2p function is the Sturmian
k3/2 2(kyr) exp(—k,r).

Now let us return to Eq. (12.10.7), that is to the equations

S| [ @00 Ve 0,60 - 280, B, 0.

v

Let
V(x) = VO(x) + V(x), (12.10.11a)
with VO(x) being the sum of nuclear—electronic attractive potentials, and

Vix) =D 1/r; (12.10.11b)

i<j
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Next define
/dxcbj;, (x) VO(x) @, (x) = —poTY,,, (12.10.11c)

/dx ¥, (x) V(%) @, (x) = —poTL,,. (12.10.11d)

The T!,  are negative dimensionless quantities and are independent of po.
The TY,, are positive, also dimensionless, and in the atomic case, indepen-
dent of pyg.

In the atomic case, conditions (12.10.9a—d) imply that

T}, = —(1/po) /dX ©} (%) VO (x) Dy (x) = (—2E/pof, )3y

(P0/B)0ur = (1/B)D_ k)26 (12.10.12)

If there are Nj electrons with principle quantum number nj, it becomes
convenient to define

R, = (Z Nj/nj2>1/2, (12.10.13)

a function whose value only changes when orbital occupancies change. Then
(12.10.9¢e) implies

1Y, = ZRy0ur,. (12.10.14)

Inserting (12.10.11b) into (12.10.7), and dividing through by po produces a
set of secular equations. If one lets T® = T°I be the diagonal matrix with
elements ZR,, and T' be the matrix with elements T!

v'v

then the secular
equations take on the matrix-vector form:

(T" = (po — T")I)B = 0. (12.10.15)

Some of the key consequences of Egs. (12.10.9) are revealed when the
methodology is applied to neutral several-electron atoms while configura-
tion interactions are neglected. If the many-electron states obtained by
solving (12.10.15) are labeled by an index , and their momenta pg are
labeled po, then

pox = ZR, — T, (12.10.16a)

and
E, = —(1/2)(ZR, — T,,.)*. (12.10.16b)

For the ground states of neutral atoms with 2 to 9 electrons, as Z runs from
2 through 9, T., changes from 0.441942 to 2.41491, an average increase
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of ~0.281/electron. For Z > 3, the calculated energies are very close to
the Hartree-Fock self-consistent field values.*®46 However, with marked
contrast to SCF calculations, the orbitals produced have a simpler form:
they are all one-electron Sturmians. Avery and Avery have used this fact
and a 1/Z expansion to neatly isolate and study the large configuration
mixing effects that arise from the interaction of degenerate one-electron
functions the same principal quantum number.*”

When configuration interactions are included, the resulting many- par-
ticle functions can still be considered to be Sturmians whose momentum-
space analogs correspond to functions defined on hyperspheres in spaces
of dimension greater than 4. Avery, Aquilanti and others have exten-
sively developed the connection between hyperspherical bases defined on n-
dimensional hyperspheres, and corresponding multiparticle Sturmians.'?-46
Correlations between particle motions are introduced by both the radial and
angular functions that multiply these terms. In the hyperspherical bases,
these correlations are all expressed as angular correlations.

The theory has been developed and extensively applied when V(x) is the
potential function appropriate to many-electron atoms.'? It has been used
to turn the treatment in Sec. 12.9 into that of many-electron molecules.*¢
It has also been extended to relativistic systems.!'?

In concluding this section, we would call attention to the fact that
Eq. (12.10.16), and the previous deductions, require the development of an
entirely new analysis of effective nuclear charges for regularized systems.

Exercises

1. Draw a united-atom versus separated-atom correlation diagram for the
levels of Hy that includes united-atom levels through n = 3. Identify
the “forbidden crossings”.

2. Express the integral (12.2.7) as a function of n, and use the result to
determine the dependency of (12.2.2) on all relevant quantum numbers.
Using these, determine the dependency of the wavenumber of Stark effect
lines of hydrogen upon these quantum numbers (cf. Ref. 4).

3. Use Sturmians for the ground state of He to exemplify Eq. (12.10.2)
through (12.10.14). Set A = 0.4419 and calculate the contribution of
(1/r12) to po and E.

4. Use (12.9.1) to express the hyperspherical harmonic analog of the bond-
ing molecular orbital of H;' . Do the same for the corresponding anti-
bonding orbital.
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5. It has long been known that, in solutions, benzoquinone can exhibit

a dipole moment — despite the fact that its molecules have a center

of symmetry. Use extended Huckel or similar calculations to develop a

correlation diagram for the energy levels of its hydrocarbon analog as

the molecule undergoes a Bzu out-of-plane bending. (The corresponding
mode in benzoquinone has a very low frequency, ~ 100 cm™1!). Identify
crossings involving the highest occupied 7 level, if any, and estimate the

direction of polarization that might result. Carry out analogous calcula-

tions using an SCF or a better program.
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CHAPTER 13

Rovibronic Systems

13.1 Introduction

Lie-algebraic methods were introduced into the study of the spectra of
rotating and vibrating molecules by physicists who had contibuted to
the development of the liquid drop model of nuclei and its connections
to models composed of discrete nucleons. Their early success in nuclear
physics led to several thoroughly developed mathematical models of rovi-
brational motion: the harmonic oscillator model, the symplectic model and
the vibron model. For information about the first two, the reader is referred
to reviews by Moshinsky and Rowe.? A U(6) vibron model was intro-
duced in nuclear physics by Arima and Iachello,> and Iachello introduced
a U(4) vibron model into molecular physics.* They have been applied to
diatomics,® triatomics,® tetra-atomics,” and to molecules at least as com-
plex as benzene.® Several monographs have been devoted to applications of
the model in nuclear physics and molecular physics.? 11

The vibron models are semi-empirical ones, and a major criticism leveled
against their application to molecular physics has been that there does not
appear to be a definitive connection between their Lie-algebraic structure
and that associated with Schrodinger equations with definite potentials.
Nevertheless, they represent an outstanding example of the inductive use
of the mathematics of Lie algebras in the sciences. We will concentrate
attention on the connection they establish between molecular spectroscopy
and Lie algebras.

13.2 Algebraic Treatment of Anharmonic Oscillators
With a Finite Number of Bound States

The Morse oscillator was one of the systems with both a discrete and a
continuous spectrum investigated in Chapter 10. It was found to have a
non-compact three-parameter dynamical group, SU(1,1).

389
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Here we wish to deal only with bound states of anharmonic oscilla-
tors. The simplest way is to compactify the noncompact groups that are
the dynamical groups of these systems with both continuous and discrete
spectra. Compactifying the Lie algebras of the dynamical groups, SO(2,1)
of SU(1,1), of one-dimensional systems, produces the semi-simple A; Lie
algebra of the groups SU(2) and SO(3). It provides a useful spectrum-
generating algebra for the Morse oscillator.!? Its potential energy function
can be expressed as

V =D,(1 — exp(—a(r —1.))?, (13.2.1)

where r. is the value of the internuclear distance, r, at which the poten-
tial takes on its minimum value, D.. This function is plotted in
Fig. 13.2.1a. The corresponding total energy surface, E(r,p), is depicted
in Fig. 13.2.1b.

Let three Lie generators Sy, of SU(2) and SO(3), obey the commutation
relations

[S1,S2] =1iS3, [S2,S3] =iS1, [Ss3,S1] =iSa. (13.2.2)
In this notation, the shift operators for the labeling operator Ss are
S+ =S; + ng, S_ =9S; —1iSs. (13.2.3)

The mathematical eigenstates of S3 may be denoted |jm). They satisfy the
relations
Silim) = (5 + 1) = m(m +1))"/2|jm + 1), 1520
S—ljm) = ((j +1) = m(m — 1)))!/|jm — 1).
When the resulting Lie algebra and Lie group are those of the bound states
of an oscillator, it is assumed that only the absolute value of m is a physical
observable.
As the mathematical states |jm) and |j — m) correspond to the same
physical state, it is the value of |m| that is physically relevant. As

S_[j.—j) =0, Sulj.j) =0, (13.2.53)
one has
Im| =1/2,3/2,...,j (13.2.5b)
or
m|=0,1,2,3,...,7. (13.2.5¢)

In the first case the oscillator has 25 —1 energy levels and the group is SU(2).
In the second case it has j + 1 levels and the group is SO(3). However, as



Rovibronic Systems 391

(a)

(b)

Fig. 13.2.1 (a) Morse potential function; (b) Morse energy surface.

seen in Sec. 10.7, for the Morse oscillator, the m = 0 case is excluded, so in
the second case there are j energy levels.

To make contact with the vibron model which originated in nuclear
shell theory, one expresses the group generators as binary products of
boson creation and annihilation operators bIbl, b;bz, b{bg, and b;bl.
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These operators are mathematically characterized by the commutation
relations

[ba, bh] = dag. (13.2.6)

These are relations obeyed by operators that create and annihilate particles
that have the interchange symmetry of bosons. The compound operators
b;rlb;.c generate unitary groups and special orthogonal groups. For SU(2) and
SO(3), letting S — S’ one has

St = (biby +bliby)/2, S, = —i(biby —biby)/2, (13.2.7a,b)

5= (blby —blbs), S =biby, S_ =blb (13.2.7¢¢)

The algebra of SU(2) becomes that of U(2) if one adds to these the further
generator

Nop = bib; + biby. (13.2.7f)

In the Morse oscillator realization of the Lie algebra, one can establish
the dependence of the boson creation and anhillation operators upon the
dynamical variables q,t and the operators —id/dq, i9/0t. To do so we
slightly modify a mathematical development due to Iachello and Levine.!?
To simplify matters for the reader we first observe that the notation of Sec.
10.7, is related to that of Tachello and Levine by the changes d — Vg,a —
Bym — .

If one sets £ = B(r —rg), the Schrodinger equation with Morse potential
Vo(exp(—2¢) — 2exp(—¢&)) and reduced mass p can be written as

{=02/0€ + (211/ (hB)*) Vo (exp(—2€) — 2 exp(—€))} U = (2u/ (hB)*)EVE.

(13.2.8a)
If one defines a unit-free energy, € = (2u/(h3)?)~ !, the results of Morse
require that

E=—e(M/2)? M/2=n+1/2-k, k= (h8)"1(2uVo)*/?, (13.2.8b)

with M /2 being an integer. The relationship of this expression to observed
spectral lines associated with photons of frequencies w is supplied by com-
paring it to the standard Dunham expansion,'* which can be put in the
form

W=we(V+1/2) —wexe(v +1/2)%+.... (13.2.8¢)

After a time dilation similar to that introduced in Sec. 10.7, one can
write

Up = g (€) exp(iMt). (13.2.8d)
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Letting N be an eigenvalue of N,p, and setting
(2u/(hB)*)Vo)/? = (N +1)/2, and ®g(€) = Ry m(§),  (13.2.92)
converts (13.2.8a) to the following equation:

{=02/0€ + (N +1)/2)*(exp(—2€) — 2exp(—£)) + (M/2)*}
X Ry (&) exp(iMt) = 0. (13.2.9b)

To express this in terms of the boson operators one may define
x' = pcos(t), y' = psin(t) (13.2.9¢)
and, a la Dirac, define the shift operators

by = (X' +0/0x)/v2, bl = —8/0x')/v2,

(13.2.9d-g)
b2 = (v +0/0y')/v2, by =(y'—0/0y)/v2.
On setting
exp(=€) = p* /(N +1), (13.2.9h)
and letting
R, (§) exp(iMt) — [N, M), (13.2.9i)

the result of Tachello and Levine establishes that the Morse Schrodinger
equation is equivalent to the relations

Nop|N, M) = N|N, M),

(13.2.10a,b)
SZ|N, M) = M?|N, M).

These two last equations may be considered to be the defining equations
of an abstract one-dimensional vibron — an oscillator with U(2) dynamical
symmetry that is vibrating in one spatial dimension and possesses only a
finite number of bound states. In this particular case the relations (13.2.8)
and (13.2.9) define the vibron to be a Morse oscillator.

An unlimited number of realizations of the vibron algebra with spec-
trum (13.2.4) can be obtained by unitary transformations of the Morse
generators and Hamiltonian, yielding operators S’ = TST~!. These will
not alter the abstract group and they will not alter the spectrum of the
oscillator, but can alter transition probabilities. The spectrum itself can be
most easily altered by changing the parameters that determine N and Dy,
and by adding functions of S to the Hamiltonian. A vibron Hamiltonian
H = F(S5) will have eigenstates T |jm) with energy E = F(m).
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13.3 U(2) ® U(2) Model of Vibron Coupling

In this model, a pair of non-rotating, initially independent, vibron oscilla-
tors are coupled.'® The pair of uncoupled oscillators has as its spectrum
generating group U(2), ® U(2),. The U(2) groups are as defined in the pre-
vious section. This two-vibron group contains several subgroup chains, of
which we list the following three:

(i) UL)wy @ SU(2)a @ SU(2)5 D U(1)ap @ SU(2)a, D SO(2)an,
(11) U(2)ab D) U(2)ab D) SU(2)ab D) SO(2)ab, (1331)
(i) SO(2)a ® SO(2)b D SO(2)ab.

The generator of U(1),p is
Nop = Nopa + Nop, = bl b1a + bl baa + bl bip + bl by, (13.3.2a)
and the generators of SU(2),; are the three corresponding operators
Siab = Sja + Sjp- (13.3.2b)

The group SO(2)ap is usually chosen to have Sja1, as its generator.
The coupling of the direct product SU(2),®SU(2)}, produces the second-
order Casimir invariant

Coab = (Sa+Sb) - (Sa +Sb) = S2 + S7 + 2S, - Sp. (13.3.3)

It can be used to impose a correlation of the motions of the two vibrons.
The coupled states are those defined by (10.11.6), viz.

|JM (> b)) = EC(jags] M5 mams)|jama) |jsms)- (13.3.4)

They are eigenstates of S,-Sy, with eigenvalue {J(J+1) =74 (Ja+1)—Jo(Ja+
1)}/2. In the vibron model, S,-Sy, couples the normal modes of two vibrons.
Using the notation of the previous section, all two-vibron Hamiltonians of
the form

_ / / / / / ! / /
H—F(CLavCl,ba 2,27 Y2,bs Y2abs Yabsr D3as 3b)s (13.3.5a)

will have eigenstates that can be linear combinations of T'(|jama)|jsms))
and T|JM (jq, j»)), with eigenvalues

E= F(ja7.jbaja(.ja + 1)’jb(jb + 1)’ J(J + 1)’ Ma maamb)' (1335b)

Strong couplings of normal modes take place when the modes are
degenerate, or very nearly so. As this specificity exerts the greatest strain
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on coupled U(2) ® U(2) vibron models, it is worth considering them in
some detail. A seminal study of the bond vibrations of Y-X-Y molecules
by van Roosmalen, Benjamin and Levine did just this.'® They found
the most relevant group chains to be (i) and (iii) The states of chain
(i) are the T|JM (ja,js)) and those of chain (iii) are local mode states
T(|jama)|jpmme)). For their most general vibron Hamiltonian with SO(2)4s
symmetry the authors choose one with three parameters, A, B and A, and of
the form

H=Eq+ A(S3, +S3,) + B(S3a + Sab)? + A(NaNy, /2 — 2S, - Sp,). (13.3.6a)
Its eigenvalues are

Eo+A(m24+m3)+B(ma+m5)* +A(Ja(Ga+1) + jo(Jo+1) +2agp — J (S +1)).

(13.3.6b)
H commutes with an operator, I, which is the sum of the two operators
I = (b];bl; — bl;bl.)(b1jb1; — bajbay). (13.3.7)

Here, the parameters are determined from the vibrational spectra of the
system.

The model was tested using least-squares fits to the vibrational spectra
of H,O, O3 and SO5 to determine the values of A, B and A for each molecule.
The integer, N, was set to yield the correct number of bound vibrational
states of the molecule. The root mean square deviations from vibron ener-
gies were found to be 3.99 ecm™!, 23.7 cm ™! and 1.23 cm ™!, respectively.
The model was also applied to the C—H and C-D bond stretching vibrations
of acetylene and deuteroacetylene, for which root mean square deviations
were found to be 3.91 cm~! and 4.85 cm™!. These results show that the
model is able to predict vibrational energies with accuracies better than
1%, even in molecules with almost degenerate vibrational modes.

The comparisons with experimental data noted above turn out to be
similar to those obtained in a number of subsequent investigations of n-
vibron models of vibrations in polyatomic molecules with n modes of
vibration. It has even proved possible to include terms in the vibron Hamil-
tonian that deal properly with Fermi resonances'” and overtone vibrations
in linear'® and bent!? triatomics. To obtain results of such accuracy the
model usually requires fewer parameters than are required in the previ-
ously standard Dunham expansions. This implies that the vibron models
express group structure that must be very similar to that of the dynamical
groups of the physical systems.
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13.4 Spectrum Generating Groups of Rigid Body Rotations

Edmond’s description and notation for Euler’s angular coordinates «;, 8 and
~ will be used to describe the orientation of the principal axes of inertia of
a rigid body with respect to a space-fixed axes.?’ Setting x = cos(f3), the
Hamiltonian of a symmetric top is
(=1/20){(1 = x*)0?/ox* — 220/0x + (I /I3 + x*(1 — x*)"1)9? /0~*
—2x(1 — x*)719%/0adn}.

The solutions of

(H—1i9/0t)¥ =0 (13.4.1)
may be expressed in terms of Wigner’s D functions.?° We set

U =" Cjmn¥jmn(a, B,7) exp(—iEjnt) (13.4.22)

with
U jn (e, B,7) = (25 + 1)'V?DI, (o, B,7) /4T, (13.4.2b)

and
Ejn =370 +1)/2L +n*(1; —I3)/21 15, (13.4.2¢)

with
j=0,1/2,1,3/2,..., |m| < j, In| <j. (13.4.2d)

The 9 jmn (e, 8,7) are normalized D functions, and are orthonormal under
the scalar product

27 2m 2
(f,g):/_2 doz/0 sin(ﬂ)d/é’/o dy f*g. (13.4.3)

Bopp and Haag have proposed that the D functions with half-integer j
values could provide spatial realizations of the wave functions of particles
with half-integer spin.2!

To determine the dynamical group of (13.4.1), Kumei??® began by using

Dop = exp{t0/0tIn((Jop + 1/2)/H)} (13.4.4a)
to linearize the spectrum of j. In (13.4.4a),
Jop +1/2= (1/2){1 4 8L, [H + (I — I3)/21113)0?/9~2|} /2. (13.4.4Db)
The dilatation operator D, converts (13.4.1) to
{(1 =x%)0%/0x* — 2x0/0x + (1 —x*)71(9?/0a? + 02 | O~*)
—2x(1 = x*)71)0%/dady + (i0/0t)* — 1/4}® = 0.
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with

o = chm”¢jm”’ Djmn = \Ijjmn(aaﬂa 7v) exp(—i(j +1/2)t).
(13.4.5a,b)
Setting up and solving the 14 determining equations required to obtain
first- and second-order differential operators yields 16 generators Q' of the
invariance group of (13.4.5). One of these is the generator i®0/0® of the
group that can change the phase of ®. The other 15 were denoted Q;k. They
obey the SL(4,R) commutation relations
[Q§,Q 4] =6Q - 5Q L (13.4.6)
Here we summarize some of the general properties of this dynamical group.
For a fuller discussion the reader is referred to the original paper.?2?
Converting the Q’ Jk to skew-adjoint or self-adjoint generators of invari-
ance transformations of the original Schrodinger equation produces the gen-
erators of its dynamical group. The action of the resulting labeling operators
—i0/0a, —i0/dvy and i0/0t, on the eigenfunctions

(;bjmn = \I/jmn(a7 ﬂ7 ’Y) eXp(ii(j + 1/2)t)

| (13.4.7)
= ((2j + 1)"/?/4m)D, (e, B, 7) exp(=i(j + 1/2)

is given by
—18/804 gbjmn: m(bjmn, —i(‘)/@’y qumnzn ¢jmn7
10/0t Gjmn=(J + 1/2)bjmn-

Kumei found that all of the generators which shift j shift it by 1/2 unit.
They must consequently shift both m and n by 1/2 unit. The Lie algebra is
consequently that of the group SU(2,2). The group contains operators that
mix states with integral and half-integral values of j. The physical interpre-
tation of these mixed states present problems that have been addressed by
Bohm and Teese.?® Double-jump operators for j may be constructed from
products of the single-jump operators. However they do not close under
commutation with the other SL(4,R) generators.

We next consider the degeneracy groups of the systems. When all three
moments of inertia are equal, the resulting spherical top has SU(2) ® SU(2)
as its degeneracy group. In the notation of Ref. 22 the shift and labeling
operators of the group are

Qo = Qly = exp(ia){(1 — x?)Y29/0x — ix(1 — x?)"Y/29/da

+i(1 —x*)"Y28/0y}, (13.4.8a)
Qu = Ql, = exp(in){(1 —x*)"/?9/0x — ix(1 —x*)7"/?0 /0y

+i(1 —x%)7128/da}. (13.4.8b)
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These generators have the following action on the @;yn:
Qo Gjmn = (G +1) = m(m +1)"¢jmi1n,
Quo Gjmn = =i +1) = m(m = 1) Gjom—1n,
Qu1 Gjmn = —(i(i +1) = n(n +1)"?¢jmn1,
Qiz djmn = (5 +1) = n(n = 1))"2Gjmn 1.

For the symmetric top with I; = Iy # I3 the generators Q11 and Q12
become time-dependent, but remain invariance generators of Eq. (13.4.1).
The degeneracy group is reduced to SU(2) ® U(1).

This change in the degeneracy group is an example of a general

(13.4.9a-d)

phenomenon with interesting consequences.?* Suppose that W,(q,t) is a
general solution of the time-dependent Schrédinger equation with Hamil-
tonian H,, and that ¥y(q,t) is a general solution of the time-dependent
Schrodinger equation with Hamiltonian Hy,. Next, expand these ¥(q,t) as
a sum of solutions of their time-dependent eigenstates, WU p(q) exp(—iEant)
and Uy, (q) exp(—iEpnt), respectively. Now, suppose also that all the func-
tions Wn(q) and Wy, (q) are contained in the same Hilbert space of square-
integrable functions f(q). Then, if Q, is an operator satisfying the equation

[(Hy —i0/0t), Qa]¥a(q, t)] = 0, (13.4.10a)
and if
Sab = exp(—i(Hp — Ha)t), (13.4.10b)
is well defined,?* then
Qab = SabQaSy, (13.4.10¢)
will satisfy
[(Hy — i0/0t), Qab]¥s(q, t)| = 0. (13.4.10d)

When Q, is a time-independent constant of motion of H,, the operator
Qqp will be a time-dependent constant of motion if Q, does not commute
with Hy,. This is the case when a spherical top is converted to a symmetric
top. One then has

Hy, — H, = (—1/2)(Ix — 1,)9%/9+>. (13.4.11a)
Thus
Sab = exp(i(t/2))(Iz — 1;)9%/0~* = exp(atd?/0+?). (13.4.11b)
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It acts on the term exp(ziy) in Q11 and Q2, converting both generators
to functions of time.

The transformation from the generators Q, to Qap, is a similarity trans-
formation. Application to all the generators, Q,, of the Lie algebra asso-
ciated with Hamiltonian H, does not change their commutation relations:
the corresponding set of generators Q. are those of an isomorphic Lie
algebra. Its generators are the quantum mechanical representatives of time-
dependent constants of motion of system b. An analogous change occurs
when the symmetry of the top is reduced to that of the asymmetric top
whose degeneracy group is simply SO(3).

The inverse of the transformation S, is the transformation S;bl, which
can convert time-dependent generators of the dynamical group of the sym-
metric top, to the generators Qq; and Qp2 of the degeneracy group of
the spherical top. Usually one expects perturbations to shrink degeneracy
groups. Here one has a perturbation that enlarges a degeneracy group, and
does so in a most obvious manner. As pointed out in Chapter 1, if one does
not know the dynamical group of a system, the perturbations that produce
increases or changes in observed symmetries are very difficult to detect.

In 1984 Harter and Patterson introduced the concept of rotational
energy surface. Such surfaces depict the relation between the energy of
a rotating object and the orientation of its angular momentum vector in
a body fixed system. The angular momentum vector is assumed to have a
given direction and magnitude in a space-fixed system. For a classical top
with angular momentum of magnitude L2 and principal moments of inertia

I, = 1/2A,1, = 1/2B,1, = 1/2C,
H=AL;+BL+CL.. (13.4.12)

If the Euler coordinates of L in the body-fixed frame are —a, —3, —, then
25

the energy, E, of the top is given by the expression
E=J*(1/3)(A+B+C)+(1/6)(2C — A — B)(3cos*(3) — 1)
(13.4.13)
+ (1/2)(A — B) sin?(8) cos(27)}.

Figures 13.4 illustrate the resulting constant energy surfaces for prolate,
oblate and spherical tops. They are obtained by setting § and v equal to the
polar coordinates — and —¢, respectively, then considering E = r(6, ¢).
Because the classical and quantum mechanical dynamical groups of these
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Iz

Fig. 13.4.1 Momental ellipsoid of a prolate symmetric top in the body-fixed
system. The angular momentum vector is stationary in the space-fixed system.
I >Ix =1I.

Fig. 13.4.2 Momental ellipsoid of an oblate symmetric top in the body-fixed
system. I, > Ix = Iy.

Fig. 13.4.3 Momental ellipsoid of a spherical top in the body-fixed system. I, =
Ix =1Iy.
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systems are locally isomorphic, the relation between classical trajectories
of constant E on these surfaces can be used to graphically illustrate their
dynamical symmetries. The energy surfaces of the prolate and oblate sym-
metric tops express an SO(2) rotational symmetry about an axis; that of
the asymmetric top has no such symmetry. The reader is referred to Har-
ter’s article for a discussion of the classical trajectories of constant energy
on the surface of these tops.

13.5 The U(4) Vibron Model of Rotating Vibrating
Diatomics

If there were no coupling between the rotational motion and vibrational
motion of a diatomic molecule with a spectrum generating U(2) or SO(3)
group, one would expect the dynamical group of the vibrating and rotating
system to be U(2) ® SO(3) or SO(3) ® SO(3). However, one knows that
the moment of inertia of the molecule will increase when centrifugal forces
stretch the bond, so one anticipates interaction between the two groups. To
deal with this interaction Iachello introduced a U(4) model.* Its Hamilto-
nian must be invariant under rotations of a coordinate system with origin
at the center of mass of the molecule. There are two group chains starting
with U(4) that meet this requirement:

(a): U(4) > U(3) > U(2) > 0(2),

(13.5.1a,b)
(b) : U(4) D 0(4) D O(3) D O(2).
For chain (a), Iachello set
H=H"=Eq + a'C1(U(3)) + a®C2(U(2)) + AL?, (13.5.2a)
and for chain (b), set
H=H"=E;+ A C3(SO(4)) + BL% (13.5.2b)

The variables Eg, o', o2, A, A, B, are parameters whose value is determined
from experimental data.

The eigenvalue, N, of the U(4) number operator E? bJTbj7 fixes the
dimension of the U(4) UIR, and thus determines the total number of bound
states the system can support. Let n be the eigenvalue of the U(3) num-
ber operator, Zf’ bijj, and let I, m be standard SO(3), SO(2) quantum
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numbers. Then the rovibrational state |[Nnim) will have

E* =Eo +a'n+a?n(n+3) + BI(1 + 1),
(13.5.3)
n=N,N—-1,...,0, l=n,n—2,...,10r 0.

If w is the SO(4) quantum number with values 1, 2,..., then the rovibra-
tional state |Nwim) will have

E® = Eg + Aw(w + 2) + Bl(l + 1),
(13.5.4)

w=NN-2...;,10r0, [=w,w—-1,...,0.

To identify the | = 0 case of H* with a Morse Hamiltonian one must
have

E* = Eg + aln + oa?n(n + 3),
(13.5.5)
Eo = —(1/4)(8%/2p), o' = (5/2)(8%/2p), o = —(8%/2p).

If one wishes to generalize to the [ # 0 case, one must also take into account
the fact that n is an integer which jumps by unity from 0 up to N, while |m/|
is half integer and jumps from 1/2 to j. This can only be arranged by setting
|m| =n+1/2,and N = j+1/2. This, however, requires [ to be shifted by 2
units, so the change in [ & is that of a two-photon transition. This indicates
that model (a) should be interpreted as applying to systems other than a
Morse oscillator. For further discussion of this algebraic Hamiltonian the
reader is referred to the review by Oss.26

To identify H® with a Morse Hamilton when [ = 0, one must take into
account that w is an integer which jumps by two units from 0 to V. This
requires that |m| = w/2 + k, where k = 0 if N is odd and k = 1/2 if N is
even. One then finds that A = —(1/4)(8%/2u) = —(k/2)(3?/2u), so k must
be chosen as 1/2. It follows that N must be an even number. Also, Eg must
have the same value it has under case (a). Consequently

EP = Eo + (1/4)(8%/2p) (w + 1)% + BI(l + 1). (13.5.6)

As in the atomic case considered in previous chapters, the SO(4) Lie algebra
contains operators that shift [ by one unit.
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In both cases (a) and (b), the energy expression is the sum of a kinetic
energy of rotation and an internal vibrational energy. As the internal energy
of the vibration motion increases, the number of rotational states allowed to
the bound system must decrease. If v is the vibrational quantum number,
as it increases n and w must decrease. This is accommodated in model (a)
by setting n = j — v — 1/2. In model (b) one sets (w+1)/2 =7 — v.

The generators of U(4) and SO(4) that couple U(2) ® U(2) relate the
vibrational and rotational motions, while converting product wave functions
or the form R(r)Y;, (6, ¢) to functions Z(r, 8, ¢) that could be expressed as
a sum of functions of the general form R;(r)Y;m (0, ¢). The existing work
on the U(4) model is examined in the monograph of Iachello and Levine,
who conclude that chain (b) “provides a reasonably good description of the
spectra of rigid diatomics”, but “quite often the acual situation deviates
somewhat from that of a simple Morse oscillator.” They find that some
general expansions which are polynomial functions of the Casimir operators
of model (b) converge more rapidly than standard Dunham expansions.

13.6 The U(4) ® U(4) Model of Rotating Vibrating
Triatomics

Conceptually, mathematically and physically, the study of the coupling of
rotational and vibrational motions in systems with more than a few degrees
of freedom is nontrivial. For molecular physics, the correlation diagrams
of Kellman, Amar and Berry that connect the energy levels of rigid and
floppy triatomics are of significant assistance.?” From them, and the pre-
vious discussion of tops, one would expect that the coupling of vibrational
and rotational motions might be modeled as a coupling of the generators of
the vibron model with those generators of the dynamical groups of the tops
that affect the relation between the space-fixed total angular momentum
vector and the principle axes of inertia.

In their treatment of the rovibronic motion of triatomics, van Roos-
malen, Iachello, Levine and Diepernik have introduced a model in which
a U(4) algebra is used to model each wvectorial degree of freedom in the
molecule.?” In a triatomic molecule, A-B-C, there is one vectorial degree
of freedom along bond A-B, and another along B—C. The total number of
internal degrees of freedom is then six, of which three describe the internal
configuration of the molecule, and three describe its orientation in an iner-
tial system. With this as a starting point, they investigate the consequences
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of assuming that the Hamiltonian can be expressed in terms of generators
of U(4); @ U(4).

Each of the U(4) groups can be reduced using the chains (a), or (b)
above. Couplings between the chains can also be introduced, starting with
the coupling of U(4); ® U(4)2 to U(4)12, or at subsequent points along the
chains. They established that U(4); ® U(4)2 can be reduced to SO(3) by
ten different intermediate chains, and determined those that are physically
relevant. These chains and their rough interpetations are:

Ia: U(3)1 ® U(3)2 2 O(3)1 ® O(3)2  One rigid bond
Ib: U(3)1 ® O(4)2 D O(3)1 ® O(3)2  One rigid bond
Ie: O(4)1 ® O(4)2 D O(3)1 ® O(3)2  One rigid bond

1
ITa: U(3)1 ® U(3)2 D U(3)12 No rigid bond (13.6.1a-g)
IIb: U(4)12 D U(3)12 No rigid bond

ITa: O(4)1 ® O(4)2 D O(4)12 Two rigid bonds

ITTb: U(4)12 D O(4)12 Two rigid bonds

There are three further chains in which, according to the notation of Chap-
ter 12.5, reductions such as O(4); ® O(4)2 D O(4)1_2 are used. These are

Ilc: U(4)1—2 D O(4)1-2 Two rigid bonds
IVa: U(3); ® U(3)2 D (3)1—2  No rigid bond (13.6.1h—j)
IVb: U(4)1-2 D U(3)1-2 No rigid bond

The authors first point out that there is not enough group structure
in the type I cases to substantially reduce the size of the matrices that
must be diagonalized when calculating the eigenvalues and eigenvectors of
a Hamiltonian with the assumed group structure. They then turn to type
IT models. Quantum numbers associated with each group in the chain are
used to lable eigenstates of a Hamiltonian that is a linear combination
of the Casimir operators of each group. This gives an expression for the
rovibrational energy as a function of the quantum numbers, which can be
compared with a Dunham expansion. It was found that chain IIla is the
most useful. In this case the Lie-algebraic Hamiltonian is

H=Eo+ A; C2(SO(4)1) + Ag C2(SO(4)2) + B C2(SO(4)12)

Here C4(|SO(4)12]) is the square root of the quartic Casimir operator of
SO(4)12. The eigenvalues of the Casimir operators and their relationship to
standard spectroscopic vibrational normal-mode quantum numbers are as
follows:
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C2(SO(3)12): J(J+1), the measure of the total angular momentum of the

molecule
C2(SO(4)1): wi(wy +2), w1 = Ny — 21,
C2(SO(4)2): wa(wz +2),wy = Noy — 20y (13.6.3a—¢)
C2(SO(4)12): (11 +2) + (12)?
CL(|SO(4)12]): T2(m2 +1)

The quantum numbers v; are those of Morse-like normal vibrational modes.
For bent molecules,

71 =N1+ No—2(vy +v2+v3) — K, K=m. (13.6.3f)
For linear molecules,
T1 :N1+N2—2('U1+’U2)—K2, Ko =m. (1363g)

The quantum number K is that of a Poeschl-Teller oscillator?® that has
potential function

V = —do p(p + 1)/cosh(ad)?,
with p an integer. Its energy levels are
E(v) = —do(p —v)?, v=0,1,2,...,p.

K and K5 are the projection of J onto the corresponding principal axis of
the body-fixed system.

The coefficient B’ is zero for linear molecules. When B’ = 0, the H
of (13.6.2) has four fewer empirical parameters than the corresponding
Dunham expansion. For this case, van Roosmalen, Iachello, Levine, and
Diepernik?® use a least-squares method to fit the parameters in this H to
the values required to best fit the spectra of HCN and CO4, which run from
667 to 18,377 cm~'. They obtained fits with root-mean-square deviation of
9 to 12cm . Clearly, the dynamical symmetries of the model express real
and exploitable dynamical symmetries of molecular motions. It is particu-
larly noteworthy that the model deals well with known Fermi resonances
in COQ .

The authors attempted an analogous fit to calculated spectra of the
nonlinear ion H;r This uncovered the inability of the Hamitonian to deal
with degeneracies removed by Darling-Dennison couplings.3®

In a more recent work Iachello and Oss used a vibron Hamiltonian
closely related to that in (13.4.12) to deal with a class of Darling—Dennison
couplings in bent XY molecules. In it they consider C2(SO(4);) and
C2(SO(4)2) to refer to local vibrational modes rather than normal modes.
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They then add to their Hamiltonian the coupling term in the quadratic
Casimir operator of U(4)12. This removes the degeneracies of the local-
modes that it requires only minor degenerate perturbation calculations to
accomodate. This is because the term only couples states with identical
SO(4)12 quantum numbers, i.e., with 71 = 75. They find that with this
sophistication, the algebraic Hamiltonian of chain ITla determines overtone
frequencies of the nonlinear molecules HoO'%, H,O'® D,0'6, H,S3? and
S32016, with root mean square deviations of 1 to 5cm™1.16¢ A similar, but
slightly more elaborate treatment of the spectra of NoO, C'20,, C'30,,
OCS and HCN, produced results of the same accuracy.!6?

Harter and his coworkers developed extensions to semi-rigid rotors of
the energy surfaces of rigid rotors noted above. This produced amazing
insights that led to a number of useful simplifications in treatments of the
rotation of systems at least as complex as SFg.?

13.7 Concluding Remarks

The remarkable successes of vibron models strongly suggest that for a
wide range of molecules, they and their classical counterparts express real
dynamical symmetries defined by differential operators as yet unknown.
The ability of some of the models to deal with the rotational stretching of
bonds suggests that even in the case of diatomics they may reflect dynam-
ical symmetries that exist when the Born—Oppenheimer approximation is
not imposed. If this guess is validated, these models may also find applica-
tion in technologically important studies of vibrational-electronic coupling
in solid state systems.

Exercises

1. Hold a claw hammer by its handle, with its head—claw axis in a horizon-
tal plane, and note the direction in which the head points. Throw the
hammer up in the air, giving it a rotation about its intermediate axis of
inertia. Catch it by its handle as it descends after one revolution about
this axis. In what direction does the head point? The figures on page
327 of Harter’s article, Ref. 25, can help in developing an explanation of
your observations.
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CHAPTER 14

Dynamical Symmetry of Maxwell’s Equations

In his 1905 paper introducing the theory of relativity, Einstein prefaced his
arguments with the observation, “... the unsuccesful attempts to discover
any motion of the earth relative to the (aether), suggest that the phenomena
of electrodynamics as well as mechanics possess no property corresponding
to the idea of absolute rest.”! He then made four key assumptions in devel-
oping his theory of special relativity. These are:

i. Sets of rigid rods and clocks may be used to define sets of local coordi-
nate systems that assign identical space and time intervals to successive
events.

ii. The rods and clocks are not affected by motions at constant velocity
with respect to one another.

iii. Measurements made using these comoving coordinate systems are com-
pared via electromagnetic radiation.

iv. Electromagnetic radiation moves with a constant velocity, c, with
respect to all observers.

Einstein established that these assumptions imply the transformation equa-
tions of Lorentz,? which relate measurements of time intervals and spatial
displacements made by observers in relative motion with a constant velocity.
Four years later Cunningham and Bateman®*~¢ showed that Maxwell’s
equations are invariant under Lorentz transformations, and that the validity
of Einstein’s special theory is a necessary consequence of this invariance.
However, Bateman and Cunnningham also proved that Maxwell’s equa-
tions are invariant under the transformations of a larger group, which is
a conformal group. This preserves the angle between spacetime vectors
in Minkowski space, but contains inversion transformations that intercon-
vert small and large spacetime separations. To quote Cunningham, “The
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question arises whether the theory of relativity also holds for the types of
motion of an electromagnetic system derived from one another by such a
transformation.”

The following pages briefly describe the transformations of Maxwell’s
equations carried out by their Poincare invariance group, and their physical
interpretation. The action of the Bateman—Cunningham inversion transfor-
mation is then described, and questions associated with its physical inter-
pretation are considered. The primary concern throughout this chapter
is the physical interpretation of invariance transformations of Maxwell’s
equations — none of which can change the velocity of light in vacuo.

14.1 The Poincare Symmetry of Maxwell’s Equations

Maxwell, in his treatise Electricity and Magnetism,* provides an extensive
and enlightening discussion of the experimental measurement of electrical
and magnetic forces and fields. In discussing these it is necessary to use
variables whose units must be carefully defined. For our purposes one may
consider the concept of electrical charge, the measurement of the forces
between charges, and the measurement of forces between current carrying
wires, as fundamentals. Experiments beginning with Coulomb®® found that
charge, like mass, can be quantified, and thereafter established what became
known as Coulomb’s law. In it the Newtonian concept of point mass, M, is
replaced by that of point charge, Q. The magnitude of the forces between
two stationary point charges a and b, measured experimentally, is found to
be related to the distance r,;, between their centers by the law

Foi = £QaQu /12,

If Q is measured in coulombs C, and force is measured in newtouns, i.e.,
kgms~2, then & is measured in newton m?/C? = kgm®s~2C~2. It turns
out that setting x = 1/4me, is quite revealing. Here &, 107°2/36m kg !
m 3 s2C?, is termed the electrical permitivity of the space. Electrical cur-
rent is so defined that a charge of one coulomb flowing by a point in one
second generates a current of one ampere. Experiments culminating with
those of Ampere®® established that the magnetic force between two current-
carrying parallel wires with centers r meters apart in empty space, has
magnitude

Fi = polaly/27r.

If the current measured in wire a, I, and that in wire b, I},, are both mea-
sured in amperes, then the constant, p,, the magnetic permeability of empty
space, is found experimentally to have the value 47 10~7 kgm/C2.
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Readers of Maxwell’s collected works® can gain a good deal of under-
standing of his thought processes, and of the way in which he utilized
Faraday’s graphic idea of lines of force in guiding the development of his
mathematical conceptions of electromagnetic fields. Maxwell wrote down
his equations shortly before Gibbs’ concept of a vector became known, but
quickly became a supporter of Gibbs.” In a vector notation® now commonly
used, his equations interrelate the following quantities.

Symbol Name Units
E(r,t), electric field strength,  volts/meter (ms~2kg/C),
H(r,t), magnetic field strength, amperes/meter (m~ts=1C),
B(r,t), magnetic flux density, = webers/meter? (s"'kg/C), (14.1.1)
D(r,t), electric displacement,  coulombs/meter? (m=2C),
, electric current density, amperes/meter? (m~%s~'C),

, electric charge density, coulombs/meter® (m—3C).

Maxwell’s original set of 12 equations can be written as
(14.1.2a—d)

In regions of space in which there is no electric charge, there may,
however, be a displacement current, so J(r,t) need not vanish. In vacuo,
B = uoH, and D = ¢,E. Equations (14.1.2) then become

V x E(r,t) + p,0H(r,t)/0t = 0,
V x H(r,t) — €,0E(r,t)/0t = 0,

(14.1.3a-d)
V -H(r,t) =0,
V- E(r,t) =0.
This set of first-order PDEs implies the second-order PDE
V2E(r,t) = fogo0”E(r, t) /0%, (14.1.4a)

which governs electric fields. Observing that the velocity of propagation
of the resulting electric field from r to r’ is 1/(pog,)"/?, and knowing the
results of measurements of p, and e,, Maxwell established that this is c,
the velocity of light.” Thus in vacuo, electromagnetic radiation obeys the
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equation
V?E(r,t) — 0*E(r,t)/0(ct)* = 0. (14.1.4b)
Also,
H-E=0. (14.1.4c¢)
The density of energy in the field is, in units of Jm =3, given by
(e0E? + poH?) /2. (14.1.5a)

Formulae are simplified if one absorbs /g, into E, and /11, into H. We
shall do this and denote the resulting field vectors by E and H. Then, for
example, (14.1.5a) becomes

(E* + H?)/2. (14.1.5b)

Defining x = x3, y = X2, z = x3, and ct = x4, the generators of the
Lorentz invariance group of Maxwell’s equations are

Lij = xi8/8xj — xjﬁ/ﬁxi = _Lji7 i <j =1,2,3; (1416&)
Kj4 = Xja/6X4 + X46/8Xj = I<4j7 j=1,2,3. (1416b)

Their Poincare invariance group is generated by these, and the further
operators,

Tp; =0/0xj, j=1,...,4. (14.1.6¢)
The commutation relations satisfied by these generators are

[Lab7 Lbc] = Lam [Lab7 Kb4] = Ka4a [Ka47 Kbéd = Lab7

(14.1.7)
[Lab, Tpb) = Tpa,  [Kas, Tpb) = Tpa, [Tpa, Tpp] = 0.

The physical interpretation of the transformations of the group, dealt with
in Chapter 2, is summarized in the next paragraph.

Before beginning to deal with the action of Lorentz transformations on
electromagnetic fields we must define their action on points in spacetime.
Let observer b have velocity V¢ with respect to observer a. Let x, y, z and
t be the spacetime coordinates of an event as measured in the coordinate
system of observer a, and let x’,y",z and t’ be the coordinates that observer
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b assigns to the same event. If 3 = (1 — (v/c)?)~/2, then the observations
of b are related to those of a by the Lorentz transformations

X/:B(X_Vt)v y/ZYa Z/:Za t/:ﬂ(t—VX/CQ)7

i.e. by (14.1.8)

X' =pBx—(v/o)et), ¥y =y, 2=zt =p(ct—(v/c)x)/ec.

The operators exp(axTpx) translate points in spacetime, and leave
Ax, Ay, Az and At, unchanged.

Now suppose that observer a determines the components of E, H at
a point x, y, z and t in spacetime to be Ey, Ey, E, and Hy, Hy, H,, and
that both observers are using right-handed coordinate systems. Then the
analysis of Cunningham and Bateman establishes that if observer b is mov-
ing at velocity v = vy with respect to a, then observer b will find these
components to be

Bl =By, E,=p8(E, - (v/oH,), E,=B8(E,+(v/cH,),

(14.1.9)
= Hy, H, = (H, + (v/OE,), H,=A(H, - (v/oE,).

Cunningham and Bateman showed that Eqgs. (14.1.4) and (14.1.5) are
invariant under Lorentz transformations, and that the same is true of
Eq. (14.1.2). Figures. 14.1.1a,b depict, in the frame of a, the electric
field E = Eyk, between the plates of a capacitor, and the magnetic field
H generated by a current running through a wire on the x axis a. Fig-
ures. 14.1.1c,d depict the fields E'= and H’ that are observed by b,
moving at velocity v = 0.7ci with respect to a.

14.2 The Conformal and Inversion Symmetries
of Maxwell’s Equations; Their Physical Interpretation

In the late 1860’s and early 1870’s Lie investigated the continuous groups of
point transformations that leave metrics invariant, and he established con-
nections between the continuous group of conformal transformations that
leaves angles invariant in euclidean spaces and conformal transformations of
the Grupe der reciproken Radien that may alter their metrics.'® In Sec. 14.4
of Bateman’s 1909 paper,®? he refers to this work, and using Minkowski’s
transformation to spacetime coordinates, he and Cunningham generalize
Lie’s results. Cunningham?® establishes that if k is a real constant, the
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Fig. 14.1.1 (a) Electric field in the y—z plane between plates of a capacitor;
(b) magnetic field surrounding a wire along the y-axis; (c) the electric field of
Fig. 14.1.1a observed in the reference frame of a moving observer; (d) the magnetic
field of Fig. 14.1.1.b observed in the reference frame of a moving observer.

spacetime inversion, Igt, defined by
(x,y,2,ct) = (.5, 7, ot') = K2 (x,5,2,ct) /(x> + y* +2° — (ct)?),
(14.2.1a)

converts solutions of Maxwell’s equations into solutions. For all real values
of k, one may define the dimensionless four-vector

s = (x,y,2,ct) /k. (14.2.1b)
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Then k can be considered to be a scale parameter with the dimension of
length. To further simplify notation, we define the scalar product of s with
itself by

s-s= E_]-gjjsjz =si+s3+s3—si=s% (14.2.1c)
With this change to dimensionless variables, (14.2.1a) becomes
s —s =s/s’ (14.2.1d)
It then follows that
§? =5%/(s?)?, %% =1, (14.2.2a,b)
and that I3} is defined by
s =s'/s" (14.2.2¢)

Thus, IgT is its own inverse.
In discussing the effect of the inversion (14.2.1) on electromagnetic fields,
it is useful to define

o = (s1,82,83) = (x,¥,2)/k =r/k, (14.2.3a)
T = s, (14.2.3b)
uw? =87 483 +53 57 =02+ 712 (14.2.3¢)

Cunningham®* showed that the inversion converts solutions E and H of
Maxwell’s equations, to solutions E’ and H’, which may be defined by

E = (—s*){u’E — 2(0 -E)o + 27(0 x H)}, (14.2.3d)
and
H' = (s*){uv’H - 2(c - H)o — 27(c x E)}. (14.2.3¢)

This result holds true for all choices of the origin of the spacetime coordi-
nates for which s does not vanish.

Figures 14.2.1 illustrate the effect of inversions on the fields E and H
of Figs. 14.1.1a,b. Figures 14.2.2 depict the corresponding solutions, E’
and H', of Maxwell’s equations produced by the relations (14.2.3).

In dealing with the effect of the Cunningham—Bateman inversion on the
Lorentz metric

dx? 4 dy? + dz? — d(ct)? = dx? + dx3 + dx3 — dx3, (14.2.4a)
we will usually use the dimension free metric

ds? = (dx? + dy® + dz? — d(ct)?) /K%, (14.2.4b)
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Fig. 14.2.1 (a) Electric field in the y-z plane between plates of a capacitor;
(b) effect of the inversion on the electric field at t = 0; (c) effect of the inversion

on the electric field at t = 0.5¢; (d) effect of the inverson on the electric field at
t = 0.9c.

Inversion converts (14.2.4b) to
ds? = (1/s%)ds>. (14.2.4¢)

As both s? and ds? are Lorentz invariant, for all nonvanising s, ds’? is also
invariant under the operations of the Lorentz group. However, the inversion
does not leave invariant the Lorentz invariant metrics (14.2.4a) or (14.2.4b)
if ds? # 0. And, though ds® is invariant under Poincare transformations of s,
ds'? is not when ds? # 0. This has the consequence that Mazwell’s equations
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Fig. 14.2.2 (a) Effect of spacetime inversion on the electric field between plates
of a capacitor, ct = 0; (b) effect of spacetime inversion on the electric field between
plates of capacitor, ¢t = 0; (c) effect of spacetime inversion on the magnetic field
surrounding a current-carrying wire, ct = 0; (d) effect of spacetime inversion on
the magnetic field surrounding a current-carrying wire, ct = 1.

are invariant under transformations that rescale a Lorentz metric. At each
origin the metric takes on a radial position dependence.

Using (14.2.2b), relation (14.2.4c) may be expressed in the more sym-
metrical form,

ds? /s = ds? /s%. (14.2.4d)
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If dr = (dx, dy, dz) is a displacement vector defining the time-varying posi-
tion of a point, and dr = |dr| = cdt, then the point is moving with the
velocity of light in vacuo. In this case, ds? = 0, and (14.2.4c) requires, for
finite values of s and s/, that ds’? = 0.

The Bateman—Cunningham group of conformal transformations con-
tains a 15 parameter continuous subgroup of conformal transformations.
To begin our discussion of this Lie group we use the method of Sec. 4.7 to
convert the generators Tp; = 0/0%; in (14.1.7) to operators acting on the
variables . If

T; =k0/0x; = 0/0sj, D' =510/0s] +s50/0s, + s50/0s4 + s4,0/0s},

(14.2.5a,b)

then
D = 510/0s1 + 520/ 0s9 + 830/ 083 + 840/ 034, (14.2.5¢)
Tj = 8/9sj — T) =s"0/0s] — 28]D', j=1,2,3, (14.2.5d)

and
Ty = 0/0sq — Ty =20/0s}, + 28,D’, (14.2.5¢)

T = (s + 57 + 87 +57) 0/0s), + 25 (s10/05) + 50/0sy + 50/0s%).

(14.2.5f)

The action of the finite transformations generated by T} and T is deter-
mined below.
Using (14.2.5) one obtains, for the generators L;;, Kjs of (14.1.6),

Lij = 510/0sj — 5;0/0s; — Li; = {0/ 0s} — 5,0/ 0s;, (14.2.6a)
and
Kjy4 = 8j0/0s4 + 540/ 0s) — Kjy = 5;0/0s) + 5,0/ 0s;. (14.2.6Db)
Supplementing the operators Tj, Lij, Kjj, with the further five operators,
P{ =0/0s], (14.2.6.c)
D' =510/0s] + 550/0sy + $50/0s + 8,0/ 0s) (14.2.6d)

yields the 15 generators of a Lie group that acts in the space of the sJ’- .
Replacing SJ/- by s; in all these operators, one obtains the generators of the
isomorphic conformal group acting in the space of the s;. These are

Kj4, Lij, Pj = 8/85_]- and D= E% Sja/aSj7 (1427&*(1)
and

C; =s%0/0s; — 28D, j=1,2,3. (14.2.7¢)
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They satisfy the commutation relations of the Poincare group, cf. (14.1.7),
and the following commutation relations:

D Lab] = 0 [Dvac} = 07 [Dvpa] = _Paa

} a,

[ D,

[Lab, Cp] = Cay b=1,2,3; [Lab, C4] = 0,

[Kag, Pp] = —=0ab P4, b=1,2,3; [Kas, P4] = =P,

[Ka1, Cp] = =02 C4, b=1,2,3; [Kag, C4] = —C,,

[Pa, Cp] = 2(Lap — da,b D), b=1,2,3; [Pa, C4] = 2K34, a=1,2,3;
[P4,Cy4] = 2D, [Ca,, Cp) =

(14.2.8)

The C; are known as generators of the special conformal group.'! They,
and D, inherit from the inversion transformation the ability to change
Lorentz metrics.

The action of the group operators exp(a;C;), can, a la Lie, be obtained
from the translation operators, exp(a;P;), by inversion. Noting that

exp(a;Ci) = (Isy) ™ exp(aiP;)Ig, (14.2.9a)
one finds
exp(a;Ci) sy = (85 + 5i,j0zi§2)/(1 + 2gia:8; + a?éz). (14.2.9b)

With this result in hand, one can easily obtain all the finite transformations
of the full 15 parameter conformal group. The operations of this continuous
group do not, in general, leave the Lorentz metric invariant. The group is
(see the exercises) locally isomorphic to a SO(4,2) group.

Cunningham argued that, just as in the case of the Poincare trans-
formations of special relativity, the inversion and special conformal trans-
formations of Maxwell’s equations could not make it possible “for an
observer to discriminate between the sequence of electromagnetic phenom-
ena as he knows them and the sequence obtained by this transforma-
tion.” Cunningham arrived at this conclusion before the advent of quantum
mechanics. A fundamental contribution by Barut and Haugen'? implies
that it can only continue to be correct if one replaces the usual concept of
(Poincare invariant) mass by a concept of mass that is invariant under the
subgroup of special conformal transformations. Barut and Raczka point
out that the operations of this subgroup of the Bateman—Cunningham
invariance group of Maxwell’s equations also leave invariant relativistic
wave equations for massless particles of spin 0 and 1/2.12 However, wave
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equations for massive particles are only invariant under its actions if the
mass m is also transformed by a dilation operator that also carries out the
transformation

m? — m’? = e?’m?, (14.2.10a)

and the special modified conformal transformations must convert

m? — m’”? = (1 +2a-s+ a?s*)m?, (14.2.10b)
and so yield a mass that evolves in spacetime in a manner that could be
difficult to detect if the group parameters are small.'?

To carry out these transformations, the authors added an additional
term to the expressions for the group generators C; and D. Several other
attempts to use conformal transformations to extend special relativity will
be found in papers by Fulton, Rohrlich and Witten,'3* and by Hill'3P—4,

Taking a nonrelativistic limit of the generators of their conformal
group, and converting them to Schrodinger operators, Barut and Raczka
obtain the time-independent and time-dependent constants of motion of
the Schrédinger equation of a free-particle, and of the Schrodinger equa-
tion of an isotropic oscillator. The author has shown how a related lim-
iting process can be used to convert generators of the special conformal
group to the Runge-Lenz operators of bound and unbound states of regular-
ized hydrogen-like atoms, and produce the conjugate Fock variables.'* The
transformation converts relativistic free-particle motion to classical Kepler
motion. Many other applications of conformal groups are discussed in an
engaging and extensive historical review by Kastrup which also contains a
critical analysis of Ref. 13.1%

14.3 Alteration of Wavelengths and Frequencies
by a Special Conformal Transformation:
Interpretation of Doppler Shifts in Stellar Spectra

In this section we will consider further macroscopic consequences of the
invariance of Maxwell’s equations under the Bateman—Cunningham confor-
mal group. As will be shown below, transformations of the special conformal
group alter the frequencies and wavelengths of electromagnetic waves with-
out altering their velocity. This can produce effects similar to the Doppler
effect, and as will appear below, these may have been detected in radar
signals received from spacecraft.
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When a source emitting radiation with wavelength X has velocity V/ with
respect to a spectrometer, the wavelength, X', measured by a spectrometer
or interferometer is given by the equation'6

Expanding this in powers of V'/c and keeping only the first two terms, one

(14.3.1)

obtains the non-relativistic Doppler equation

N =(1+V/c)\ (14.3.2a)
Rearranging this produces the usual Doppler relation

V' =c(\N/A-1). (14.3.2b)

The special conformal transformations that alter A to A’ can produce the
same effect as a relative velocity, V', of a source with respect to an observer.

Because the velocities of distant heavenly bodies are estimated using
measured Doppler shifts of wavelengths in the spectra of radiation emit-
ted by them, special conformal transformations can, in principle, intro-
duce ambiguities into astronomy, astrophysics, and cosmology. Beginning
in the 1920’s Hubble made an extensive series of astronomical observations
of Cepheid variable stars and the Doppler shifts of spectral lines in light
received from them.!” He concluded that his observations were consistent
with the supposition that in a galaxy the stars at a distance R from the
earth are receding from earth with a mean radial velocity V' proportional
to R. This relation may be expressed as

V' = HoR. (14.3.3a)

If V represents the radial velocity of star with respect to this mean, this
becomes Hubble’s equation

V' =HyR+ V. (14.3.3b)

In the mid 1940’s, it was estimated that Hubble’s constant, Hg had a value
approximately equal to 1.8 x 1077s~1. The currently accepted value of Hy
is (2.1940.56) x 10718571188 The estimated values of V, R, and Hy depend
in part upon observations and empirical relations that supplement Doppler
measurements — most notably, relations between the period and brightness
of Cepheid variables.'®® The analyses and correlations of observations that
support Hubble’s theory and equation (14.3.3b) are now very extensive.
They have led to the conclusion that throughout the universe objects not
gravitationally bound to each other are uniformly receding from each other.
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Thus distances between most heavenly objects appear to slowly increase in
much the way distance between points on the surface of a balloon increase
as the balloon is inflated.

To take this inflation into account, cosmologists often alter Minkowski’s
metric. It is supposed that in regions free of strong local gravitational effects

the metric governing heavenly motions is a Robertson—-Walker metric, a

metric of the form!8¢

ds? = dx3 — a(x4)?{dr?/(1 — (r/p)?) +r*(d6? +sin?(0)dp?)}. (14.3.4)

In this expression, p is a constant with the dimension of length, and the
function a(x4) expresses the time dependence of the radius pa(x4) of the
universe.

In 1945, Hill'® noticed an unexpected property of the special conformal
transformations generated by

Cy= (r2 + XZ)8/8X4 + 2x4r0/0r. (14.3.5)
The group operator exp(GCy) carries out the transformations
r—r =qr, x4 — X, =y{x4— ps?}, (14.3.6a,b)
in which
s =(x; —r?), v=7(8,x4,1) = (1 — 28x4 + °s°) " (14.3.6¢,d)
To the first-order in the group parameter:
v = (14+28x4)r, X, =x,+8(r*+x3)/2. (14.3.7a,b)
Hill wrote these equations as
' =(1+at)r, t' =t+a(r?/c+t?)/2, (14.3.7¢,d)
with @ = 2(c. From them he derived the change in velocity from v = dr/dt,
to v/ = dr’/dt':
v =v+a(r—v(r-v)/c). (14.3.8)
On neglecting terms of order v2/c? this gives

v =v+ar. (14.3.9)

Hill observed that this equation could be interpreted as Hubble’s relation
if one sets a equal to Hy. However, in startling contrast to Hubble’s relation,
Hill’s relation arises solely from a change in spacetime coordinate systems.
Its implications have been overlooked for nearly 65 years. Here, we will
concentrate our attention on one of the questions it raises, the question:
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“What is the spacetime metric governing the motion of electromagnetic
waves?” 20

To address this question it is necessary to develop additional conse-
quences of the transformation generated by C,4. Using (14.3.6) one finds
that the transformation carries

dr — dr’ = v*(A dr + B dxy), (14.3.10a)
and
dxy — dx) = ¥*(B dr + Adxy), (14.3.10b)
with
A=1-20x4+ 3 (* +x3), B=20r(1— fxq). (14.3.10¢,d)
Thus
dr’/dx)y = (A dr/dxy4 + B)/(B dr/dxy + A). (14.3.10¢)

Using (14.3.10) one finds that the Minkowski metric
ds? = |(dr)? — (dx4)?| (14.3.11)
is transformed to the conformal metric
ds? = |(dr")? — (dx})?| = ¥2|(dr)? — (dx4)?]. (14.3.12a)
Thus
ds"? = y(a/2c,x4,1)%ds?,  ds? = (B, x]},1")%ds"2. (14.3.12b,c)

Note that the conformal metric smoothly reduces to the Minkowski metric
as the group parameter « approaches zero. This metric is specific to C4. As
it is the only special conformal metric we will deal with in the remainder
of the chapter, we will sometimes, simply call it the conformal metric.

The function « introduces a relation between coordinates that destroys
the Poincare invariance of spacetime with metric ds?. In this respect the
conformal metric is qualitatively similar to the Robertson—Walker metric.
However, the conformal metric produces a local multiplicative scaling of
both dr and dx4, while the Robertson—Walker metric only applies such a
rescaling to dr. Most importantly, in the conformal metric the choice of
spacetime origin is arbitrary. However because the origin r = 0,t = 0, is
an invariant point of the conformal transformation, there one also has the
special property 1’ = 0,t' = 0.
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ct, ct'

Fig. 14.3.1 Radial and axial coordinates of points on a light cone.

Though the conformal metric is not Poincare-invariant, exp(34Cy)
defines similarity transformations that convert relations between group gen-
erators that subsist in Minkowski spacetime into isomorphic relations in the
conformal spacetime. Thus the Poincare group reappears with a different
realization as an invariance group of spacetime with conformal metric ds’2.

We will henceforth consider that Egs. (14.3.6), together with
Eqgs. (14.3.10), define mappings that relate the two sets of coordinates,
(r,t,v = dr/dt) and (r/,t',v/ = dr’/dt’), of any point, P. As will perhaps
become evident in the following paragraphs, thinking in terms of map-
pings can help one avoid the insertion of unrecognized presuppositions into
descriptions of physical phenomena.

Let a point P on a trigonometric wave have ordinary coordinates (r,t),
and conformal coordinates (1/,t'). If it is an electromagnetic wave, the point
will have radial velocities

dr/dt = VEM = dr’/dt’, |VEM| =, (14313)

the same in both coordinate systems. Suppose P; = P+dP and Py = P—dP
are two such points on an electromagnetic wave, and suppose they are
separated by one wavelength. Denote this wavelength “at P,” as measured
in the two systems, by A and ), and denote the corresponding frequencies
by v and v'. (As a consequence of Eq. (14.3.12), one has A\v = ¢ = Nv/'.)
The frequency of the wave in the region centered at P, as measured in the
two coordinate systems, is the inverse of the time interval that it takes for
this one wavelength to pass through a point with fixed position coordinates
r,1’. Let 6t and 6t’ be the interval as measured in the two systems. Equation
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(14.3.10b) then implies that
o' /ot=v/V

1 20x4 + (2(s? + 2r2)2
(1= 28xa + 5%?)
Thus as a point P on the wave propagates with it, (14.3.14) requires that the

conformal wavelength, X', of the wave at P must vary with the coordinates
(r, x4) according to the law

(14.3.14)

N/A={1—28xq4 + 25> + 21%)} /(1 — 26x4 + 3%s7)°. (14.3.15a)
Consequently,
N /X =1+28x4 +36%(x7 +12) + O(3%). (14.3.15b)

Because frequencies and wavelengths measured in Minkowski space do not
vary with position or time, A may be considered constant in this equation.
It follows that the wavelength in the conformal coordinate system increases
or decreases with t as Oct is positive or negative. The two wavelengths are
equal at the common origin of coordinates, (0, 0). As there is no evidence
for supposing that ' differs from ) in regions near a wave source, we shall
choose the origin (0, 0) to be at the source of interest.

When a wave with wavelengths A, X at (r, x4), (r/,x}), travels from
its source to the observer, the change in r must equal the change in x4. If
the source is fixed at the origin, r remains equal to x4, and substituting
B = a/2c into (14.3.15b) yields

N/X=1+ar/c+3/2(ar/c)* + O((a/c)?). (14.3.16)
This implies that when r reaches R,
c(N/A—=1) =c{aR/c+ 3/2(aR/c)* + O((a/c)?). (14.3.17)

Interpreting the left-hand side of this equation as a Doppler shift, one
obtains to O(aR/c),

c(N/A=1)=V' =oR. (14.3.18)

This Doppler shift will not be observed if the propagation of the wave
has taken place in a space with Minkowski metric: it may be considered
to have arisen because the conformal wavelength, X', changes as the wave
propagates.
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When the observer has velocity V = dR/dT relative to the source, then
the wavelength A in the (R,T) system undergoes the additional Doppler
shift given by the usual formula

1+V/e

1/2
1—7\//4 —1=V/c+0(V?/c). (14.3.19)

AN A= {
If the sign of V/c is positive when the source is receding from the observer,
a reshift is produced. On neglecting terms of O((aR)?/c) and O(V?/c),
(14.3.18) then yields Hill’s relation

V' =aR+V. (14.3.20)

For values of a as small as Hy, the group parameter a could, in principle,
be determined by experimental measurements of the radial positions and
velocities of distant sources producing the measured Doppler shifts.

For sources as distant as the nearest star, only Doppler shifts can be
directly measured. However, the Pioneer spacecraft program established
that it is possible to measure, with an accuracy of one part in 10'2, Doppler
shifts of S band radar frequencies that are developed over distances up to
70 AU.2! This precision is sufficient to measure a values to the order of
107 '8sec™! with an accuracy better than 1%.

Suppose, for simplicity of thought, that an observer on earth arranges to
have a clock and interferometer with no accelerations. Let these have coor-
dinates R = R/ = 0. Suppose that at T = T’ = 0, the observer sends a radar
signal to a receding spacecraft. The radar signal will take a time T, T’ to
reach the spacecraft, and if it is immediately returned, when it reaches the
observer the clock times will be 2T, 2T’ respectively. The observer will con-
clude that when the signal reached the spacecraft the distance from it was
R = cT,R’ = ¢T'. Equations (14.3.7¢,d) imply that to the first-order in a,

R'=(1+4aT)R, R=(1-aT)R/,
(14.3.21ad)
T=(01+aT)T, T=(1-aT)T.

If V,V’ is the radial velocity of the spacecraft with respect to the origin,
then to the first order in «,

V =V+aR, V=V —aR. (14.3.21¢,f)

In the Pioneer experiments systematic differences were found between
the observed Doppler shifts and the shifts that were expected. These anoma-
lous results have since been denoted the “Pioneer Anomaly.”
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To understand the origin of this anomaly it is necessary to rather care-
fully investigate how it arose. This first become possible in early 2010, when
an extensive report on the Pioneer program was put on the internet?2. The
following discussion benefits from additional information kindly supplied by
Toth, one of its authors.?? In the Pioneer program, pulses of radar waves
of fixed frequency were sent from sources on earth to the receding Pioneer
10 and 11 spacecraft, which transmitted back to earth an amplified signal
that had been phase locked at the spacecraft to the incoming signal it had
received. When these wave pulses arrived back at their source they were
mixed with a wave of fixed frequency. The beat frequency this produced
was the frequency shift developed in the wave during its journey.

At the time the experiments were carried out it was not possible to
directly measure the distance to the spacecraft at the moment it receives
the pulse sent back to earth. The time and distance had to be estimated by
comparing the measured Doppler frequency with that produced by a sophis-
ticated dynamical model solving the equations of motion for the spacecraft,
given the forces acting upon it. The model was first supplied with initial
values, tg,ro,vo. It then predicted the positions r(t) and velocities v(t)
of the spacecraft, and the Doppler shift that would result at time t. The
observed frequency shift was carefully matched with the predicted Doppler
frequency to obtain the best estimate to the modeled value of v, and hence
t, and r. The new values of r(t), v(t) were then evolved by the equations
of motion, which were thereby expected to predict values of subsequent
Doppler shifts that would better match the next observed Doppler shift.
This matching and revision was repeated until the spacecraft reached a
distance of about 70 AU and the signals became too weak to use. It was
found that, as the distance, r, to the spacecraft increased beyond 20 AU,
the Doppler shift corrections required by the matching process were small
frequency shifts Av. These frequency shifts appeared to correspond to the
blueshift that one would obtain from anomalous velocity contributions

v = —(2.80 + 0.42) x 10~ 8sec™'r. (14.3.22)

However, in developing the dynamical model, it was presumed that when
strong gravitational fields were not present, both the spacecraft and the
radar waves moved in a space with Minkowski metric, a space in which
the coordinates r, t, v are those that apply. The Doppler matching pro-
cedure used to modify the model, while enabling it to continue supposing
that the measurements were made in a Minkowski space, transferred to
the model the functional dependence on the r’,t’, v/ coordinates that arises
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if the metric in which the waves move is the special conformal metric of
(14.3.12). To understand the consequences it is helpful to reorganize Hill’s
approximate equation, which for V <« ¢, can be written as

Ve — Vu = aR. (14.3.23a)

As the distance R’ traversed by the radar waves was twice the distance r
in (14.3.22), in Eq. (14.3.23c) one has —2ar = —(2.8 +-0.42) x 10718 sec™!
1,50 @ = (1.4 £ 0.42) x 107® sec™!. This converts (14.3.23a) to

Vi — Vo =aR'jie. Vo —Vy = —aR/. (14.3.23b,c)

As R’ differs from R only by terms of O(a?) in these relations R’ may
be replaced by R. This has the consequence that sets —a to have the
anomalous reported value —(2.80 4 0.42) x 10~ !8sec™!. Thus the anoma-
lous Pioneer blueshift corrections arise from a physical redshift of radar
wavelengths. This shift has the magnitude, and the dependence on R that
develop if the waves move in a space with special conformal metric that
has the group parameter « approximately equal to 2/3 Hubble’s constant
Hp. This explanation of the Pioneer anomaly was anticipated by Tomilchik
before a detailed description of the modeling process was available.?? How-
ever, he concluded that the group parameter is actually Hubble’s constant.

Though the value of a deduced from the Pioneer observations is cur-
rently close to 2/3 the value (2.1940.56) x 10~ 18sec ™! assigned to Hubble’s
constant, this relation between o and Hgy should not be assumed because
the Pioneer matching algorithms have altered several parameters in the
dynamical model, and at least one fixed parameter may have been assigned
an incorrect value.?® Moreover, in the actual matching process other param-
eters in the dynamical model were also altered. The whole process that
uncovered the Pioneer anomaly is currently the subject of a series of fur-
ther investigations which could have the effect of significantly altering the
numerical value of «.23:24

It appears that spacecraft similar to Pioneer 10 and Pioneer 11 could
provide quite accurate values of all the variables required to directly deter-
mine the group parameter «, and so determine the spacetime metric in
whatever distant regions they might visit.?° To do so, the spacecraft should,
like the Pioneers, be equipped with a system to receive radar pulses from
ground stations and return them as amplified pulses that have been phase-
locked to the received pulses. If both the Doppler shifts, and time-delays
between emission and receipt of successive pulses are measured, the neces-
sary data are provided. Repeaters installed on the outer planets and their
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moons might also be able to provide useful restrictions on the value of «,
and hence the metric.

If it is established that « has a nonzero value, it will be necessary to
reckon with the fact that measurements of wavelengths are measurements of
special conformal wavelengths )\, and that the currently accepted metrics
must be changed to special conformal ones. A few of its consequences are
suggested by considering the way in which it would affect the interpretations
of Hubble’s equation (14.3.3b). In doing so it is helpful to replace V by V|
R by R/, and set Hy = hy + a.. The value of hy will then determine the uni-
versal rate of expansion previously determined by Hy. V/ and R’ will become
the special conformal analogs of V and R.

Conclusion

Few physical implications of Lie’s discoveries were noticed prior to the dis-
coveries of Bateman and Cunningham. Hill seems to have been one of the
first to investigate possible physical consequences of their conformal group.
The increasing interest in the role of group theory in quantum mechan-
ics that began in the 1960’s led to an increasing recognition of possible
consequences of the conformal symmetry of Maxwell’s equations at the
submicroscopic level. Some applications of the conformal group in quan-
tum theory abandon the requirement of Lorentz invariance on the submi-
croscopic scale. Hill’s work and the Pioneer results suggest that Poincare
invariance of electromagnetic phenomena on the supermacroscopic scale
should not be assumed. Though no conclusions as startling as that of Hill
have emerged, a number of workers have investigated relativistic and non-
relativistic consequences of conformal invariance.?® If further determina-
tions of the conformal group parameter o show that it is nonzero, much
physics will have to be revised. If it is found that « has a value of the same
order of magnitude as Hubble’s constant, the consequences for physics and
cosmology will be even more extensive.

Over a century has passed since Bateman and Cunningham established
the conformal invariance group of Maxwell’s equations. However, as has
become evident in this chapter, many fundamental physical implications of
this invariance have yet to be established.

Exercises

1. Use the extended generators of the Poincare group to show that the
group leaves the Lorentz metric (14.2.4a) invariant.
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. Determine whether or not the Lie subgroup of the Bateman-—

Cunningham conformal group leaves invariant the metric (14.2.4c).

. Use the methods of Chapter 4 to convert the generators u; = 9/0%;, of

translations in spacetime, to Lie generators U; = X1k (X)0/0Xk that
act on functions of the inverted variables X.

. Do the same for the six generators of Lorentz transformations.
. Show that the conformal Lie group with generators (14.2.5) is locally

isomorphic to SO(4,2).

. Determine the effect of finite special conformal transformations on

straight-lines in spacetime, and suppose that the lines represent tra-
jectories of a particle. Compare the physical interpretations of your
results when you have independent evidence that a force is acting, and
when no such evidence exists.

. Integrate the infinitesimal transformation of x4 = ct and r generated

by Hill’s X14, and determine its invariant function. Use Hill’s physical
interpretation of the transformation to give a physical interpretation to
this function.

. In a series of articles?® Hill developed a generalization of special relativ-

ity by considering that coordinate systems moving at constant relative
velocity are special cases of coordinate systems moving at constant
relative acceleration. Can you detect any errors in Hill’s analysis in
Ref. 26a? What conclusions can be drawn about interpretations of New-

ton’s laws? Cf. Kastrup’s review.!?

. The action of exp(8C4) on a Hamiltonian H converts it to

H = H + 2(a/c)[Cy, H] + O((ar/c)?).

(a) Show that to the first-order in «, a radial potential r—™ in H under-
goes the dilatation

r " — (1 —4(a/c)n)r .

(b) Show that to the first-order in «, the Laplacian operator A under-
goes the conversion

A — (1 —8at)A — (4a/c?)(3 + 2r0/dr)0/ 0,
and that
/0t — 0/0t — 4a(t0/0t + 10/ Or).

Determine, to the first-order in 3, the effect of exp(8C4) on the ener-
gies, transition frequencies of H atoms, and the evolution of its wave
functions.
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Generalize Cy4 to a C) that contains an additional term which acts on
the mass M of the proton in a hydrogen atom such that exp(8C}) will
leave invariant the Schrédinger equations governing the motion of an
electron with reduced mass p.
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